o 

(N 

X) 
D 

m 

■ Decay of viscous surface waves without surface tension 

< 

'5 ! Yan Guo^ and Ian Tice^ 

Brown University, Division of Applied Mathematics 



cn ■ February 24, 2011 

in 



^Supported in part by NSF grant DMS-0905255 and Chinese NSF grant 10828103. Email: 
guoySdam . brown . edu . 

^Supported by an NSF Postdoctoral Research Fellowship. Email: tice@dam.brown.edu. 



Abstract 



Consider a viscous fluid of finite depth below the air. In the absence of the surface tension 
effect at the air-Huid interface, the long time behavior of a free surface with small amplitude 
has been an intriguing question since the work of Beale [4] . In this monograph, we develop 
a new mathematical framework to resolve this question. If the free interface is horizontally 
infinite, we establish that it decays to a flat surface at an algebraic rate. On the other 
hand, if the free interface is periodic, we establish that it decays at an almost exponential 
rate, i.e. at an arbitrarily fast algebraic rate determined by the smallness of the data. 
Our framework contains several novel techniques, which include: (1) a local well-posedness 
theory of the Navier-Stokes equations in the presence of a moving boundary; (2) a two-tier 
energy method that couples the boundcdncss of high-order energy to the decay of low-order 
energy, the latter of which is necessary to balance out the growth of the highest derivatives of 
the free interface; (3) control of both negative and positive Sobolev norms, which enhances 
interpolation estimates and allows for the decay of infinite surface waves; (4) a localization 
procedure that is compatible with the energy method and allows for curved lower surface 
geometry in the periodic case. Our decay results lead to the construction of global-in-time 
solutions to the surface wave problem. 
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Chapter 1 
Introduction 



1.1 Presentation of the problem 

1.1.1 Formulation of the equations in Eulerian coordinates 

We consider a viscous, incompressible fluid evolving in a moving domain 

fl{t) = e E X R I - b{yi,y2) < < vivi, y2, t)}. (1.1.1) 

Here we assume that either E = R^, or else E = (-^iT) x (-L2T) for T = R/Z the usual 
1— torus and Li,L2 > the periodicity lengths. The lower boundary b is assumed to be 
flxed and given, but the upper boundary is a free surface that is the graph of the unknown 
function 7; : E x R"*" R. We assume that 



< 6 e C°°(E) if E = (LiT) X (L2T) 

b e (0, 00) is constant if E = 



(1.1.2) 



For each t, the fluid is described by its velocity and pressure functions {u,p) : il{t) ^ R^ x R. 
We require that {u, p, rj) satisfy the gravity-driven incompressible Navier-Stokes equations in 
n{t) for t > 0: 

dfU + u ■ Vu + Vp = /xAm in Vl{t) 
divu = in VL{t) 

dtV = U3- uidy^rj - U2dy^r] on {y^ = 77(^/1, ys, t)} (1.1.3) 

{pi - Ij3{u))v ^ gr]v on {7/3 = r/(|/i, 1/2, t)} 

u = Q on {i/3 = -6(1/1, t/a)} 

for V the outward-pointing unit normal on {y^ = rj}, I the 3x3 identity matrix, (Du)ij = 
diUj + djUi the symmetric gradient ofu, g > the strength of gravity, and > the viscosity. 
The tensor {pi — /^©(m)) is known as the viscous stress tensor. The third equation in (1.1.3) 
implies that the free surface is advected with the fluid. Note that in (1.1.3) we have shifted 
the gravitational forcing to the boundary and eliminated the constant atmospheric pressure, 
Patm, in the usual way by adjusting the actual pressure p according to p = p + gy^ — Patm- 

The problem is augmented with initial data (mo,%) satisfying certain compatibility con- 
ditions, which for brevity we will not write now. We will assume that 770 > —b on E. When 
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E = (I/iT) X (L2T) we shall refer to the problem as either the "periodic problem" or the 
"periodic case," and when E = we shall refer to it as either the "non-periodic problem" 
or the "infinite case." 

Without loss of generality, we may assume that = g = 1. Indeed, a standard scaling 
argument allows us to scale so that /i — g = 1, a.t the price of multiplying b and the periodicity 
lengths Li, L2 by positive constants and rescaling b. This means that, up to renaming b, L-i, 
and L2, we arrive at the above problem with fi = g = 1. 

In the periodic case, we assume that the initial surface function satisfies the "zero average" 
condition 

-i- / 770 = 0. (1.1.4) 

If it happens that 770 does not satisfy (1.1.4) but does satisfy the extra condition that inf^ b + 
(rio) > 0, where we have written (t^q) for the left side of (1.1.4), then it is possible to shift 
the problem to obtain a solution to (1.1.3) with rjQ satisfying (1.1.4). Indeed, we may change 

Vs^ys- {Vo):V ^V - iVo): b b + (rjo), and p p - (r^o) (1.1.5) 

to find a new solution with the initial surface function satisfying (1.1.4). The data uq and 
Vo — ivo) will still satisfy the compatibility conditions, and b + (r/o) > inf s b + (ryo) > 0, 
so after renaming we arrive at the above problem with 770 satisfying (1.1.4). Note that for 
sufficiently regular solutions to the periodic problem, the condition (1.1.4) persists in time 
since dtrj ^ u ■ v^J\ + {dyj\Y + {dy^rj^: 

'T [ V = [ dfT] = I u ■ u = f divM = 0. (1.1.6) 

dt Jy, Js J{y3=v{yi,y2,t)} Jn(t) 

The zero average of 77 (t) for t > is analytically useful in that it allows us to apply the 
Poincare inequality on E for all t >0. Moreover, we are interested in the decay ri{t) — > as 
i — >■ 00, in say -L^(E) or L°°(E); due to the conservation of (rjo), we cannot expect this decay 
unless (?7o) = 0. 

The problem (1.1.3) possesses a natural physical energy. For sufficiently regular solutions 
to both the periodic and non-periodic problems, we have an energy evolution equation that 
expresses how the change in physical energy is related to the dissipation: 



I [ Ht)f + l [ mf + l f I Pu{s)fds^\l \u,f + \ I \r^,\\ (1.1.7) 
^ JvL{t) ^ Jo Jn{s) ^ Jn{o) ^ J-E 

The first two integrals constitute the kinetic and potential energies, while the third consti- 
tutes the dissipation. The structure of this energy evolution equation is the basis of the 
energy method we will use to analyze (1.1.3). 



1.1.2 Beale's non-decay theorem 

In [4], Beale developed a local existence theory for the non-periodic problem in Lagrangian 
coordinates. In Lagrangian coordinates, the problem is transformed to one on a fixed domain 
f^o = f^(0). The geometry of the domain (and in particular the free surface) is encoded in 
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the flow map, : D,q x {0,T) — >■ fl{t), which gives the trajectory, t i— )■ ({x,t), of a particle 
located at x & Qq at t = 0. The flow map satisfies dtC{x,t) = v{x,t), for v = u o ( the 
Lagrangian velocity field in the fixed domain Qq, and u the Eulerian velocity field in the 
moving domain Q{t). The Lagrangian pressure is q = p o C, for p the pressure in Eulerian 
coordinates. 

The function spaces employed in [4] were 

K^{Qo X (0,T)) := H\{0,T); H^{Qo)) n H^/\{0,T); H\Qo)), (1-1-8) 

where H'' denotes the usual Sobolev space. The local well-posedness showed that, given 
Vq = Uq E H^~^{Qq) for r G (3, 7/2), there exists a unique solution on a time interval (0,T), 
with T depending on Uq and Qq, so that v G K^'{Qq x (0,T)). A second local existence 
theorem was then proved for small data. It showed that for any fixed < T < cxd, there 
exists a collection of sufficiently small data so that a unique solution exists on (0, T) and so 
that the solutions depend analytically on the data. 

The second result suggests that solutions should exist globally in time for small data. If 
global solutions do exist, it is natural to expect the free surface to decay to as t — )> cxd. 
However, Beale's third result in [4] was a non-decay theorem that showed that a "reasonable" 
extension to small-data global well-posedness with decay of the free surface fails. More 
precisely. Theorem 6.4 of [4] estabhshes that it is possible to choose 6 G H^{Qo) with © = 
on {2:3 = —b} so that there cannot exist a curve of solutions in Lagrangian coordinates, 
written {v{s), q{s)) for s near 0, so that 

v(e) G K^iQo X (0, 00)), v(s) G L\(0, 00); H^(no)), (1.1.9) 

q{s) G K'-^/^E X (0, 00)), Vq{s) G K'-^^o x (0, 00)), (LLIO) 

for r G (3,7/2), 

Co{e) = Id + ee, vo{e) = 0, (1.1.11) 

lim C3(£)|s = 0, and v(£) =£'u^ + £V + 0(£2). (1.1.12) 

The proof, which is a reductio ad absurdum, hinges on © satisfying the properties 

div © = and J d^Qs • ©3 7^ 0. (1.1.13) 

The condition (1.1.11) says that the domain is initially close to equilibrium, and the first 
condition in (1.1.12) says that the free surface returns to equilibrium as t — )■ 00. In the 
discussion of this result, Beale pointed out that it does not imply the non-existence of 
global-in-time solutions, but rather that establishing global-in-time results requires weaker 
or different hypotheses than those imposed in the non-decay theorem. 

The non-decay theorem raises two intriguing questions. First, is viscosity alone capable of 
producing global well-posedness? Second, if global solutions exist, do they decay as t ^ 00? 
Our main results answer both questions in the affirmative. In order to avoid the applicability 
of the non-decay theorem, we must impose conditions that prevent its hypotheses from being 
satisfied. We would like to highlight three crucial ways in which we do this. The first and 
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most obvious is that we require higher regularity and more compatibihty conditions for the 
initial data. 

Second, in the non-periodic case we will find (see Remark 1.2.5) that while u does 
decay, it does not do so sufficiently rapidly to guarantee that u belongs to the space 
L^{{0, oo); H^{flo)), which is in violation of a key assumption (1.1.9) in the non-extension 
result. Technically, our u is in Eulerian coordinates, but if we formally identify u with v, 
then we see the difficulty clearly: we cannot integrate the equation dtC = v to obtain ( as 
t — 7- oo, so that we cannot make sense of (1.1.12). One of the advantages of the Eulerian 
formulation is that the free surface function rj may be analyzed without regard to what is 
happening to the entire flow map C in ft. It is conceivable that the graph (^3(S,t) does, in 
fact, decay to the flat graph of E, but that C as a whole does not decay to the identity in 
Q. In Eulerian coordinates this would be observed in the decay of rj, which we can deduce 
in both and (see (1.2.11) of Theorem 1.2.2). 

The third difference is found in the periodic setting, where we assume that tjq has zero 
average in (1.1.4). We claim that this condition makes (1.1.13) impossible, i.e. the zero 
average condition prevents the choice of © satisfying (1.1.13), which then breaks the reductio 
ad absurdum used to prove the non-decay theorem. The argument in the theorem, which 
is proved in the non-periodic case but would work in the periodic well, goes as 

follows. The expansion of v{e) in (1.1.12), and the condition (1.1.9) imply an expansion 
C{e) = eC,^ + e^C^ + 0{e^). The term is assumed to be known, and a contradiction is 
derived in solving for v'^ using the ( expansion, if © is chosen to satisfy (1.1.13). 

To show that the zero average condition prevents the choice of satisfying (1.1.13), we 
must ffrst compare the ffow map, (, to the free surface function, ?]. Since ^ and rj yield the 
same surface, we must have that as graphs. 



Let ipi{xi,X2,t) — Q{xi,X2,0,t) for i — 1,2. If ^ is a diffeomorphism, then it is possible to 
solve ijj{yi,y2,t) = {xi,X2) = x' for y' = (yi,y2), i-e. y' = ip~^{x',t). Hence 



V'o(£) = (xi + £©i)ei + (X2 + £©2)62, and eg • Co(£)(y', 0) = £©3(?/', 0), (1.1.16) 



so that rio{x') = eQ3{ipo{e) ^{x'), 0). Using the zero average condition and a change of vari- 
ables shows that 



{{Cl{Xi, X2, 0, t), C2{Xl, X2, 0, t), Cs{Xi, X2, 0, t))} = {{xi, X2, rj{xi, X2, t))}. 



(1.1.14) 



r){xi, X2, t) = (^{ip ^{xi, X2, t), 0, t) for all x' e E, t > 0. 



(1.1.15) 



At time t — we have 



= 



/ rio{x')dx'^e I e^{Me)-\x'),0)dx' f Qs{y',0)\detDyM£)\dy', 



(1.1.17) 




but it is easily verified that for e near 



(1.1.18) 



so that 




(1.1.19) 
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Sending £ — )■ 0, we find that © must satisfy 

0=1 e^dy' and = / 63(^161 + ^aGsjcit/'. (1.1.20) 

However, div0 = impfies that d^Qs = —{diQi + ^202), so that the latter condition 
becomes 

o=y" 63^303, (1.1.21) 

in violation of assumption (1.1.13). 

This analysis shows that imposing condition (1.1.13) on the initial data for the flow 
map is essentially equivalent to choosing an initial coordinate system in which the average 
disturbance of the free surface does not vanish. If the system returns to equilibrium, then the 
map describing the equilibrium surface should be a non-zero constant (whatever the initial 
average was), and hence we should not expect or decay of this map. Choosing the 
initial data with zero average circumvents this problem and allows for and L°° decay. 



1.1.3 Geometric form of the equations 

In order to work in a fixed domain, wc want to fiatten the free surface via a coordinate trans- 
formation. We will not use a Lagrangian coordinate transformation, but rather a fiattening 
transformation introduced by Beale in [5]. To this end, we consider the fixed domain 

O := {x e E X M I - b{xi, X2) < 0:3 < 0} (1.1.22) 

for which we will write the coordinates as x & Q. We will think of S as the upper boundary 
of Q, and we will write Ef, := {2:3 = —b{xi,X2)} for the lower boundary. We continue to 
view as a function on E x M"*". We then define 

fj :— Vt) — harmonic extension of r) into the lower half space, (1.1.23) 

where Vf] is defined by (A. 4.1) when E = and by (A. 5.1) when E = (LiT) x (L2T). The 
harmonic extension fj allows us to flatten the coordinate domain via the mapping 

flBx^ {xi,X2,X3 + f]{x,t){l + X3/b{xi,X2))) = ^{x,t) = (z/i, Z/2, Z/s) £ ^{t) ■ (1.1.24) 

Note that $(E,t) = {y^ — ri{yi,y2,t)} and $(-,i)|si = ^d^^: ^ maps E to the free 
surface and keeps the lower surface flxed. We have 

/I 0\ /I -AK^ 

V$ = p 1 and ^ := (V*"^)^ =01 -BK | (1.1.25) 
\A B J \Q K 



for 



A = diTjb — {x^7]dib)/b'^ , B = d2r]b — {xir]d2b) /b'^ , 

j=l + f]/b + dS, K=J-\ (1.1.26) 

6= (1 + 0:3/6). 
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Here J — det V$ is the Jacobian of the coordinate transformation. 

If 1] is sufficiently small (in an appropriate Sobolev space), then the mapping $ is a 
diffeomorphism. This allows us to transform the problem to one on the fixed spatial domain 
Q for t > 0. In the new coordinates, the PDE (1.1.3) becomes 



dfU — dtijbKdsu + u ■ V j\u — A_4ii + = 


in Q 


div^ u — Q 


in Q 


^ Sj,{p,u)N^'nN 


on E 


dtr]^u- J\f 


on E 


u = 


on Efe 


u{x, 0) = UQ{x),r]{x', 0) = ■nQ{x'). 





(1.1.27) 



Here we have written the differential operators V^, div^, and A_4 with their actions given by 
(V^/)i := Ajdjf, div^X := AijdjXi, and A^/ = div^ V^/ for appropriate / and X; for 
u-VyiU we mean («■ V^-u)i := UjAjkdkUi. We have also written M := —diTjei — d2'q2&2 + for 
the non-unit normal to S, and we write S^{p^ u) = {pi — D_4-u) for the stress tensor, where / 
the 3x3 identity matrix and {B>^u)ij = AikdkUj+AjkdkUi is the symmetric ^—gradient. Note 
that if we extend div^ to act on symmetric tensors in the natural way, then div_4 Sj,{p, u) = 
V^p — A^it for vector fields satisfying div^ u — 0. 

Recall that A is determined by 1] through the relation (1.1.25). This means that all of 
the differential operators in (1.1.27) are connected to rj, and hence to the geometry of the 
free surface. This geometric structure is essential to our analysis, as it allows us to control 
high-order derivatives that would otherwise be out of reach. 

1.2 Main results 

1.2.1 Local well-posedness 

The standard method for constructing solutions in the existing literature is based on the 
parabolic regularity theory pioneered by Beale [4] for domains like ours and by Solonnikov 
[17] for bounded, non-periodic domains. The advantage of full parabolic regularity is that it 
enables one to treat viscous surface waves as a perturbation of the "flat surface" problem, 
which is obtained by setting rj = 0, A = I, = e^, etc in (1.1.27). The actual problem 
(1.1.27) is then rewritten as the flat surface problem with nonlinear forcing terms that 
correspond to the difference between the two forms of the equations. The key to the existence 
theory of, say [4], is regularity in with the choice of r = 3 -|- 5 for 5 e (0, 1/2) (see the 
discussion in Section 1.1.2). According to the natural energy structure of the problem, 
(1.1.7), one might expect r to naturally be an integer. The extra gain of 5 > regularity 
allows for enough control of the nonlinear forcing terms to produce a local solution to (1.1.27) 
from solutions to the fiat surface problem and an iteration argument. As recognized early on 
by Beale himself, a disadvantage of Beale-Solonnikov theory is that the function spaces K^, 
defined by (1.1.8), involve time integration, which makes it difficult to extract time decay 
information. 
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Our a priori estimates, which produce our decay results, are developed through the en- 
ergy method for high derivatives. This necessitates using the natural energy structure of 
the problem, (1.1.7), which in turn requires us to use positive integer Sobolcv indices for u. 
The advantage of the natural energy structure is that it produces two distinct types of esti- 
mates: roughly speaking, L°°([0, T]; L^) "energy estimates" and L^([0, T]; if^) "dissipation 
estimates." As we will discuss later, the interplay between the energy and the dissipation 
naturally leads to time decay information. The disadvantage of the energy structure is that 
our regularity index r must be an integer, so we cannot use the 5 > gain that would allow 
us to treat the problem (1.1.27) as a perturbation of the fiat surface problem. 

The difficulty in proving local well-posedness in the natural energy structure is thus 
clear. We cannot use solutions to the standard fiat surface problem to produce solutions 
to (1.1.27) via an iteration argument since the forcing terms cannot be controlled in the 
iteration. For example, we would have trouble controlling the interaction between the highest 
order temporal derivatives of p and div u. Our solution, then, is to abandon the fiat surface 
problem and prove local existence directly, using the geometric structure of (1.1.27). The 
geometric structure is crucial since it decreases the derivative count of the forcing terms, 
which then allows us to close an iteration argument using only the natural energy structure. 
The essential difficulty is that the geometric structure requires us to solve the Navier-Stokes 
equations in moving domains. In the presence of such a time-dependent geometric effect, 
even the construction of local-in-time solutions to the hnear Navier-Stokes equations is highly 
dehcate and has to be carried out from the beginning. 

Before wc state our local existence result, let us mention the issue of compatibility con- 
ditions for the initial data {uo,rio). We will work in a high-regularity context, essentially 
with regularity up to 2N temporal derivatives for iV > 3 an integer. This requires us to use 
uq and r]o to construct the initial data c^m(O) and dlr]{0) for j = 1, . . . , 2A'" and c^p(O) for 
j = 0, . . . , 2A'" — 1. These other data must then satisfy various conditions (essentially what 
one gets by applying ^^l to (1.1.27) and then setting t = 0), which in turn require Uq and 
?7o to satisfy 2N compatibility conditions. We describe these conditions in detail in Section 
2.5.2 and state them explicitly in (2.5.26), so for brevity we will not state them here. 

In order to state our result, we must explain our notation for Sobolev spaces and norms. 
We take H''(n) and H''(T,) for A; > to be the usual Sobolcv spaces. When we write norms 
we will suppress the H and Q or E. When we write and we always mean that 

the space is H''{Q), and when we write we always mean that the space is H^{T.). In 

the following result we write H~^{yt) = (oi?^(f)))*, where oH^{fl) is defined later in (2.2.1). 

Theorem 1.2.1. Let N > 3 be an integer. Assume that Uq and rjQ satisfy the hounds 
ll'"'oll4Ar + ll^o|l4Ar+i/2 < oo fls Well Qs the {2NY^ Compatibility conditions (2.5.26). There 
exist < 5o, To < 1 so that if 



and \\uq\\^^ -\- ||?7o||4jv — '^o, then there exists a unique solution {u,p,rj) to (1.1.27) on the 




(1.2.1) 
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interval [0, T] that achieves the initial data. The solution obeys the estimates 



2N 2N 2N-1 

J2 PM\lN-2j + Yl PM\lN-2j+ J2 ^^P PM\lN-2j- 

~:o<t<T ■' '^o<t<r ■' o<t<r ■' 

j=0 :;=0 :;=0 

/T /2N+1 2N N 

- V i=0 3=0 




4W+1/2 

3=2 J 

< C (|ko||4jv + lko||4jv + T ||?7o||4iv+i/2) (1-2-2) 

and 

^sup^ M\In+i/2 < (llwollliv + (1 + 2") No|l4iv+i/2) (1-2-3) 

for a universal constant C > 0. The solution is unique among functions that achieve the 
initial data and for which the sum of the first three sums in (1.2.2) is finite. Moroever, rj is 
such that the mapping defined by (1.1.24), is a difjeomorphism for each t G [0,T]. 

The proof of Theorem 1.2.1 is carried out in Chapter 2. We will sketch here the main 
ideas of the proof. 

Linear ^— Navier-Stokes 

Our iteration procedure is based on a geometric variant of the linear Navier-Stokes prob- 
lem. We consider r/ (and hence A, N, etc) as given and then solve the hnear ^—Navier-Stokes 
equations for {u,p): 

' dtu — A_4M -|- = F-^ in 
div^M = inn 

SAip,u)X^F^ on E ^ ■ ■ ^ 

u = on Efe, 

with initial data uq. Transforming this problem back to a moving domain Q{t) using the 
mapping $ defined in (1.1.24) shows that this problem is essentially equivalent (we have 
absorbed the correction to the time derivative into F^, so it does not transform exactly) to 
solving the linear Navier-Stokes equations in a domain whose upper boundary is given by 
r){t). In other words, we are really solving the usual linear problem in a moving domain. 
Pressure as a Lagrange multiplier in time-dependent function spaces 
It is well-known [18, 4, 8, 9] that for the usual linear Navier-Stokes equations, the pressure 
can be viewed as a Lagrange multiplier that arises by restricting the dynamics to the class of 
vectors satisfying div u — 0. To adapt this idea to the problem (1.2.4), we must restrict to the 
class of vectors satisfying div^ u — 0, which is a time-dependent condition since r) (and hence 
A) depends on t. This leads us to build time-dependent variants of the usual Sobolev spaces 
= and so that wc can make sense of this time-dependent collection of div_4 —free 
vectors. For the purposes of estimates, we want the time-dependent norms on these spaces 
to all be comparable to the usual Sobolev norms; this can be achieved through a smallness 
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assumption on rj, which we quantify. With the spaces in hand, we then adapt a technique 
from [18] to introduce the pressure as a Lagrange multipher for div_4 —free dynamics. 
Elliptic estimates for ^—problems 

In order to get the regularity we need for solutions to the parabolic problem (1.2.4), we 
first need the corresponding elliptic regularity theory. We accomplish this by using (1.1.24) to 
transform these eUiptic problems back into Eulerian coordinates so that the PDEs transform 
to ones with constant coefficients. We then apply standard estimates for elliptic equations 
and systems, proved in [2, 3], and then transform these estimates on the Eulerian domain 
back to estimates on fl. The only problem with this process is that the Eulerian domain has 
a boundary whose regularity is dictated by rj and is phrased in H'^ norms rather than C*^ 
norms, which are what appear in [2, 3]. We get around this problem by using a smoothing 
operator, a limiting argument, and the smallness of 1]. 

Galerkin method with a time-dependent basis 

We construct solutions to (1.2.4) by using a time-dependent Galerkin method. This 
requires a countable basis of our space of div^ —free vector fields. Since the requirement 
div^ii = is time-dependent, any basis of this space must also be time-dependent. For 
each t e [0,7"], the space we work in (basically H"^ with div^w = 0) is separable, so the 
existence of a countable basis is not an issue. The technical difficulty is that, in order for 
the basis to be useful in the Galerkin method, we must be able to differentiate the basis 
elements in time, and we must be able to express these time derivatives in terms of finitely 
many basis elements. Fortunately, due to a clever observation in [5] , we are able construct an 
explicit time-dependent isomorphism that maps the div —free vector fields to the div_4 —free 
fields. This allows us to construct the desired basis and push through the Galerkin method 
to produce "pressureless" weak solutions that are restricted to the collection of div^ —free 
fields. We then use our previous analysis to introduce the pressure as a Lagrange multiplier, 
which gives a weak solution to (1.2.4). We also use the Galerkin scheme to get higher 
regularity, showing that the solution is actually strong. The compatibility conditions serve 
as necessary condition for controlling the temporal derivatives of the approximate solutions in 
the Galerkin scheme. The result of our strong existence theorem then allows us to iteratively 
deduce higher regularity, given that the forcing terms are more regular and higher-order 
compatibility conditions are satisfied. 

Transport estimates 

The problem (1.2.4) considers f] as given and then produces {u,p). The second step in 
our iteration procedure is to take u as given and then solve dtf] + UidiT] + U2d2rj = on S. 
This is a standard transport equation, so solving it presents no real obstacle. The difficulty 
is that in our analysis of (1.2.4), we need control of supo<t<7- ll'7(0ll4Ar+i/2' owing to the 
transport structure, the only available estimate is, roughly speaking. 



Without knowing a priori that u decays, the right side of this estimate has the potential to 
grow at the rate of (1 + T)e^. Even if u decays rapidly, the right side can still grow like 
(1 + T). Of course, such a growth in time is disastrous for stability analysis, but even in 
our local-existence iteration scheme, a delicate technique is required to accommodate such 




^o||4JV+l/2 



+ T 



I 



■T 



'^{i)\\lN+idt . 

(1.2.5) 
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a growth without breaking the estimates of Theorem 1.2.1. 
Closing the iteration with a two-tier energy scheme 

Our iteration scheme then proceeds as described, using 77™ to produce (u"^^^ ,p"''^^), and 
then using u"^^^ to produce 7^"^+^. Iterating in this manner without losing control of our 
high-order energy estimates is rather delicate, and can only be completed by using sufficiently 
small initial data. The boundedness of the infinite sequence {u^,p^,rf^) in our high-order 
norms gives weak limits in the usual way, but because of the nature of our iteration scheme, 
we cannot guarantee a priori that the weak limits constitute a solution to (1.1.27). Instead of 
using high-order weak limits, we instead show that the sequence contracts in low-order norms, 
yielding strong convergence in low norms. The contraction argument gives a first glimpse 
of the utility of our two-tier energy method: the boundedness of the high norms allows us 
to close the contraction estimate for the low norms. We then combine the low-order strong 
convergence with the high-order weak convergence and an interpolation argument to deduce 
strong convergence in higher (but not all the way to the highest order) norms, which then 
suffices for passing to the hmit m — > 00 to produce a solution to (1.1.27). 



1.2.2 Global well-posedness and decay in the infinite, flat bottom 
case 

Sylvester [20] and Tani and Tanaka [21] studied the existence of small-data global-in-time 
solutions via the Beale-Solonnikov parabohc regularity method. The results say nothing 
about decay of the free surface, nor do they contradict Beale's non-decay theorem since they 
require higher regularity and more compatibility conditions. 

To state our global well-posedness result, we must first define various energies and dis- 
sipations. These will be somewhat different than those used in the periodic case. Also, the 
exact form of some of the energies is too complicated to write out here, so we will neglect to 
do so, referring to the proper definitions later in the paper, in Chapter 4. We assume that 
A G (0, 1) is a fixed constant and we define X\u according to (A. 3.1) and X\r] according to 
(A. 3. 2). The high-order energy is 

10 9 10 

^10 + E + E \\9lp\\l-2, + Ml + E ll^'^ll2o-2. ' (1-2-6) 

i=o j=o j=o 

and the high-order dissipation rate is 

10 9 
^10 \Ml + E \\dluC_,^ + \\Vp\\l + E 

j=0 j=l 

11 

+ P^ll20-3/2 + l|5t^ll20-l/2 + E Mv\\lo.2j+,/2 (1-2-7) 

We define the low-order energies £7^1 and £7^2 according to (4.1.8) and (4.1.9) with n = 7. 
Here the index m in £7 „i is a "minimal derivative" count that is included in order to improve 
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1 1 2 

decay rates in our estimates. We write J^io := 11^ II 20+1/2 ■ Finally, we define the total energy 
g,o{t) = sup £,o{r) + f V,o{r)dr + V sup (1 + rr+%,m{r) + sup (1.2.8) 

0<r<t Jo ~^0<r<t 0<r<t[i- + r) 

Notice that the low-order terms Sj^rn a-re weighted, so bounds on Qiq yield decay estimates 
for Er^rn- 

Theorem 1.2.2. Suppose the initial data (mo,''7o) satisfy the compatibility conditions of The- 
orem 1.2.1. There exists a k > so that if £io{0) + J^io(O) < k, then there exists a unique 
solution {u, p, Tj) on the interval [0, 00) that achieves the initial data. The solution obeys the 
estimate 

6^10(00) < Ci (£"10(0) + J-io(O)) < Cm, (1.2.9) 
where Ci > is a universal constant. For any < p < X, we have that 



sup 



:^+ty^''MmcHn) <c{p)k, (1.2.10) 

for C{p) > a constant depending on p. Also, 



sup 



;i + tr' hmi + (i + 1)^+^ \m\\i^ + E(i + ^y^" 

j=0 



<Ck (1.2.11) 



for a universal constant C > 0. 



Remark 1.2.3. The hound £^io(0) < k requires, in particular, that the initial data satisfy 
IIXaMoIIq < oo and ||Xa?7o|Io < latter condition can he viewed as a sort of weak zero 

average condition in the infinite case, which serves as the analog to the zero average condition 
in the periodic case, (1.1.4). To see this, note that ifrjo is sufficiently nice, say L^C^), then 

= ^?7o^r?o(0) = 0, (1.2.12) 

for • the Fourier transform. This means that the zero average condition is equivalent to 
requiring that fjo vanishes at the origin. We enforce a weak version of this hy requiring that 
XxTjo G L'^i^) = H^iTj), which requires that \^\ ^^|j7o(C)l^ ^-5 integrahle near ^ = 0. Since 
A < 1; this does not require 770(0) = 0, but it does prevent \fio\ from being "too big" at the 
origin. 

Remark 1.2.4. The decay estimates (1.2.10) and (1.2.11) do not follow directly from the de- 
cay of E'j2{t) implied by (1.2.9). Rather, they are deduced via auxiliary arguments, employing 
(1.2.9). ' 

Remcirk 1.2.5. The decay o/||M(t)||2 given in (1.2.11) is not fast enough to guarantee that 
u e L^([0, 00); if^(Jl)). Even if we could take \ — we would still get logarithmic blow-up 
of the L}H'^ norm. 
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Remark 1.2.6. The surface rj is sufficiently small to guarantee that the mapping ^{-jt), 
defined in (1.1.24), is a diffeomorphism for each t > 0. As such, we may change coordinates 
to y E il{t) to produce a global-in-time, decaying solution to (1.1.3) in the non-periodic case. 

Remark 1.2.7. Later in the paper, we perform our analysis in terms of estimates at the 2N 
and N -\- 2 levels; we take N — 5 in the present case to get the 10 and 7 appearing above. 
This is not optimal. With somewhat more work, we can improve our results to N — 4 with 
the restriction that A e (3/5, 1). It is likely that this can be further improved by adjusting the 
scheme from 2N and N -\-2 to something slightly different. We have sacrificed optimality in 
order to simplify the presentation and make our "two-tier energy method" clearer. The first 
tier is at the level 2N and the second at the level N + 2, which is meant to be roughly half of 
the first tier. The extra +2 is added to aid in applying some Sobolev embeddings. 

Theorem 1.2.2 is proved in Chapter 4. We now present a sketch of the key ideas. 
Horizontal energy evolution estimates 

In order to use the natural energy structure of the problem (given in Eulerian coordinates 
by (1.1.7)) to study high-order derivatives, we can only apply derivatives that do not break 
the structure of the boundary condition -u = on Sf,. Since is fiat, any differential 
operator 5" = (9""c?"^c?2^ is allowed. We apply these operators for various choices of a and 
sum the resulting energy evolution equations. After estimating the nonlinear terms that 
appear from differentiating (1.1.27), wc arc eventually led to evolution equations for these 
"horizontal" energies and dissipations, Biq, Pio, ^7,m) and 'D'jm for m = 1,2 (see Chapter 
4 for precise definitions). Here we write bars to indicate "horizontal" derivatives. Roughly 
speaking, these read 

Sioit)+ f f)^o{r)dr<E^^{Q>)+ [\s,oir)fV^oir)dr+ f y/V,oir)K:{r)J^,oir)dr (1.2.13) 
Jo Jo Jo 

and 

dt£7,m + ^7,m < <?fo2^7,m, (1-2.14) 

1 1 2 1 1 2 

where ^ > 0, Py^m is the low-order dissipation, and /C is of the form /C = || Vii||^i-|-||r)M||j:^2(2) • 
Notice that the product /CJ-'io in (1.2.13) multiplies low-order norms of u against the highest- 
order norm of rj. Technically, the estimate (1.2.13) also involves I\U and I\ri in addition 
to horizontal derivatives. For the moment let us ignore these terms and continue with the 
discussion of our energy method. We will discuss Zx in detail below. 

The actual derivation of bounds hke (1.2.13)-(1.2.14) is rather delicate and depends cru- 
cially on the geometric structure of the equations given in (1.1.27). Indeed, if we attempted 
to use the "fiat surface" perturbation form of the equations, we would fail to achieve the 
estimate (1.2.13) due to problems with the highest-order temporal derivatives. We note that 
all of the computations that lead to these estimates are justified by the boundedness of the 
terms in (1.2.2)-(1.2.3) of Theorem 1.2.1. 

Compcirison estimates 

The next step in the analysis is to replace the horizontal energies and dissipations with 
the full energies and dissipations. We prove that there is a universal < 5 < 1 so that if 
SiQ < 6, then 

^10 ^ Bio, T^io ^ "^10 + 10, 2 j^g-^ 
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This estimate is extremely delicate and can only be obtained by carefully using the structure 
of the equations. We make use every bit of information from the boundary conditions and 
the vorticity equations to establish it. There are two structural components of the estimates 
that are of such importance that we mention them now. First, the equation div^w = 
allows us to write dsUs — —{diUi + d2U2) + for some quadratic nonlinearity G^. This 
allows us to "trade" a vertical derivative of 1*3 for horizontal derivatives of Ui and ^2, an 
indispensable trick in our analysis. Second, the interaction between the parabolic scaling of 
u (dtu ~ Au) and the transport scaling of rj {dtt] ~ MsIs) allows us to gain regularity for the 
temporal derivatives of rj in the dissipation, and it also gives us control of dl^rj, which is one 
more time derivative than appears in the energy. 

Two-tier energy method 

Suppose we know that 

'^M ^ ITT^ ^'■^■'"^ 

for some < 6 < 1 and 7 > 0. We know from the transport estimate (1.2.5) that we can 
then expect an estimate of the form 

sup J-io(r) < J-io(O) + 1 [ V,o(r)dr. (1.2.17) 

0<r<t Jo 

Note that 7 > in (1.2.16) is essential; we would not be able to tame the exponential term 
in (1.2.5) without it, and then (1.2.17) would not hold. This estimate allows for J-'io(t) to 
grow linearly in time, but in the product /C(r)J-'io(r) that appears in (1.2.13), we can use 
the decay of /C to balance this growth. Then if suPq<^<^ £io(r) < 6 with 6 small enough, we 
can combine (1.2.13), (1.2.15), (1.2.16), and (1.2.17) to get an estimate 

Sio{t) + fv,o{r)dr < £:io(0) + J-io(O). (1.2.18) 
Jo 

This highlights the first step of our two-tier energy method: the decay of low-order terms 
(i.e. JC) can balance the growth of J-'io, yielding boundcdncss of the high-order terms. In 
order to close this argument, we must use a second step: the boundedness of the high-order 
terms implies the decay of low-order terms, and in particular the decay of /C. 
To get at this decay, we combine (1.2.14) and (1.2.15) to see that 

9Am+^2^7,m<0 (1.2.19) 

if ^10 < ^ for 6 small enough. If we could show that Sj^m ^ 1^7, m, then this estimate would 
yield exponential decay of £7,^ and Sj^m- An inspection of £7,^ and Vj^m (sec the beginning 
of Chapter 4) shows that I>7,m can control every term in ^7^^ except ||?7||q (and ||i9j?7||q when 
m = 2). In a sense, this means that exponential decay fails precisely because the dissipation 
fails to control 77 at the lowest order. In lieu of ^7 m < 1^7,™, we instead interpolate between 
£10 (which can control all the lowest-order terms of rj) and V^ .^: 

^7,m < £:V(-+^+l)p(-+^)/(-+^+l) . (1.2.20) 
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Combining (1.2.19) with (1.2.20) and the boundedness of Siq in terms of the data, (1.2.18), 
then allows us to deduce that 



Gronwall's inequality (along with some auxiliary estimates) then leads us to the bound 

£.,™W<f7,„W<^^f^pP#. (1.2.22) 

We thus use the boundedness of high-order terms to deduce the decay of low-order terms, 
completing the second step of the two-tier energy estimates. 
Negative Sobolev estimates via Ix 

Notice that the decay rate in (1.2.22) is enhanced by A e (0, 1). As we will see below, 
the parameter 7 > in the decay of /C, given in (1.2.16), is determined by the rate 171 + X. If 
we took A = 0, then we would not get 7 > 0, and we would be unable to balance the growth 
of J-'io- Then estimates (1.2.17) and (1.2.18) would fail, and we would be unable to close our 
estimates. We thus see the necessity of introducing the "negative Sobolev" estimates via the 
horizontal Riesz potential Ix- 

The difficulty, then, is that we must apply the non-local operator Ix to a nonlinear PDE 
and then study the evolution of IxU and IxV- The flatness of the lower boundary H/, is 
essential here since it allows us to have Ixu = on T^b- This means that the operator Ix does 
not break the boundary conditions, and we can use the natural energy structure to include 
||X;^^^||Q and ||Xx?]||o in the energy and ||Xxm||^ in the dissipation. To close the estimates for 
these terms, we must be able to estimate Ix acting on various nonlinearities in terms of 
S^qViq for some ^ > 0. These estimates turn out to be rather delicate, and we must again 
employ almost all of the structure of the equations and boundary conditions in order to 
derive them. They are also responsible for the constraint A < 1. For A > 1, the nonlinear 
estimates would not work as we need them to. 

We should point out that a priori, we do not know that Ixu(t) or Ixv{t) even make 
sense for t > 0, since this is not provided by Theorem 1.2.1. To show that these terms 
are well-defined, which then justifies applying Ix to the equations, we must actually prove 
a specialization of the local well-posedness theorem that includes the boundedness of Ixu, 
Ixp, and IxT]. 

Interpolation estimates and minimal derivative counts 

The negative Sobolev estimates alone do not close the overall estimates in our two-tier 
energy method. To do that, we must verify that /C decays as in (1.2.16) for some 7 > 0. 
An inspection of Sj^m shows that we cannot directly control /C < S-r^m for either m = 1,2, 
so we must resort to an interpolation argument. We show that through interpolation it is 
actually possible to control JC < E^^i, but the £^7^1 only decays like (1 -|- t)~^~^, which is not 
fast enough for (1.2.16). The energy £^72 decays at a faster rate, but we cannot show that 
^ ^ ^7,2- Instead, we show that if ^7,2 (^) < £(1 + ^)~^~'^, then 

r < c-(8+2A)/(8+4A) <- ^(8+2A)/(8+4A) ^ (-, 9 

'^~^7,2 (l_^^)2+A/2' 



17 



so that after renaming S = Ce^8+^^)/i8+'^>^) and 7 = A/2 > we find that (1.2.16) does hold. 

The parameters m and A interact in an important way. The decay rate increases with 
m and with A. As mentioned above, we are technicaUy constrained to A < 1, so we must 
increase m to 2 in order to hit the target decay rate in (1.2.16). It is tempting, then, to 
consider abandoning the X\ operators and simply use a third energy with m > 3, which 
should decay hke (1 + However, if one were to do this for any m > 3, one would find 
that there is a corresponding decrease in the interpolation power: JC < ^7^^^ , where 6(m) 
decreases with m in such a way that m9{m) < 2 so that (1.2.16) would fail. We thus see 
that the negative estimates are not just a convenience, but rather a necessity. 

The derivation of (1.2.23) is dehcate, requiring a two-step bootstrap process to iteratively 
improve the interpolation powers. We again crucially make use of the structure of the 
equations and boundary conditions. We extensively interpolate between our negative Sobolev 
estimates and our positive Sobolev estimates. The utility of the negative estimates is quite 
clear here: the interpolation powers improve when we interpolate with negative derivatives 
(as opposed to say, no derivatives). 

To complete the proof of (1.2.23), we crucially use an estimate for XidtT]. This corresponds 
to A = 1, so we are not able to apply Xidt to the equations to get at the estimate. Rather, 
the estimate comes for free from the transport equation for r/, which allows us to write 
dtf] = —diUi — 821/2 for Ui G H^. This computation is valid also in the periodic case and 
gives a second proof of (1.1.6), which in turn gives rise to a Poincare inequality WtjWq < ||-D?7||q 
on E = (LiT) X (-L2T). Prom this we see that the estimate for Iidtrj can be viewed as a sort 
of substitute for a Poincare inequality on E = R^, which is unavailable in general. 

The interpolation of negative and positive Sobolev estimates provides a completely new 
tool in the study of time decay of dissipative PDE problems in the whole (or semi-infinite) 
space. Our estimate is new even for the simple heat equation. A particular advantage of 
the negative-positive method is that, unlike the usual LP — machinery, our norms are 
preserved along time cvohition. We anticipate that this method will prove useful in the 
analysis of other dissipative equations. 

1.2.3 Global well-posedness and decay in the periodic, curved bot- 
tom case 

In [14], Hataya studied the periodic problem with a fiat bottom, h{x') = 6 e (0, 00). Using 
the Beale-Solonnikov parabolic theory, it was shown that if t^o has zero average, (1.1.4), then 

roo 

/ (l + i)2||M(t)||J_^dt + sup(l + t)2||r;(t)||2_2 < 00 (1.2.24) 

Jo t>Q 

for r e (5,11/2). Our result on the periodic problem is an improvement of this in two 
important ways. Pirst, we allow for a more general non-fiat bottom geometry. Second, we 
establish faster decay rates by working in a higher regularity context. 

To state our result, we must first define our energies and dissipations. These are slightly 
different from the ones used in Theorem 1.2.2. Por any integer > 3 we write the high-order 
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energy as 

2N 2N-1 



S2N = E (}mL-2, + \mL-2^ + E ii^HiL-2.-i (1-2-25) 



j=0 j=0 

and the corresponding dissipation as 

2N 2N~l 
j=0 j=0 



2N+1 

+ \\v\\In-1/2 + \\dtV\\lN-l/2 + E ll^*^llL-2,+5/2 " i^'^-^^) 

J=2 



We define the low-order energy as 

7V+2 N+1 



2(Ar+2)-2j ) + E ll^*Hl2(A.+2)-2,-l ■ (l-2-2r) 



j=0 j=0 



1 1 2 

with either minimal derivative counts or Ix estimates. We write J^2N '■— ||'7ll47v+i/2 • Finally, 



Notice that, unlike in the non-periodic case, in the periodic case we do not need to bother 
with either minimal de 
we define total energy 

Q2N{t) = sup £2N{r)+ fv2N{r)dr+ sup (1 + r)^^-«£:jv+2(r) + sup (1.2.28) 

0<r<t Jo 0<r<t 0<r<t[i- + r) 

Notice that the low-order terms Sn+2 are weighted, so bounds on Q2N imply decay estimates 

Theorem 1.2.8. Suppose the initial data {uo,i]o) satisfy the compatibility conditions of The- 
orem 1.2.1 and that rjo satisfies the zero average condition (1.1.4). Let N > 3 be an integer. 
There exists a < k = k,{N) so that if £2n{0) + J''2n{0) < then there exists a unique 
solution {u,p,r]) on the interval [0, 00) that achieves the initial data. The solution obeys the 
estimate 

G2Nioo) < Ci {£2n{0) + J'2Nm < (1.2.29) 
where Ci > is a universal constant. 

Remcirk 1.2.9. The decay of £]sr+2it) implies that 

sup(l + i)^^-«[||«(t)||^^^,+ ||r;(t)||^^J <Ci«:. (1.2.30) 

Since N may be taken to be arbitrarily large, this decay result can be regarded as an "almost 
exponential" decay rate. 

Remcirk 1.2.10. A key difference between the periodic result, Theorem 1.2.8, and the non- 
periodic result, Theorem 1.2.2, is that in the periodic case, increasing N also increases the 
decay rate of £N+2{t)- No such gain is possible in the non-periodic case, which is why we 
specialize to the case N = 5 there. In the periodic case, we do not use the same type of 
interpolation arguments that we use in the infinite case. This allows us to relax to N > 3. 
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Remark 1.2.11. The surface rj is sufficiently small to guarantee that the mapping ^{-jt), 
defined in (1.1.24), is a diff'eomorphism for each t > 0. As such, we may change coordinates 
to y G fl{t) to produce a global-in-time, decaying solution to (1.1.3) in the periodic case. 

Theorem 1.2.8 is proved in Chapter 5. The proof follows the same basic outline that 
we use in the non-periodic case. We apply horizontal derivatives and estimate their evolu- 
tion equations, we prove comparison estimates that bound the full energies in terms of the 
horizontal energies, and we fit everything together in a two-tier energy method that couples 
the boundedness of S2N to the decay of £n+2- Many of the proofs in the periodic case are 
easier than in the non-periodic case because of some auxiliary estimates available (stemming 
from the Poincare inequality). Rather than reiterate this method (it can be understood by 
replacing 10 with 2N and 7 with -|- 2 in the sketch of the proof of Theorem 1.2.2), we will 
highlight the novel features of the periodic case. 

Poincare from the zero average condition 

Owing to (1.1.6), we know that the average of rjit) over E vanishes for all t > 0. This 
allows us to utilize the standard Poincare inequality on S to estimate \\r]\\Q < ||D?7||q. This 
is useful because we will be able to control ||-D^7||q with the dissipation (through careful use 
of the boundary conditions), which means we will gain full control of r] itself. In turn, this 
eliminates the need to use either minimal derivative counts at the N -\- 2 level or negative 
Sobolev estimates via the Ix operator, and it paves the way for decay rates that increase 
with N. Indeed, we show that (roughly speaking) 

dt£N+2 + CVj,^, < and ^^+2 < (I)^+2)('^-')/('^-') (^2iv)'/('^-'\ (1.2.31) 
which yield the decay estimate 

^ ... < g2iv(0)+^2;v(0) 
tN+2[t) ^ (iTtj^^ 

Localization for the curved bottom 

We allow the lower boundary E;, to be curved. This means that spatial derivatives in 
the Xi and X2 directions are not compatible with the boundary condition u = on E5. This 
prohibits us from applying, say di, to the equations and studying the evolution of d^u and 
diTj. The only operator that does not break the boundary condition is dt, which we can apply 
as before. To get around this problem we introduce a localization procedure. We localize in 
a horizontal strip near E, and in an area around Ef,. Near E the problem behaves like a free 
boundary problem with a flat bottom, and we are free to apply all horizontal derivatives. In 
the lower domain, near S^, the problem behaves like a fixed boundary problem with curved 
lower boundary. The only derivatives we can apply arc temporal, but they arc sufficient for 
controlling all derivatives because of the fixed upper boundary. We then build our a priori 
estimates out of these localized energies and patch both of them together for estimates in 
all of fl at the end. 

The main difficulty in this procedure is that it introduces "localization forces" that ap- 
pear because the cutoff functions we multiply by to localize do not commute with all of the 
differential operators. These localization forces can only be controlled in terms of the dissi- 
pation by employing the Poincare inequality for 77 on E. Through a careful balance of how 



(1.2.32) 
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and where we localize, we are able to control the localization forces and close our estimates. 
However, if we were to attempt the same procedure in the non-periodic case, the lack of a 
Poincare inequality would prohibit us from controlling the localization forces in terms of the 
dissipation, and our estimates would fail to close. 

1.3 Comparison to the case with surface tension 

If the effect of surface tension is included at the air-fluid free interface, then the formulation 
of the PDE must be changed. Surface tension is modeled by modifying the fourth equation 
in (1.1.3) to be 

{pi - lil]){u))p = griiy - aHiy, (1.3.1) 

where H — di{dir]/ \Jl-\- \D'u'^) is the mean curvature of the surface {ya — ri{t)} and cr > 
is the surface tension. 

In [5], Beale proved global well-posedness for the non-periodic problem with surface 
tension. The flattened coordinate system we employ was introduced in [5] and used in place 
of Lagrangian coordinates. However, Beale employed a change of unknown velocities that 
is more complicated than just a coordinate change. Well-posedness was demonstrated with 
(essentially) u e K'-{VL x (0,oo)) and -q e /sT^'+^/^^E x (0,oo)), given that e H''-^''^{n), 
?7o G i/'"(S) are sufficiently small for r G (3,7/2). In this context it is understood that 
surface tension leads to the decay of certain modes, thereby aiding global existence. 

In [6] , Beale and Nishida studied the asymptotic properties of the solutions constructed 
in [5]. They showed that if 770 G -^^(S), then 

2 

sup(l + tf \\u{t)\\l + sup y (1 + t)^+' \\D'r]{t)\t < (1-3-2) 

- J=i 

and that this decay rate is optimal. Taking A 1 in our Theorem 1.2.2, the estimates 
(1.2.11) yield almost the same decay rates. 

In [16], Nishida, Teramoto, and Yoshihara showed that in the periodic case with surface 
tension and a flat bottom, if r]o has zero average, then there exists a 7 > so that 

snpe'''[\\u{t)\\l + \\r,{t)\\l]<oc. (1.3.3) 

t>o 

Thus, if surface tension is added in the periodic case, fully exponential decay is possible, 
whereas without surface tension we only recover algebraic decay of arbitrary order in Theo- 
rem 1.2.8. 

The comparison of these two results with ours establishes a nice contrast between the 
surface tension and non-surface tension cases. Without surface tension we can recover "al- 
most" the same decay rate as in the case with surface tension. This suggests that viscosity 
is the basic decay mechanism and that surface tension acts to enhance the decay. 
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1.4 Definitions and terminology 



We now mention some of the definitions, bits of notation, and conventions that we will use 
throughout the paper. 

Einstein summation and constants 

We will employ the Einstein convention of summing over repeated indices for vector and 
tensor operations. Throughout the paper C > will denote a generic constant that can 
depend on the parameters of the problem, N, and fl, but does not depend on the data, etc. 
We refer to such constants as "universal." They are allowed to change from one inequality 
to the next. When a constant depends on a quantity z we will write C = C(2;) to indicate 
this. We will employ the notation a < 6 to mean that a < Cb for a universal constant C > 0. 

Norms 

We write H^{Q) with A; > and and with s G M for the usual Sobolev spaces. We 

will not need negative index spaces on Q except for H~^{Q.) := (oi/^(fi))*, where oH^{^l) is 
defined later in (2.2.1). We will typically write — LF'; the exception to this is mostly in 
Chapter 2, where we use L^([0, T]; if'^) notation to indicate the space of square-integrable 
functions with values in . 

To avoid notational clutter, we will avoid writing H^iVL) or H^{Y1) in our norms and 
typically write only ||-||^. Since we will do this for functions defined on both Q and E, this 
presents some ambiguity. We avoid this by adopting two conventions. First, we assume that 
functions have natural spaces on which they "live." For example, the functions m, p, and 77 
live on VL, while 7] itself lives on E. As we proceed in our analysis, we will introduce various 
auxiliary functions; the spaces they live on will always be clear from the context. Second, 
whenever the norm of a function is computed on a space different from the one in which 
it lives, we will explicitly write the space. This typically arises when computing norms of 
traces onto S of functions that live on Q. 

Derivatives 

We write N = {0, 1, 2, . . . } for the collection of non- negative integers. When using space- 
time differential multi- indices, we will write N^"*""* = {a = (q!o,Q!i, . . . ,Q;m)} to emphasize 
that the 0— index term is related to temporal derivatives. For just spatial derivatives we 
write N™. For a G N^"^'" we write cP — 9"° 9"^ • • -d^. We define the parabohc counting of 
such multi-indices by writing |a| = 2aQ + ai -|- ■ ■ ■ + dm- We will write Df for the horizontal 
gradient of /, i.e. Df = difei + 82/^2, while V/ will denote the usual full gradient. 

For a given norm ||-|| and integers k, m > 0, we introduce the following notation for sums 
of spatial derivatives: 



m<\a\<k 



The convention we adopt in this notation is that 
fives, while V refers to full spatial derivatives, 
our notation: 



m<\a\<k 

D refers to only "horizontal" spatial deriva- 
For space-time derivatives we add bars to 

m<\a\<k 



aeNi+2 
m<\a\<k 
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When A; = m > we will write 

ii^vir = \\Dtf\\' , iivvir = II v^/if , ipvir = ip.vir , nvvir = iiv^/ir . (1-4.3) 

We allow for composition of derivatives in this counting scheme in a natural way; for example, 
we write 

m<\a\<k m+l<|a|<fc+l 
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Chapter 2 

Local well-posedness 

2.1 Introduction 

In this chapter we will prove the local well-posedness result, Theorem 1.2.1. Our proof 
employs an iteration that is based on the following linear problem 

' dtu — Aj^u + S/xP — F^ in 

div 4 u — in 

SaIp, u)M ^F^ on E 

— on J^b, 

subject to initial conditions u{0) — Uq. Note that the first equation in (2.1.1) may be 
rewritten as dfU + div_4 S_a{p, u) — F^. 

In Section 2.2 we develop the machinery of time-dependent function spaces so that we 
can consider the class of div_4 —free vector fields. We use an orthogonal splitting of a space 
to introduce the pressure as a Lagrange multiplier. In Section 2.3 we record some elliptic 
estimates for the ^—Stokes problem and the ^— Poisson problem. In Section 2.4 we develop 
the local existence theory for (2.1.1) by using a time-dependent Galerkin scheme. We iterate 
this result to produce high-regularity solutions. In Section 2.5 we do some preliminary work 
for the nonlinear problem, constructing initial data, detailing the compatibility conditions, 
and constructing solutions to the transport equation with high-regularity estimates. In 
Section 2.6 we construct solutions to (1.1.27) through the use of iteration and contraction 
arguments, completing the proof of Theorem 1.2.1. 

Throughout the chapter we assume that iV > 3 is an integer. We consider both the 
non-periodic and periodic cases simultaneously. When different analysis is needed for each 
case, we will indicate so. Otherwise, the argument we write works in both cases. 

2.2 Functional setting 

2.2.1 Time-dependent function spaces 

Wc begin our analysis of (2.1.1) by introducing some function spaces. We write H''{Q) and 
if^(S) for the usual L^-based Sobolcv spaces of cither scalar or vector- valued functions. 
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(2.1.1) 



Define 



^{ue H\n) I u\j:, = 0}, 

= e H\n) I u\s = 0}, and (2.2.1) 
^{ue oH\n) I divu^O}, 



with the obvious restriction that the last space is for vector- valued functions only. 

For our time-dependent function spaces we will consider rj (and hence A, J, etc) as given; 
in our subsequent analysis rj will always be sufficiently regular for all terms derived from 77 
to make sense. We define a time-dependent inner-product on = by introducing 



{u,v)^a := / {u-v)J{t) (2.2.2) 

with corresponding norm HmH-^o := a/ (m, u)yQ. Then we write n^it) := {\\u\\^o < 00}. 
Similarly, we define a time-dependent inner-product on qH^{Q) according to 

{u,v)^r:^ I {^])A{t)u:J^A(t)v)J{t), (2.2.3) 
Jo. 

and wc define the corresponding norm by = ^J (u, u)^i. Then we define 

n^{t) := {u I < 00, wis = 0} and X{t) {u e n^{t) \ dwA(t)U^ 0}. (2.2.4) 

We will also need the orthogonal decomposition VP{t) — y{t) ® y{t)'^, where 

yit)^ {"^Ait)^ I e 'H\n)}. (2.2.5) 

A further discussion of the space y{t) can be found later in Remark 2.3.4. In our use of 
these norms and spaces, we will often drop the (t) when there is no potential for confusion. 
Finally, for T > and A; = 0, 1, we define inner-products on L^([0, T];H''{Q,)) by 

K^)h^=^ {u{t),v{t))^,dt. (2.2.6) 

Write ll^ll^fc for the corresponding norms and Ti^ for the corresponding spaces. We define 
the subspace of div^-free vector fields as 

Xt := {uen^l div^(t) u{t) = for a.e. t e [0, T]}. (2.2.7) 

A priori we do not know that the spaces 'H'^{t) and "H^ have the same topology as H'^ 
and L'^H^, respectively. This can be estabhshed under a smallness assumption on 77. 

Lemma 2.2.1. There exists a universal £0 > 50 that if 

sup ||r?(t)||3<5o, (2.2.8) 
o<t<r 

then 

^\\u\l<\\u\\uu<^/^\\u\l (2.2.9) 
for A; = 0, 1 and for all t e [0, T]. As a consequence, for = 0, 1, 

^ \\u\\L2Hk < IMf^k < V2\\u\\^2Hk ■ (2.2.10) 
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Proof. Consider e e (0, 1/2) with precise value to be chosen later. It is straightforward to 
verify, using Lemma A. 6.1 in the non-periodic case and Lemma A. 5. 2 in the periodic case, 
that 

sup{|| J - , \\A\\^^ , \\B\\^^} < C llr^llg . (2.2.11) 

Then we may choose Eq = e/C so that the right side of (2.2.11) is bounded by e. Since 
K — 1/ J, this implies that 

\\K - 1||^^ < \\K\\^^ < (2.2.12) 

and 

3 3 
||/-^|Iloo < Y^,M+/|Lco <2\/3 + (2.2.13) 

In turn, this implies that 

11/ - 11/ + < 3e(l + ^)(y_-P^-3)e) ^(,). p.2.14) 

Notice that g is & continuous, increasing function on (0,1/2) so that g{Q) = 0. With the 
estimates (2.2.11) and (2.2.14) in hand, we can show that if e is chosen sufficiently small, 
then (2.2.9) and (2.2.10) hold. 

In the case k — 0, the estimate (2.2.9) follows directly from the estimate for J in (2.2.11): 



\uf<{l-e) / \uf < / J\uf<{l + e) / \uf<2 / \uf . (2.2.15) 



In Ja Jn Jn Jn 

To derive (2.2.9) when A; = 1, we first rewrite 

/ J\Bau\^^ / J\Bu\^+ / J(Dau + Bu) : (Dau-Bu). (2.2.16) 
Jn Jn Jn 

To estimate the last term, we note that |(D^m ± B)u)\ < 2 |^ ± /| |Vti| , which implies that 

/ J{Bau + Bu) : {Bau-3u) < 4 || J||^o. ||/ - ^H^,, ||/ + ^H^,. / \Vuf 
Jn Jn 

<ACng{e) f |D«|', (2.2.17) 
Jn 

where is the constant in Korn's inequality, Lemma A. 8. 3. We may then employ the 
bounds (2.2.11) and (2.2.17) in (2.2.16) to estimate 

/ l^Auf J> [ J \Bu\'' - iCng{e) [ \Bu\^ >(!-£- ^Cng{e)) [ \B>u\^ (2.2.18) 
Jn Jn Jn Jn 

and 

f \BAufj< [ J \B)uf + ACng{e) f |D^/|' < (1 + £ + 4Cn^(£)) [ \B)uf . (2.2.19) 
Jn Jn Jn Jn 

Then (2.2.9) with k = 1 follows from (2.2.18)-(2.2.19) by choosing e small enough so that 
£ + ACngie) < 1/2. The estimates (2.2.10) follow by applying (2.2.9) for a.e. t e [0,T], 
squaring, and integrating over i e [0,T]. □ 
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Remark 2.2.2. Throughout the rest of this chapter, we will assume that (2.2.8) is satisfied 
so that (2.2.9) -(2.2.10) hold. 

Remcirk 2.2.3. Because of the bound (2.2.9) and the usual Korn inequality on Lemma 

A. 8. 3, we have a corresponding Korn-type inequality in'HMf): HmH^o W^Wy^i ■ The standard 

trace embedding H^iVt) H^^'^(T.) and (2.2.9) imply that I|m||^i/2(-2) ^ II'^II-hi /^'^ 

[0,T]. Similarly, given f G i7^/^(E), we may construct an extension f e T-i^{t) so that 



HI ~ WJ lliJl/2(S)- 

We now prove a result about the differentiability of norms in our time-dependent spaces. 

Lemma 2.2.4. Suppose that u e l-Oj., dfU G ("H^)*. Then the mapping t ^ \\u{t)\\^o^^^ is 
absolutely continuous, and 



di 



\u{t)f^o^2{dtu{t),u{t))(^H^y+ f \u{t)fdtJ{t) (2.2.20) 

Jn 



for a.e. t e [0,r]. Moreover, u e C'^{[Q,T]; H^{n)). If v e H^^, dtv e {H^)* as well, then 
d 



,u{t),v{t))^o = {dtu{t),v{t))^u^Y + {dtV{t),u{t))(H^y + j ^u{t) ■ v{t)dtJ {t) . (2.2.21) 

Proof. In light of Lemma 2.2.1, the time-dependent spaces l-L^, Wp, {T^tT present no obstacle 
to the usual method of approximation by temporally smooth functions via convolution. This 
allows us to argue as in Theorem 3 in Section 5.9 of [12] to deduce (2.2.20) and the continuity 
u E CO([0,T];ffO(r])). The equality (2.2.21) follows by applying (2.2.20) to u + v and 
canceling terms by using (2.2.20) with u and with v. □ 

Now we want to show the spaces oH^{fl) and oH^fl) are related to the spaces T-L^it) and 
X{t). To this end, we define the matrix 

/ K 0\ 

M := M{t) = = . (2.2.22) 

\AK BK ij 

Note that M is invertible, and M"^ — JA^. Since J 7^ and dj{JAij) = for each 
i = l,2,3, 

p = div_4 V 4^ 

Jp = JdivA V = JAijdjVi = dj{JAijVi) = dj{JA^v)j = dj{M-^v)j = div{M-^v). (2.2.23) 

The matrix M(t) induces a hnear operator M.t ■ u i->- M.t{u) — M{t)u that possesses several 
nice properties, the most important of which is that div-free vector fields are mapped to 
div^-free vector fields. We record these now. 

Proposition 2.2.5. For each t e [0, T], A4t is a bounded, linear isomorphism: from H'^{D,) 
to H''{n) for A; = 0, 1, 2; from L'^{n) to VP{t); from oH\n) to V}{t); and from qHHQ) to 
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X{t). In each case the norms of the operators A^^, A^^ ^ are bounded by a constant times 

l + hWll9/2- 

Moreover, the mapping Ai given by Aiu{t) := Aitu{t) is a bounded, linear isomorphism: 
from L2([0,T];i7^(fi)) to L^{[0,T]; H^{n)) for k = 0,1,2; from L\[0,T]; H^{n)) to H^; 
from L'^{[0,T];oH^{fl)) to 1-Op; and from L^([0, T]; oi^^l^)) '^t- In each case, the norms 
of the operators M. and A4~^ are bounded by a constant times the sum 1+suPq<«2' ||?7(i)|l9/2- 

Proof. For each i e [0, T], it is easy to see that 

\\Mtu\\, < ||M(t)||^3 ll^ll, < (1 + Mt)\\9/2) Mk (2.2.24) 

for A; = 0, 1, 2, which estabhshes that Ait is a bounded operator on iJ^. Since M{t) is an 
invertible matrix, Ai^^v = M{t)~^v = JV$(t)f , which allows us to argue similarly to see 
that for A; = 0, 1, 2, || A^^^'i'll;!. ^ (1 + il^(^)|l9/2) ll'^llfc . Hence M.t is an isomorphism of H'^ to 
itself for A; = 0, 1, 2. With this fact in hand. Lemma 2.2.1 implies that Alj is an isomorphism 
of H^{^) to n^{t) and of oH\n) to H^t). 

To prove that Ait is an isomorphism of oHl{il) to X{t), we must only establish that 
divM = if and only if div^(MM) = 0. To see this we appeal to (2.2.23) with p = to see 
that = div^ v if and only if = div(M~-'^^;). Hence, writing v — Mu, we see that div u — Q 
if and only if div^(Mii) = 0. 

The mapping properties of the operator AA. on space-time functions may be established 
in a similar manner. □ 



2.2.2 Pressure as a Lagrange multiplier 

It is well-known [18, 4, 9] that the space QlI^{Vt) can be orthogonally decomposed as qII^{Q) = 
oHl{n) © R{Q), where R{Q) is the range of the operator Q : H^{fl) oH^ifl), defined by 
the Riesz representation theorem via the relation 

/ pdiv-u = / D(Qp) : Bu for all u e oH\fl). (2.2.25) 
Jn Jq 

We now wish to establish a similar decomposition for our spaces X{t) C li}{t). Unfor- 
tunately, the mappings AA-t, while isomorphisms, are not isometrics, so we cannot use the 
known result to decompose H^{t). Instead, we must adapt the method of [18] to our time- 
dependent context. 

For p G 'HP{t), we define the functional Qt G ('H^(t))* by Qt{v) = (p, div_4 f )^o. By the 
Riesz representation theorem, there exists a unique Qtp G 'H^it) so that Qt{v) = {QtP-iV)^^ 
for all V G 1-1} {t). This defines a hnear operator Qt : 'H°(t) 'H^{t), which is bounded since 
we may take v — QtP to bound 

WQtPWlii = {QtP,Qtp)ni = Qt{v) = (p,div^w)^o 

< Ibiko l|div^t;[|^o < IIpII^o ll-yll^i = IIpII^o WQtPWn^ , (2.2.26) 

so that IIQtpll^i < ||p||-^o. In the previous inequality we have used the simple bound 
||div^t'[|^o < ll^ll^i, which follows from the fact that div^v = tr(D^M)/2. In a straightfor- 
ward manner, we may also define a bounded linear operator Q : T-L^ — > T-L]. via the relation 

(p,div^v)^o = {Qp,v)^i for all v G Ht- (2.2.27) 
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Arguing as above, we can show that Q satisfies < IIpII-ho ■ 

In order to study the range of Qt in 'H^(i) and of Q in "H^, we will first need a lemma on 
the solvability of the equation div^ v — p. 

Lemma 2.2.6. Let p e 'HP{t). Then there exists a v & T^^i't) so that div^^; = p and 

11^11^1 < (1 + ||?7(^) II9/2) Ibll-HO- V instead p G H^, then there exists a v & T-L]. so that 
divAV ^P for a.e. t e [0,r], and \\v\\^i^ < (1 + supo<t<T ||^(i)||9/2) \\p\\h°.- 

Proof. It is established in the proof of Lemma 3.3 of [4] that for any q e L^(n) the problem 
divM = q admits a solution u G oH^{fl) so that \\u\\^ < Ikllo- The result in [4] concerns the 
non-periodic case, but its proof may be easily adapted to the periodic case as well. Choose 
q = Jp so that 

Ikllo ^ [ \qf= [ \P\'J'< \\J\\l^ \\p\\no < 2 \\p\\l,o • (2.2.28) 
Jn Jn 

Then by (2.2.23) we know that v — M{t)u G 'H^(t) satisfies div^i; = p, and Proposition 
2.2.5 implies that 

Mu^ < (1 + II^WIl9/2) ^ (1 + II^WIl9/2) Ikllo ^ (1 + II^WIl9/2) 11^11^0 • (2-2.29) 

If p G "H^, then for a.e. t G [0,T], p{t) G T-L^{t), so we may apply the above analysis to 
find v{t) G T-O'it) so that div_4f(t) = p{t) and the bound (2.2.29) holds with v = v{t) and 
P = P(^)- We may then square both sides and integrate over t G [0, T] to deduce that 

\\vmi,dt<(i+ sup \\ri{t)\\i/,] [ imwiodt 

^ Jo V 0<t<T / Jo 

<(l + sup 117^(^)115/2) ll^llio . (2.2.30) 

□ 

With this lemma in hand, we can show that R{Qt) is a closed subspace of ?^^(i) and that 
R{Q) is a closed subspace of H].. 

Lemma 2.2.7. R{Qt) is closed in H^{t), and R{Q) is closed in l-Op. 

Proof. For p G 'hP{t) let v G TV-it) be the solution to div^^; = p provided by Lemma 2.2.6. 
Then 



HO = (P, div^ 'y)7^o = Qt{v) = iQtP,v)^i 



< WQtPWn^ \Mh^ < WQtPWn^ (1 + II^WIl9/2) Mho (2-2.31) 

so that llQtpll^i < Ibll^o ^ (1 + ||?7(^)ll9/2) IIQtPll^i - Hence R{Qt) is closed in 'H^{t). A 
similar analysis shows that R{Q) is closed in H^. □ 

Now we can perform the orthogonal decomposition of Ti^{t) and "H^. 
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Lemma 2.2.8. We have that V}{t) = X{t) © R{Qt), i-e. X{t)^ = R{Qt)- Also, = 
Xt®R{Q), i-e. X^^R{Q). 

Proof. By Lemma 2.2.7, R{Qt) is a closed subspace of Ti^{t), and so it suffices to prove tfiat 
R{Qt)^ = X{t). 

Let V e R{Qt)^. Then for all p e n^{t), we know that 

/ pdiv^^;J = Qt{v) = iQtP,v)^i = 0, (2.2.32) 
Jn 

and hence div^w = 0. This implies that R{Qt)^ C X{t). 
Now suppose that v e X{t). Then div^t' = implies that 

= / p div^ vJ = Qt{v) = {Qtp, v)-^, (2.2.33) 
Jn 

for all p e 7{°(i). Hence v G R{Qt)^, and we sec that X{t) C i?(gt)^. 

A similar argument shows that H]. — Xt® R{Q). □ 

This decomposition will eventually allow us to introduce the pressure function. This will 
be accomplished by use of the following result. 

Proposition 2.2.9. //At e (^^(i))* is such that At{v) = for all v e X{t), then there 
exists a unique p{t) e 'HP{t) so that 

(p(t),div^i;)^o = K{v) for all v G V}{t) (2.2.34) 

and |b(t)||^o < (1 + lk(t)||9/2) \\K\n^t)Y- 

If A & {'Hj')* is such that A{v) — for all v e Xt, then there exists a unique p e so 
that 

(j9, div^ t;)^o = A{v) for all v e Ht (2.2.35) 
and IIpII^o < (1 + supo<t<T ||?7(^)|l9/2) 11^11(^1,)- 

Proof. If At(i>) = for all v e X(t), then the Riesz representation theorem yields the 

existence of a unique w e X{t)-^ so that At{v) = {w,v)y^i for all v G 'H}{t). By Lemma 
2.2.8, w = Qtpit) for some p{t) G H^{t). Then At(t;) = {Qtp{t),v)^, = {p{t),dwAv)y^o for 
all V G 'H}{t). By Lemma 2.2.6, we may find v{t) G ^^(t) so that div^t'(t) = p(t) and 
II^WII^i ^(l + hWll9/2)lbWllH0- Hence 

IbWI&o = (p(t),div^T;(t))^o = A^t)) < ||At||(^,(,)). (1 + \\v{t)\\„^) ||p(t)||^o , (2.2.36) 

and the desired estimate holds. A similar argument proves the result for A G {l-Lr)* such 
that A{v) = for all v e Xt. □ 
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2.3 Elliptic estimates 



2.3.1 Preliminary estimates 

In studying the elliptic problems in the rest of this section we will utilize the fact that the 
equations can be transformed into constant coefficient equations on the domain Q' = 
In order to properly utilize this transformation we must verify that composition with $ 
generates an isomorphism of if'^(Q') to H''{n). This type of result is standard (see the 
appendix of [7] for a bounded domain, or Lemma 5.2 of [5] and Lemma 6.2 of [20] for 
domain R"), but the precise form we need is not readily available in the literature, so we 
record it now. 

Lemma 2.3.1. Let ^ : Q ^ Q' be a diffeomorphism satisfying ||1 — det V^||^oo < 1/2 
and - / G H''{n) for an integer k > 3. If v e H'^{n'), then v o e H'^{n) for 
m = 0, 1, . . . , A; + 1, and 

h ° *llH"^{n) ^ C-dl V* - /||^.(n)) lbll/f^(no (2.3.1) 

for C(||V^' — I\\Hk{Q,)) 0, constant depending on ||V^' — iWnk^fiy Similarly, for u e H"^{fl), 
uo^-^ e H'^in') form = 0,l,...,k + l, and 

h ° "^''Lr^iU') ^ C-dlV* - /||^.(^)) ||«||^.(^) . (2.3.2) 

Let E' = ^(S) denote the upper boundary of fl' . Ifve H"'-'^/^{E') for m ^ 1, . . . , k - 1, 
then V o * e //"*-V2(s) and 

\\v o ^'||^^_i/2(5.) < C(||V^' - iWnk^^)) ||v||^^_i/2(s/) • (2.3.3) 

Ifue //"^-^/^(E) form^l,...,k-l, then vo^''^ e H^'-^/^T,') and 

\\u o ^ C'dlV^' - /||H.(n)) ||«||h".-i/2(e) • (2.3.4) 

Proof. The proof of (2.3.1)-(2.3.2) is similar to the proofs of the results in [7, 5, 20] mentioned 
above, so we present only a sketch. We first prove that for m = 0, 1, 2, it holds that 

Ik ° *lli/-(n) ^ C-dl V* - IWh^-i^u)) Hnm^n') ■ (2.3.5) 

Such a bound follows easily from the size of k and the bound on det V^*. We then proceed 
inductively for m = 3, . . . , A; + 1. Suppose the bound (2.3.5) holds for m = 0, 1, 2, ... , tuq for 
2 < mo < k. To show that it holds for thq + 1 we write x for coordinates in ft and y for 
coordinates in Jl' and note that 

o *) W = |L o . = 1^ o *W + * o *W . (^W - /,) . (2.3.6) 

By the induction hypothesis, if f G then 

dv 

— o * e //"^o for all j = 1, 2, 3, (2.3.7) 
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and since we have the multiphcative embedding H"^° ■ ^ for mo > 2 and A; > 3, we 
deduce that 

d 

— (vo*) e for all i = 1,2,3, (2.3.8) 

UXi 

and hence that v o ^ e j^mo+i Moreover, an estimate of the form (2.3.5) holds. By 
induction, we deduce that (2.3.1) holds. The result (2.3.2) follow similarly, utilizing the fact 
that V^-Hl/) = (V^)-i o ^-\y). 

We now turn to the proof of (2.3.3)-(2.3.4). First note that since \E' G Hf^J^^, we have 
that E' is locally the graph of a C'^^-i-Vs function. As such (cf. [1]), there exists a bounded 
extension operator E : //"^-V2(s') H"'{n') for m = 1, . . . , - 1 with the norm of the 
operator depending on C{\\V^ - I\\jjk^^^). For v E //"*-V2(E'), let V ^ Ev e H'^iVt'). By 
(2.3.1), we have that V o e if"^(Q), and by the usual trace theory, v o ^ V o G 
H^-Vi{Y)_ Moreover, 

11^; o ^\jjm-i/2^^) < \\V o ^ll^^(^) < C(||V* - IWhh^)) Il^^ll//-(f7') 

< ^(l|V^ - /||h.(^)) ||t'|lH'"-V2(s') , (2.3.9) 
which is (2.3.3). The bound (2.3.4) follows similarly. □ 
Remcirk 2.3.2. It is easy to show, using Lemma A. 5. 2 in the periodic case and Lemma A. 6.1 

1 1 2 

in the non-periodic case, that if \\fl\\k+i/2 ^''^ sufficiently small for k> 3, then the mapping $ 
defined by (1.1.24) is a diffeomorphism that satisfies the hypotheses of Lemma 2.3.1. 

Wc will also need the following H~^^^ boundary estimates for functions satisfying u G 
n°{t) and div^M G H°{t). 

Lemma 2.3.3. Ifv G H^{t) and div^^; G n^(t), then v ■ Af E //-^^(E), vuE H-^/'^{i:^) 
(with V the unit normal on E^j, and 

||v • A^||ff-i/2(E) + ll-y • J^||i/-i/2(s,) ^ h\\w + l|div^ ^Iko . (2.3.10) 

Proof. We will only prove the result on E; the result on E^ may be derived in a similar 
manner, using the fact that JAi^ = i/ on E^. 

Let ip G if^/^(E) be a scalar function, and let (p G oH^{fl) be a bounded extension. If we 
define the vector field w — (fSi, then a straightforward computation reveals that 

2 / |V^(^|^ J < and that \\w\\lHi(a)<4= / |V(^|% (2.3.11) 

Jn Jn 

which, when combined with Lemma 2.2.1, implies that ||<^||^o + ||Vyi(^||^o ^ ll¥'ll_ffi/2(s). 
Then 

/ (pv-X= / JAijViip{ej ■ €3) = / divA{v(fi)J = / (^div^vJ + v • V^<^J 
Jt. Jn Jn Jn 

< \\<fi\\-HO l|div^v||^o + ll^ll^o ||V^<^||^o < ||</?|Ihi/2(s) (Ikll^o + ||div^v||^o) . (2.3.12) 
The desired bound follows from this inequality by taking the supremum over all ip so that 

ll</^lli/i/2(s) < 1. n 
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Remark 2.3.4. Recall the space y{t) C T-lPit), defined by (2.2.5). It can be shown that if 

V G y{t), then div_4f = in the weak sense, so that Lemma 2.3.3 implies that v ■ M E 
if~^/^(S) andv-v G H~^/'^{Tn,) . Moreover, since the elements ofy{t) are orthogonal to each 
V^9? for if G °i7^(0), we find that v ■ u = on T,b. 

2.3.2 The ^-Stokes problem 

In order to derive the regularity for our solutions to (2.1.1), we will first need to study the 
regularity of the corresponding stationary problem 

I-Aau + VaP = 
div^u = F^ 
Sa{p,uW^F^ 

Since this problem is stationary, we will temporarily ignore the time dependence of rj, A, etc. 

We are interested in the regularity theory for strong solutions to (2.3.13), but before 
discussing that, we shall mention the weak formulation. Our method of solution is similar to 
that of [18, 4, 9]; we utilize Proposition 2.2.9 to introduce p after first solving a pressureless 
problem. Suppose F^ G {H^, F^ G F^ G H-^/^{E). We say {u,p) eH^xH^ isa weak 
solution to (2.3.13) if div^u = a.e. in Q, and 

^ {u, v)^! - (p, div^ v)-^o = {F\ v)(jiiy - {F^, v)^i/2 for all v G n\ (2.3.14) 

where (■, denotes the dual pairing in l-L^ and (•, •)-i/2 denotes the dual pairing between 

H-^/\E) and H^/^{E). 

Proposition 2.3.5. Suppose F^ G (n^)* , F^ G H^, F^ G H-'^/^{J:). Then there is exists a 
unique weak solution {u,p) G x l-L^ to (2.3.14). 

Proof. By Lemma 2.2.6, there exists a, u E V} so that div^ft = F^. We may then switch 
unknowns to w — u — u so that the weak formulation for w is div^ w — and 

1 1 

- (w,v)^i - (p,div^v)^o = -- {u,v)-f^i + - (F'^,v)_i/2 for all v G H^. (2.3.15) 

To solve for w without p we restrict the test functions to G A" so that the second term 
on the left vanishes. A straightforward application of the Riesz representation theorem then 
provides a unique w E X satisfying 

^ {w,v)^^ = ~ {u,v)^, + - {F\v)_i/2 for all veX. (2.3.16) 

To introduce the pressure, p, we define A G ("H^)* as the difference between the left and right 
sides of (2.3.16). Then A(i>) = for all v E X,so by Proposition 2.2.9, there exists a unique 
p E'HP satisfying (p, div^T;)^o = A(i>) for all v G H^, which is equivalent to (2.3.15). □ 



in Q 
in Q 
on E 
on Efe. 



(2.3.13) 
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The regularity gain available for solutions to (2.3.13) is limited by the regularity of the 

coefficients of the operators A_4, V^, div_4, and hence by the regularity of 77. In the next 
result we establish the strong solvability of (2.3.13) and present some elliptic estimates, but 
we do not yet seek the optimal regularity. 

Lemma 2.3.6. Suppose that rj E H^^^f'^{T.) for k > 3 is as small as in Remark 2.3.2 so that 
the mapping $ defined by (1.1.24) is a diffeomorphism ofil to fl' = $(f2). If e H^{fl), 
e H^{fl), and F^ e H^/^{T,), then the problem (2.3.13) admits a unique strong solution 
{u,p) e H^{fl) X H^{D,), i.e. u,p satisfy (2.3.13) a.e. in ft, and E5. Moreover, for 
r — 2, . . . ,k — 1 we have the estimate 



Mr 



\\p\\r-i < Civ) {\\F\_, + \\F\_^ + ||F3|L_3/,) , (2.3.17) 

whenever the right hand side is finite, where C{r)) is a constant depending on ||?7||fe+i/2- 

Proof. We transform the problem (2.3.13) to one on Q' — $(f2) by introducing the unknowns 
V, q according toM = wo$,p = go$. Then v, q should be solutions to the usual Stokes 
problem on Q' = {-6(2/1, ^2) < Vs < vivi: V^)} with upper boundary E' = {^3 = rj}: 

-Av + Vg = = o $-1 in Q' 

div-y - ^ F^o^-i in 

{qI-I])v)J\f^G^^F^o^-^ onE' i ■ ■ ) 

y — on E5. 

Note that, according to Lemma 2.3.1, G H^i^'), e H\n'), and G^ G H^/\i:'). We 
claim that there exist unique v e H'^{fl'), q e H^{fl'), solving problem (2.3.18) with 

Ibllif2(a/) + lklli/i(a/) ^ C{r)) (||G'^||j^o(q/) + ||<^liyi(a/) + ||^^|li?i/2(s')) ' (2.3.19) 

for C{r]) a constant depending on ||r;||jt_,_i/2- Let us assume for the moment that the claim is 
true; we first show how (2.3.17) follows from the claim, and then turn to its proof. 

To go from H"^ x to higher regularity, we appeal to the theory of eUiptic systems 
with complementary boundary conditions, developed in [3]. It is well-known that the Stokes 
system (2.3.18) is such an elliptic system. Theorem 10.5 of [3] provides estimates in bounded 
domains, but we may argue as in Lemma 3.3 of [4] to transform the localized estimates into 
estimates in all of fl' , provided that the boundary E' is sufficiently smooth. In order for 
estimates of the form (2.3.17) to hold for r = 2, . . . , /c — 1, [3] requires that E' be C*^"^, which 
is satisfied since rj e C*^~-'^'^/^(E). Hence, for r = 2, . . . , A; — 1, 

ll''^lli/'-(n)' + IkllH'-i(a') ~ C{r]) (j\G^\\Hr-2(^^,) + ll^^llijr-i^n)' + ll^^lli/'-3/2(s')) ' (2-3.20) 

for C{r)) a constant depending on ||?/||fc_,_i/2' whenever the right side is finite. 

We now transform back to fl with u = vo^^p = qo^. It is readily verified that u, p are 
strong solutions of (2.3.13). Since $ satisfies V$ — / G H'', Lemma 2.3.1 and (2.3.20) imply 
that 

Mr + Mr-1 < Civ) {m., + ||^'IL_i + ||^'IL_3/2) " (2-3.21) 
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ioT r — 2, . . . ,k — 1 whenever the right side is finite. This is (2.3.17). 

We now turn to the proof of the above claim, which employs ideas from [4]. To demon- 
strate the existence of x solutions of (2.3.18), we first consider the special case in 
which = 0, G^ = 0, and G^ G H^{Q') is arbitrary. In this case, we may argue as in 
Lemma 3.3 of [4] (which in turn invokes [18]) to deduce the existence of a unique solution to 
(2.3.18) satisfying (2.3.19) with G^ = 0, = 0. 

To handle the case of non- vanishing G^ and G^, we construct some special auxiliary 
functions that allow us to reduce to the special case. First, there exists a e H^{Q') n 
oH\n') so that divv^ = G^ e H\n') and 

Il'"^llj/2(f2') ~ ■ (2.3.22) 

The existence of may be established as in Lemma 3.3 and Section 4 of [4]. To deal with 
the boundary term G^ we first need some projections. For a vector field X : E' — > let us 
write UX for the vector field so that IlX{y) is the orthogonal projection of X{y) onto the 
space of vectors orthogonal to Af{y), and let us write Il'^X[y) for the orthogonal projection 
onto the line generated by M{y). Our second special function is v'^ € H'^[fl') r\oHl[fl') that 
satisfies n(-D^;W) = Il{G^ + W) and 



\v^\\ , < 



The construction of v'^ may be carried out through a simple modification of the proof of 
Lemma 4.2 in [4], working in Sobolev spaces defined on Q' rather than Q' x (0, T). The third 
special function is G H^{fl') that satisfies = Il^{G^ + Df ^A/") and 

The existence of follows from the usual trace and extension theory since G^ + ^v^Af G 
i/V2(E'). 

Now, with v^,v'^ and in hand, we reduce the solvability of (2.3.18) with the estimate 
(2.3.19) to the special case discussed above. The construction of these special functions 
guarantees that w — v — v^ — v'^,Q — q — q^ should satisfy 



' -Aw + VQ = G^ + Av^ + Av^ - Vp^ G H\Vt') in Vt' 

divw = in fi' 

{QI - B)w)J\f = on E' 

w = on Efo. 



(2.3.25) 



As above, there exist unique w, Q solving this so that 

M\min') + WQWrn^n') < C(^) 11^^ + A^^ + A^^ - Vp^^o^^,) . (2.3.26) 

The existence of unique f , g solving (2.3.18) is immediate, and the estimate (2.3.19) follows 
by combining (2.3.26) with (2.3.22)^(2.3.24), finishing the proof of the claim. 

□ 
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It turns out that we can achieve somewhat more of a regularity gain than is mentioned 
in Lemma 2.3.6 by making a smallness assumption on r]. The smallness allows us to view 
the problem (2.3.13) as a perturbation of the Stokes problem on Q. For this problem there 
is no constraint to regularity gain since the coefficients are constant and the boundary is 
smooth. This allows us to shift the constraint of regularity gain to the regularity of rj in 
jjk+i/2 pa^jjg]. than in C''~^. We note that although we require 77 e j{k+i/2^ smallness 
assumption is written in terms of ||^||j._i/2- 

Proposition 2.3.7. Let k > A be an integer and suppose that rj e }jk+i/2_ There exists 
Eq > so that if \\'il\\k-i/2 — ^O; then solutions to (2.3.13) satisfy 

Mr + < C {\\F%._, + + ||F-^|L._3/,) (2.3.27) 

for r = 2, . . . , k, whenever the right side is finite. Here C is a constant that does not depend 
on T). 

In the case r = k + 1, solutions to (2.3.13) satisfy 

NUi + Ibll. < (ll^^L-, + II^IL + ll^1L-V2) 

+ CN|,+,/,(||F^||,+ ||F2||3+||F^||,/,). (2.3.28) 

Proof In the case that S = R"^, we let p e C^{R'^) be such that supp(p) C 5(0,2) and 
p{x) = 1 for X e -8(0, 1). For m e N define ry"* by J^rf^{i) = p{i/tn)J^rj{i), where T denotes 
the Fourier transform. Clearly, for each m, 77™ e H^{T,) for all j > 0, and also ^ r] 
in if'^~^/^(E) (and in H^^^I'^{T) if G H^^^/'^{T)) as m — ^ 00. In the periodic case, we 
similarly define 77™ by throwing away high frequencies: J^7]"^{n) = for \n\ > m. In this case 
77™ has the same convergence properties as before. Let A"^ and J\f"^ be defined in terms of 
77"*. Initially let £0 be small enough so that 77"* is as small as in Remark 2.3.2. This allows 
the mapping defined by 77"* to be a diffeomorphism. 

Consider the problem (2.3.13) with A and replaced with A"^ and J\f'^. Since 7/"* G 
/J^+^/^(S), we may apply Lemma 2.3.6 to deduce the existence of a unique pair (u'^,p"^) 
that solve (2.3.13) (with A"',Af"') and that satisfy 

ll^'-ll. + lb"^ll.-i < ^^(ll^"^ll.-,5/2) i\n_, + + n-s/2) (2-3-29) 

for r = 2, . . . , A; + 1, whenever the right hand side is finite. We rewrite the equations (2.3.13) 
as a perturbation of the usual Stokes equations on ft: 

-Au"^ + Vp^ = + G^'"^ in VL 

div'u"' = F^ + G^'"^ in ft 

(^pmj _ Dii"^)e3 = + G^'"^ on E 

u'^^O on Eft. 



(2.3.30) 



Suppose that ||'7™'||fc_|_i/2 — 1' which implies that ||?7™'||fc_|_i/2 — II^'"IIa;+i/2 ^'^^ £ > I. This 
fact and a straightforward calculation reveal that 



|G'''"ll-2<^ll^'"llfc-l/2(ll^"llr+lb™IUl), 



|<-^ 1; ^ \\V llfc-1/2 II" 



(2.3.31) 



\r ' 
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and 



||G^'"*||^^_3/2(s) < ||77'"||^_-^/2 (|I'""'IIh'--1/2(S) + lb™'lli?'-3/2(E)) 

<C||77"^||,_V2(ll^"^ll. + lb"^ll.-i) (2-3.32) 

for r — 2, . . . , k and a constant C > independent of rj and m. In the case r — k + 1 a, minor 
variant of this argument shows that 

+ C||77"^||,+i/2ll^"^ll7/2 (2-3.33) 

for C independent of 7] and m. The key to this variant is that nowhere in the terms G*'™ do 
there occur products of the highest derivative count of both 77"* and (or p™). Note that 
the right sides of (2.3.31), (2.3.32), and (2.3.33) are finite by virtue of the estimate (2.3.29). 

Since the boundaries E and arc smooth and the problem (2.3.30) has constant coef- 
ficients, we may argue as in Lemma 2.3.6, employing the elliptic estimates of [3] as done in 
Lemma 3.3 of [4], to arrive at the estimate 



b'llr- 



+ Ib^'ll,.! < C + G''"%_^ + + G''^\l_^ + + G''™|L„3/2) (2.3.34) 



for r = 2, . . . , /c + 1 and for C > independent of 1] and m. We may then combine (2.3.31)- 
(2.3.32) with (2.3.34) to find that, if \\v"'\\k-i/2 < 1> then 



+ n-.<c{\\F\_,+\\F\_^+\\F\_^^;) 

+ c n-1/2 im + m-i) + ^rMic - (2-3.35) 

On the right side of (2.3.35) we have written for the quantity that vanishes when 

r ^ k + 1 and is unity when r — k + 1. 

We now derive the estimate (2.3.27). Since 77^" — )■ 77 in H^~^l'^ we may assume that m is 
sufficiently large so that ||^™'||fe-i/2 — 2 ||^||fc_i/2. Then if 

M\k-i/2 < "^i^ ^} •= ^0 (2.3.36) 

for C > the constant appearing on the right side of (2.3.35), the bound (2.3.35) may be 
rearranged to get 



+ ini.-i < 2C (}\F\_^ + \\F\_^ + \\F\_^^^) , (2.3.37) 



for r = 2, . . . , k when the right side is finite. 

The bound (2.3.37) implies that the sequence is uniformly bounded in x 

H^~^, so up to the extraction of a subsequence, vP weakly in H'^{Q) and p° 

weakly in //^-^(Q). Since 77"^ ^ 77 in //'=-V2(s), we also have that - ^ ^ 0, J"^ - J ^ 
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in H''-^{n), and AA"^ - TV ^ in H^-^''^{T). We multiply the equation div^ii"^ = by 
J'^w for w e C^(n) to see that 

I F^wJ""^ [ diy Am {u"')w J"" 
Jn Jq 

= - / • V^mw J™ ^ - / M° • V^w J = / divA{u^)wJ, (2.3.38) 

from which we deduce that div^(M°) = F^. Then we multiply the first equation in (2.3.13) 
(with u^, etc) by wJ"^ for w e oH^{Q) and integrate by parts to see that 

[ iBAmu"" : BAmivJ"" - div^r.(w) J"* = / • - / ^^"^^ (2.3.39) 

Passing to the limit m ^ oo, we deduce that 

/ ^D^u" : BawJ - P° div^ wJ = I -wJ - I F^ -w, (2.3.40) 
Jn 2 Jq Jy, 

which reveals, upon integrating by parts again, that satisfy (2.3.13). Since u,p are the 

unique sohitions to (2.3.13), we have that u — u'^, p — This, weak lower semi-continuity, 
and the bound (2.3.37) imply (2.3.27). 

Now we derive the estimate (2.3.28), supposing that F^ e H''~^, F"^ e H^^ and F^ e 
r^he bound (2.3.37) with r = 4 implies that 

\\vr\\^ < 2C (\\F\ + \\F\ + llF^II.^^) < oo. (2.3.41) 

Since rf^ ^ rf'wi -^e are free to assume that m is sufficiently large so that ||^™||fe+i/2 — 

2 ||?7||;j_,_i/2- Then if ||?7||fc_i/2 — we may use (2.3.35) and (2.3.41) to deduce that 

+ < 2C (\\F\_^ + \\F\ + 



+ Wvh^y, {\\F% + \\F\ + \\F%^) . (2.3.42) 



We may then argue as above to extract weak limits, show that the limits equal u and p, and 
then deduce that the bound (2.3.42) holds with and p^ replaced by u and p. This is 
(2.3.28). 

□ 

2.3.3 The ^— Poisson problem 

Next we consider the scalar elliptic problem 

'AAP = f inn 

p = P on S (2.3.43) 

VaP = f on Sfe, 
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where v is the outward-pointing normal on E^,. We will eventually discuss the strong solv- 
ability of this problem, but first we consider the weak formulation of the problem. We define 
a scalar in a natural way through the norm 

ll/llli= / J\^Af?. (2.3.44) 

Note that ||/||^i = ||\/2/ei||^i, where the right side is the V} norm for vectors. Then 
Lemma 2.2.1 shows that this scalar norm generates the same topology as the usual scalar 
norm. 

For the weak formulation we suppose G {^H^{Vl))\ p G H^'^iX), and f G H-^l^{^i,). 
Let p G H^iVL) be an extension of p so that supp(p) C { — (inf 6)/2 < 2:3 < 0}. We switch 
unknowns io q — p — p. Then we can define a weak formulation of (2.3.43) by finding a 
q G °//^(Q) so that 

(g, V9)^i = - {p, vp)^i - {f\ v). + (f , v)^i/2 for all ip G ''H\n), (2.3.45) 

where (■, is the dual pairing with ^H^{n) and (•, ■)-i/2 is the dual pairing with H^^'^{T.ii). 
The existence and uniqueness of a solution to (2.3.45) follows from standard arguments, and 
the resulting p = q + p E H^{Q) satisfies 

Ibll^^ ^ {\\f%HHn)r + + ll/1^-/^(E.)) ■ (2-3-46) 

In the event that the action of is given in a more specific fashion, we will rewrite the 
PDE (2.3.43) to accommodate the structure of To make this precise, suppose that the 
action of p on an element cp G °if^(Q) is given by 

(/', = (^0, ¥')ho + (C, Va^)ho (2.3.47) 

for igo,G) G //°(Q;R) x H^{n;R^) with |bo|lo + l|G||o = ll/l?oj^i(j^)), (standard arguments 
show that it is always possible to uniquely write p in this way). Then (2.3.45) may be 
rewritten as 

(VaP + G, WA^)no = - (^0, ^)no + if, for all ^ G °i7^(Q). (2.3.48) 

Wc may take (/? G C^i^l) in this equality and integrate by parts to see that div_4(V^p + G) = 
G "H*^, which allows us to deduce from Lemma 2.3.3 that (V^ + G) ■ z/ G i/^^/^(Sft). This 
serves as motivation for us to say that p is a weak solution to the PDE 

div^(V^p + G') = (/oei/°(0) 

(V^p + G)-z. = /3Gi^-V2(E,) 

This way of writing the weak solution will be utilized later in Theorem 2.4.3. Note that 
when p G H^{Q), there is no need to make this distinction since then G = and = Qq. 

Our next result on this problem is the analogue of Lemma 2.3.6; it establishes the strong 
solvability of (2.3.43) and some regularity. 



(2.3.49) 
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Lemma 2.3.8. Suppose that t] G H^~^^^'^{I]) for k > 3 is as small as in Remark 2.3.2 so that 
the mapping $ defined by (1.1.24) is a diffeomorphism ofQ to Q' = $(i7). If G H^{Q), 
p ^ ij3/2(^5]), and f^ G H^f^iT^i,), then the problem (2.3.43) admits a unique strong solution 
p G H^{fl). Moreover, for r = 2, . . . , k — 1 we have the estimate 

Mr < Civ) {\\f\_, + II/1.-1/2 + II/I.-3/2) ' (2-3.50) 

whenever the right hand side is finite, where C{rj) is a constant depending on ||^||jt+i/2- 

Proof. If /2 G H'-^/^iE) for r = 2, . . . , A; - 1, there exists a G //''(Q) so that V|e = /^ 
supp(-?/') C { — (inf6)/2 < 2:3 < 0}, and < ll/^llr— 1/2- Writing p = g + -0, the problem 
(2.3.43) may be rewritten for the unknown q as 

A^q^f' + g' inn 
q^O on E 

V^? -i^^f^ on Eb, 

where = —Aj^ip G H^~^. 

The problem (2.3.51) may be solved as in Lemma 2.3.6 by transforming to the domain 
Q', where the problem for Q = o becomes AQ — (/^ + g^) o in Q' with boundary 
conditions Q = on E' and VQ • = ° on E^. The existence of a unique sohition 
to this problem is established in the non-periodic case in Lemma 2.8 of [4], and estimates 
of the form (2.3.50) for Q hold by virtue of the elliptic estimates in [2], adapted to ^2' as in 
[4] . This method may be adapted easily to the periodic case as well. Then the existence and 
uniqueness of a solution to (2.3.43) satisfying (2.3.50) follows by transforming to q — Q o ^ 
on Q for a solution to (2.3.51) and then applying Lemma 2.3.1. □ 

Our next result is the analogue of Proposition 2.3.7 for the problem (2.3.43). For our 
purposes, we only need a regularity gain up to k, and this is less important than the estimate 
in terms of a constant independent of r/. Notice again that the smallness assumption is stated 
in H^~^l'^ even though we require rj G if'^+i/^. 

Proposition 2.3.9. Let k > A be an integer and suppose that rj G H'^+'^l'^, There exists 
£0 > so that if ||^||fe_i/2 — ^0; then solutions to (2.3.43) satisfy 

IHI.<^(l|/NU+ll/l.-i/2+ll/1.-3/2) (2-3.52) 

for r — 2, . . . ,k, whenever the right side is finite. Here C is a constant that does not depend 
on T). 

Proof. The proof is similar to that of Proposition 2.3.7. We smooth 77 to get 77"* and solve 
(2.3.43) with A replaced with A"^. Then we rewrite the problem as a perturbation of the 
Poisson problem 

Ap"' = f^ + g^'"" in Q 

= /2 on E (2.3.53) 

Vp™ • i/ = /3 + g^'-^on Efe. 



(2.3.51) 
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The constants in the eUiptic estimates for this problem do not depend on r)"^, and we may 
estimate in terms of p"^. Then if ||^||fc_i/2 — for some Eq sufficiently small, we can 
absorb the highest Sobolev norms on the right side of the elliptic estimate into the left side, 
and we deduce (2.3.52) for p™. Then we pass to the limit m ^ oo. 

□ 

2.4 Solving the time-dependent problem (2.1.1) 
2.4.1 The weak solution 

In our analysis of problem (2.1.1) we will employ two notions of solution: weak and strong. 
The definition of a weak solution to (2.1.1) is motivated by assuming the existence of a 
smooth solution to (2.1.1), multiplying by Jv for v e T-L^, integrating over Q by parts, and 
then in time from to T to see that 

{dtu, v)^o^ + ^ {u, v)^i^ - {p, diy_A v)ho^ = {F\v)^,^ - {F\ v)^^^^^ (2.4.1) 

for (F^, v)q^j, = ■ V. Suppose that 

F^ e {H^tY, F^ e L\[Q, T]; //"^/'(E)), and Uo G :^(0), (2.4.2) 

where 3^(0) is defined by 2.2.5. Then our definition of a weak solution of (2.1.1) requires 
only that a relaxed form of (2.4.1) holds. In particular, we say that {u,p) is a weak solution 
of (2.1.1) if 

u e Xr^dtu G in]n)*,p e 

{dtu,v)^ + I {u,v)yi^ - (p, div^u)^o = {F^'.v)^ - {F^,v)_i/2 for every v e 71^, (2.4.3) 
u{0) = Uo, 

where (■, denotes the dual pairing between ("H^)* and and (•, •)-i/2 denotes the dual 
pairing between L'^{[0,T]; H-'^/^{E)) and L'^{[Q,T]; H^/^{E)). The third condition in (2.4.3) 
only makes sense in light of Lemma 2.2.4. 

If we were to restrict our class of test functions in (2.4.3) to v G AV, then the term 
(p, div^i')^o would vanish, and we would be left with a "pressureless" weak formulation 
of the problem involving only the velocity field. This leads us to define a weak formulation 
without the pressure. Suppose the data satisfy (2.4.2). Then u is a pressureless weak solution 
of (2.1.1) if 

ueXT,dtue 

{dtU, jjj), + \ {u, V')^!^ = (F^, V')* - (F^ V')-i/2 for every ^ G Xt, (2.4.4) 
ii(0) = uq. 

A more natural assumption for this formulation would be to require dtU G (A't)*. However, 
since Xt C "H^, the usual theory of Hilbert spaces provides a unique operator E : (At)* 
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(H^j,)* with the property that Ef\;,^ = / and = \\f\\^;^^). for all / e (Xt)*. Using 

this E, we regard dtu E (A^)* as an element of (H^)* in a natural way, which allows us to 
require that dtU G ("H^)*. 

Since our aim is to construct solutions to (2.1.1) with high regularity, we will not need to 
directly construct weak solutions to (2.4.4) or (2.4.3). Rather, weak solutions to problems 
of this type will arise as a byproduct of our construction of strong solutions of (2.1.1). As 
such, for our purposes, it will suffice to ignore the issue of existence and only record a couple 
results on the properties of weak solutions. 

We now record a result on some integral equalities and bounds satisfied by solutions of 
(2.4.4). 

Lemma 2.4.1. Suppose that u is a weak solution of (2.4.4). Then for a.e. t e [0, T], 
1 1 /"* 1 /"* 

- [ {F%s),u{s))H-,/2^j,-^ds+l [ [ \u{s)\^dtJ{s)ds. (2.4.5) 



Jn 



Also 



;^3||2 



^sup^ll^*WII«o(i) + \\u\\l^i^ < exp(Co(?7)T) (||m(0)||5^o(o) + + ||^'^ 

(2.4.6) 

where 6*0(77) := supo<t<T ||^t<^-f^|lL°° ■ 

Proof. The identity (2.4.5) follows directly from (2.4.4) and Lemma 2.2.4 by using the test 
function ip — ux[o,t] £ ^t, where xio,t] is a temporal indicator function equal to unity on the 

interval [0 . t] . 

From (2.4.5) it is straightforward to derive the inequality 

1 11 

+ ll^^llL2([0,t];J/-i/2) ll«llL2([0,t];//i/2) H ^ \\u\\h° ' (2-4.7) 

where we have written 

rt 



I ^ 1 1 



[ \\u{s)f^,^,.dsioT 0,1, (2.4.8) 

and similarly defined Note that, according to Remark 2.2.3, wc may control 

ll'"ll_ffi/2(s) — ||-u||^i for a constant C independent of r]. This, inequality (2.4.7), and 
Cauchy's inequality then imply that 



1 ,, ,,9 1 ,, ,:9 . 1 ,, ,,9 „ II 

\{n\Y 

Coiv) ,,..,,2 



2 ll«Wllio(t) + - \\u\\l^i < - ||m(0) 115^0(0) + 2 \\F^ 



Then (2.4.6) follows from the differential inequality (2.4.9) and Gronwall's lemma. □ 
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We can now parlay the results of Lemma 2.4.1 into uniqueness results for weak solutions 
to (2.4.4) and (2.4.3). 

Proposition 2.4.2. Weak solutions to (2.4.4) are unique. Also, weak solutions {u,p) to 
(2.4.3) are unique. 

Proof. If and are both weak solutions to (2.4.4), then w = — is a weak solution 
with = 0, = 0, and w{0) = ^^(0) -^^(o) = 0. Then the bound (2.4.6) of Lemma 2.4.1 
implies that w = 0; hence solutions to (2.4.4) are unique. 

Now, if {u,p) are a weak solution to (2.4.3), then we can restrict to test functions ip G Xt 
to find that u is a weak solution to (2.4.4). As such, u is unique. To see that p is unique we 
define A e ("Ht)* via 

A(^;) = {dtu, v), + i {u, v)-^^^ - {F\ v), + {F\ v)_i,2. (2.4.10) 

Since w is a weak solution to (2.4.4), we have that h.{v) — for all v e Xt- Proposition 2.2.9 
them implies that there exists a unique q e 1-1.% so that {q, div^ v)yp — A(i>) for all v e T-L^. 
It follows that q—p and that p is unique. 

□ 

2.4.2 The strong solution 

Now we turn to the construction of strong solutions to (2.1.1). We will make stronger 
assumptions on the data F^,F'^, mq than we made in the weak formulation (2.4.2). In 
particular, we will assume that the forcing functions satisfy 

F' e L\[0,T];H\n)),dtF' G L\[0,T]- {oH'm*), 
F^ e L'^{[0,T];H^/\E)),dtF^ G L\[Q,T]; H-^/^{T,)), (2.4.11) 
F^(0) e H\n),F''{0) e H^^^{E). 

Note that, owing to Lemma 2.2.4, (2.4.11) implies that e C°([0, T]; if°(Q)) and F^ e 
C°([0, T]; /J^/^(E)). The initial data will also be taken to be more regular; we take Uq G 

The solution that we construct will satisfy (2.1.1) in the strong sense, but we will also 
show that {DfU, dtp) satisfy an equation of the form (2.1.1) in the weak sense of (2.4.3). Here 
we define 

Dtu := dtU - Ru for R := dtMM'^ (2.4.12) 

with M the matrix defined by (2.2.22). We employ the operator Dt because it preserves the 
div^ —free condition. Before turning to the result, we define the quantity 

}C(rj) sup (\\rj\\l/, + \\dtv\\y, + PML) ■ (2-4-13) 

0<t<T ^ ' ' 

We also define an orthogonal projection onto the tangent space of the surface {xa = 770} 
according to 

^^v^v-{v Afo)Afo lAToP' (2.4.14) 
for A/q = {—diTjo, —d2r}o, 1). By construction, Uqv = if and only if v \\ A/q. 
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Theorem 2.4.3. Suppose thatF^,F^ satisfy (2.4.11), thatuo e H'^{Q)r\X{0), and that Uq, 
F^{0) satisfy the compatibility condition 

Ho {F^(0) + BaoUoK) = 0, where jVo = (-dirjo, -d2m, 1), (2.4.15) 

and Ho is the projection defined by (2.4.14). Further suppose that lC{rj) is less than the 
smaller of Sq from Lemma 2.2.1 and Sq from Proposition 2.3.7 (in particular, this requires 
^iv) ^^)- Then there exists a unique strong solution {u,p) to (2.1.1) so that 

u e A'rnC°([0,T];//2(Q))nL'([0,T];//^(Q)), 
dtu e C°([0, T]; i/°(Q)) n L2([0, T]; H^Q)), O^u e {H^t)\ (2.4.16) 
p e C'{[0, T]; H\n)) n L'{[0, T]; H'{n)), d,p e L^([0, T\-H\n)). 

The solution satisfies the estimate 

|2 , II ||2 , ii<-, ||2 , ii<-, ||2 , ||<-v2 ||2 



\U 



i2 

1 1/2 



>-TI 

|2 



<(l + /C(r^))exp(C(l + /C(r^))T)(|K||? + ||F^(0)||^ + ||F-^(0)| 

+ l|-^NIz,2j/l + ||^*-^NlL2(Qj^l(n))* + 11-^^11^2^3/2 + ||c^t-^^||i2j^-l/2) , (2.4.17) 

where C is a constant independent ofrj. The initial pressure, p(0) e H^{D,), is determined 
in terms of uq, F^{0), F^{0) as the weak solution to 

'div^o(V^oP(0) - F\0)) = -diYAoiR{0)uo) e H\n) 

p(0) = iF^{0)+B^,uoAfo) -Afom'^ e H^^i^) (2.4.18) 

in the sense of (2.3.49). Also, Dtu{0) = dtu{0) — R{0)uq satisfies 

Dtu{0) = A^,uo - VaoP{0) + F\0) - R{Q)uo e 3^(0), (2.4.19) 

where y{0) is defined by (2.2.5). 
Moreover, {DtU, dtp) satisfy 



(2.4.20) 



'dt{Dtu) - A^(Dtu) + V^idtp) = DtF' + inQ 

diy ji^{Dtu) — inQ 

SAidtp, Dtu)N = dtF^ + 6-=^ on E 

^DfU = on Efe, 

in the weak sense of (2.4.3), where G^,G^ are defined by 

G^ = -{R + dtJK)AAU - dtRu + {dtJK + R- R^)VaP + div^(©^(i?M) + R^au + ©a^w) 

(2.4.21) 

with FF denoting the matrix transpose of R, and 

G^ = '^a{Ru)M - {pi - ^Au)dtN + ^d,AuN. (2.4.22) 

Here the inclusions (2.4.16) guarantee that G^ and G^ satisfy the same inclusions as F^,F^ 
listed in (2.4.11), whereas (2.4.18) guarantees that the initial data Dtu{0) G 3^(0). 



44 



Proof. The result will be established by first solving a pressureless problem and then intro- 
ducing the pressure via Proposition 2.2.9. For the pressureless problem we will make use of 
the Galcrkin method. We divide the proof into several steps. 
Step 1 - The Galerkin setup 

In order to utilize the Galerkin method, we must first construct a countable basis of 
if^(fi) n X{t) for each t e [0,7]. Since the requirement diy^v = is time-dependent, any 
basis of this space must also be time- dependent. For each t G [O.T], the space H'^{Q) r\X{t) 
is separable, so the existence of a countable basis is not an issue. The technical difficulty is 
that, in order for the basis to be useful in the Galerkin method, we must be able differentiate 
the basis elements in time, and we must be able to express these time derivatives in terms 
of finitely many basis elements. Fortunately, it is possible to overcome this difficulty by 
employing the matrix M{t), defined by (2.2.22). 

Since H'^{Q) fl oHl{Q) is separable, it possesses a countable basis {w^}°?^^. Note that 
this basis is not time-dependent. Define = ip-'{t) := M{t)w^ . According to Proposition 
2.2.5, ijj^it) e H\n) n X{t), and {ijj^ {t)}f^^ is a basis of H'^{Q) n X{t) for each t e [0,T]. 
Moreover, 

dtip^it) = dtM{t)w^ = dtM{t)M-\t)M{t)w^ = dtM{t)M-\t)il:^ {t) := R{t)il:^{t), (2.4.23) 

which allows us to express dtip^ in terms of ip^ . For any integer m > 1 we define the 
finite dimensional space Xm{t) := span{-(/;^(t), ...,-?/''" (t)} C H'^{Q) Cl X{t), and we write 
-pm . ff'i^Q'j _^ Xm{t) for the H'^{Q) orthogonal projection onto A'^(t). Clearly, for each 
V e H'^{fl) n X{t) we have that 'P^f f as m -)■ oo. 

The next ingredient needed for the Galerkin method is the orthogonal projection onto 
the tangent space of the surface {2:3 ~ ^(0)}, Ho, defined by (2.4.14). This projection will 
be used to compensate for the fact that our finite- dimensional Galcrkin approximation of 
the initial data uq may fail to satisfy the compatibility conditions (2.4.15). 

Step 2 - Solving the Galerkin problem 

For our Galerkin problem we will first construct a solution to the pressureless problem 
as follows. For each m > 1 we define an approximate solution 

M™(t) = af{t)iP^{t), with af : [0, T] ^ M for j = 1, . . . , m, (2.4.24) 

where as usual we use the Einstein convention of summation of the repeated index j. We 
want to choose the coefficients aj^ so that 

{dtu"^,^)^o + I («'",V')«i = {F\i^)^o - {F' - no(F3(0) + n^,{V^uoWo),i^),^^ (2.4.25) 

for each ip G Xm{t), where we have written (-, ■)q for the usual i?°(E) inner-product, and 
where IIo and are defined in the previous step. We supplement the equation (2.4.25) 
with the initial condition 

u"'{0)^V^UoeXm{0). (2.4.26) 
Appealing to (2.4.23), we find that dtu'^it) = af{t)'ip^ (t) + R{t)u'"{t), and hence (2.4.25) is 
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equivalent to the system of ODEs for given by 



2 

- {F\i^')^o - {F' - Ilo{F'{0)+B^,u"^{0)Afo),i^')^^^ (2.4.27) 

ior j,k — 1, ■ ■ • ,m. The mxm matrix with j, k entry , V''')^o is invertible, the coefficients 
of the hnear system (2.4.27) are C^{[0,T]), and the forcing term is C°([0,T]), so the usual 
wcll-posedness theory of ODEs guarantees the existence of a™^ G C^([0, T]), a unique solution 
to (2.4.27) that satisfies the initial conditions induced by (2.4.26). This, in turn, provides 
the desired solution, m™, to (2.4.25)-(2.4.26). Since F\F^ satisfy (2.4.11), the equation 
(2.4.27) may be differentiated in time to see that actually Oj^ e C^'^([0, T]), with aj* twice 
differentiable a.e. in [0,T]. 

Note that throughout the rest of the proof, we use constants C and the symbol < with 
the assumption that the constants do not depend on m. 

Step 3 - Energy estimates for 

Since u^{t) e A'„(t), we may use t/j — as a, test function in (2.4.25). Doing so, 
employing Remark 2.2.3, and using the fact that Ho is an orthogonal projection, we may 
derive the bound 

dtl Wunfno + I Wu-lfn. < C \\fX, \\u-\\^, -\ d^J 

+ C \\u^\\^, (||i^'||HV2(2) + ll^'(O) + »^o«"^(0)AAo||^o(s)) • (2-4.28) 
We may then apply Cauchy's inequality to (2.4.28) to find that 

dt\ WW^fuo + \ Wu^Wl. < C ||f3(0) + B^u^{0)J^o\\lo^^^ 



for 6*0(77) := l+supo<i<r ||9t Ji^H^^oo- Note that since is the if^(Q) orthogonal projection, 
we may use Proposition 2.2.1 to bound 

||m™(0)||«o < 2 ||m"(0)||o < 2 \K\0% = 2 WP^UoW^ < 2 WuoW^ . (2.4.30) 

Now we can apply Gronwall's lemma to the differential inequality (2.4.29) and utilize (2.4.30) 
to deduce energy estimates for u"^: 

sup ||m'"||5^o + < sup ||m™||5^o+ / exp{Co{v){T-s))\\u"'{s)\\l^,ds 

0<t<T 0<t<T Jo 

exp{Co{v)T) (||f3(0) +D^,«™(0)Aro||^o(s) + ho\\l+\\F%o^ + \\F'\\l,j,y,) • (2.4.31) 



< 



Step 4 - Estimate of \\dtu'^{0)\\^o 
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We will eventually derive energy estimates for dtu"^ similar to those derived in the previous 
step for u"^, but first we must be able to estimate ||9tw'"(0)||^o- Uu & H'^ (fl) H X (t) , -0 G H^, 
then an integration by parts reveals that 

I {u, ij)^, = I -A^u -^jJ^- I (D^mA/-) • = (-A^M, + {^AuM, t^)o s • (2.4.32) 

Evaluating (2.4.25) at t = and employing (2.4.32), we find that 

(aiu"^(0),V^)^o - (A^o«'"(0) + F^(0),V^)^o - (n^(F^(0) + D^„u"^(0)AAo),V^)o_s (2.4.33) 

for all e ^'^(O), where we have written Hq — I — Hq for the orthogonal projection onto 
the line generated by Ao- 

For ip G A'„i(0), we must estimate the last term in (2.4.33) in terms of ||';/'||^o. This is 
possible due to the appearance of IIq and Lemma 2.3.3. Indeed, we know that 



n^(F3(0) + D^„«™(0)A^) = (F3(0)-Aro + D^„M™(0)A^-A^) 



which implies, since |Ao|^ > 1 and div_4Q = 0, that 



|2 ' 



(2.4.34) 



(no^(F3(0) +D^o«"^(0)AAo),^)„^^| < lAAol' |(nfj-(F^^(0) +D^„7.™(0)AAo),^)q, 
= (F3(0)-AAo + D^„«-(0)AAo-AAo,V^-AAo)„^^ 

< IIV' • A^ll^-v.(s) ||(i^=^(0) +D^o^"^(0)A^) • A/'o)Lv.(s) 

< CM ||F=^(0) +D^„^-(0)AAo||^, 



//1/2(E) 



(2.4.35) 



In the last inequality we have used Lemmas 2.3.3 and A. 1.1, and we have written Ci{r]) :— 

II-MjIIci(s) ■ 

By virtue of (2.4.23), we have that 



(2.4.36) 



so that V = dtu'^{0)-R{0)u"'{0) e A'^(O) is a valid choice of a test function in (2.4.33). We 
plug this ■0 into (2.4.33), rearrange, and employ the bound (2.4.35) to see that 

Wdtu-^mino < ||i?(0)tx™(0)lko \\dtu-^m\n" 

+ \\dtu"\0) - i?(0)«™(0)||«o ||A^„«™(0) + i^'(0)||^o 
+ CC^{r)) \\dtu"^{0) - R{0)u^{0)\\^o \\F%0) +B^,u"^{0)Afo\\^,,,^^^ ■ (2.4.37) 

A simple computation and (2.4.30) imply that ||A_4qM™'(0)||^o ^ ||«4o||c;i ll'"o||2. This allows 
us to use Cauchy's inequahty and (2.4.30) to derive from (2.4.37) the bound 

Wdtu'^mlo < C^iv) (ikoll? + \\F\0)\\lo + \\FHO)+B^,u"^{0)Afo\\l,,,^^^) (2.4.38) 
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for C2{v) := 1 + 11^(0) llioc + Mollci + Ci{r]f. This is our desired estimate of \\dtu"'{0)\\^o- 

Step 5 - Energy estimates for dtu"^ 

We now turn to estimates for dfU"^ of a similar form to those we aheady derived for -u™. 
Suppose for now that ip{t) = b™'{t)ip^ for 6™ G C°'^([0, T]), j = 1, • • • , m; it is easily verified, 
as in (2.4.36), that dttp — R{t)ip e Xm{t) as well. We now use this -0 in (2.4.25), temporally 
differentiate the resulting equation, and then subtract from this the equation (2.4.25) with 
test function dfip — Rip; this eliminates the appearance of dtip and leaves us with the equality 

+ {F\ {dtJK + R)ip)^, - [dtu^^, {dtJK + i?)V^)^o - \ {u^^, RiP)h^ 



{dtJEBj^u"" : D^V' + ^dtAu"" ■■ ^Ai^ + ^AU"" ■ »9«^V') J- (2-4.39) 



Note here that the terms involving (•, appear when we temporally differentiate because 

of Lemma 2.2.4. 

According to (2.4.36) and the fact that is twice differentiable a.e., we may use ip — 
dtu^{t) — R{t)u^{t) e Xjn{t) as a test function in (2.4.39). Plugging in this ip and arguing as 
in the previous steps by employing Remark 2.2.3, Cauchy's inequality, and trace embeddings, 
we may deduce from (2.4.39) that 

dt Q Wdtu'^Wno - idtu"',Ru^)^o^ + ^ Hu^fn^ < CCM ll^^lfci 

+ Co{ri) Q - {dtu-,Runno) + C {\\F%, + \\dtF%^,^^) 

+ c(||i^iU(E) + ll^*^'llH-/^(E)) (2-4-40) 

for Co{r]) as defined above and 

^3(7^) := sup [1 + + \\dtR\\l^ + WdtAWl^ + (1 + \\A\\l^) (1 + \\dtJK\\l^)] 

0<t<T 

X sup [1 + ||it:||J ] . (2.4.41) 

Then (2.4.40), Gronwall's lemma, and a further application of Cauchy's inequality imply 
that 



sup \\d,u-\\lo + WdtU^Wl. < exp {Co{v)T) {Wd^u^mlio + C^iv) \\u"\0)\\lo) 

<t<T ^ 

+ C^{rj)( sup \\u'%,+ r exp{Co{v)iT-s))\\u"'{s)\\l,ds] 

\0<t<T Jo / 

+ ew{Co{v)T){\\F%,^ + \\d,F%^,^^^ + m 

L^H^^ + ll^t-^^ILzif-i/a) ■ (2-4.42) 
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Now we combine (2.4.42) with the estimates (2.4.30), (2.4.31), and (2.4.38) to deduce our 
energy estimates for dtu^: 

sup Wdtu'^Wlo + Wdtu'^Wl^i 



0<t<T 



< 



/2(S) 



(2.4.43) 



Step 6 - Improved energy estimate for u"^ 

We can now improve our energy estimates for u"^ by using i/j = dtu"^{t) — R{t)u'^{t) £ 
Xrn{t) as a test function in (2.4.25). Plugging this in and rearranging yields the equality 

dt\ Wu'^Wh. + Wdtu'^Wu. = {dtu^. Ru^H^ + \ («"*, Ru^)h^ + {F\ dtu^ - Ru^)^, 
- {F' - Uo{F'(0)+BA,u"'(0)Xo),dtU^ - Ru^),^ 



+ 



J. (2.4.44) 



We may then argue as before to use (2.4.44) to derive the inequality 



dt-, Wu'^Wn. + Wdtu'^Wn^ < C \\F\Q) + e^o«"^(0)AAo||^,/, 



+ C (}\F%, + WFYny^i^)) + C {Wdtu^ru^ + 6-3(77) \\u^\\l,) . (2.4.45) 

We could regard (2.4.45) as a differential inequality for and apply Gronwall's lemma 

as before, but this is not necessary since we already control and llSf-u™"!!^! . Indeed, 

we may simply integrate (2.4.45) in time to deduce an improved energy estimate for u^: 



sup \\u-f^, + Wd^u^Wl.. 

(C^iv) + Csiv)) exp {Co{v)T) [\\uo\\l + \\F\0)\\1^o + \\F'{0) + B^,u"^{0)K\\H.f.^^)) 



0<t<T 
< 



3||2 



-1||2 



.3||2 



IL2//-1/2 



. (2.4.46) 



Step 7 - Estimating terms in (2.4.43), (2.4.46) 

In order to use (2.4.43) and (2.4.46) as uniform bounds, we must first remove the ap- 
pearance of M™(0) on the right side of the estimates. For this we use Lemma A. 1.2, the 
embedding H^{n) ^ H^/^{E), and the bound ||m'"(0)||2 < HmoL to find that 

||F'(0) +D^„x.-(0)A^£,/,(^) < 64(77) (||F=^(0)£,/,(^) + lli^oll?) (2.4.47) 



for 64(77) :^l + \\J\fo\\' IIAIIci 
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We now seek to estimate the constants Ci{r]), i — 0, A in terms of the quantity JClrj). 
A simple computation shows that 

Coiv) + {CM + C,{vm + CM) < sup Qiiiml^ , \m\l^ , PMl^)^ (2-4-48) 

0<t<T 

where Qi is a polynomial in three variables. According to Lemma A. 6.1 in the non-periodic 

2 ■ 2 

case and Lemma A. 5. 2 in the periodic case, we have the estimate ||^?7||(;^(t ^ 
j, A; > 0. This, (2.4.48), and the fact that JC{r]) < 1 then imply that 

Coiv) + + C3(^))(l + C^r^)) < Qi(/C(r^),/C(r/),/C(r/)) < C(l + /C(r/)) (2.4.49) 

for a constant C independent of rj. 
Step 8 - Passing to the limit 

We now utihze the energy estimates (2.4.43) and (2.4.46) in conjunction with (2.4.47) to 
pass to the limit m — > oo. According to these energy estimates and Lemma 2.2.1, we have 
that the sequence {u'^} is uniformly bounded in L°°H^ and {dtu"^} is uniformly bounded in 
L°°H^ n L'^H^. Up to the extraction of a subsequence, we then know that 

u'^^u weakly- * in L°°H\ dtvT ^ dtu in L°°//°, and dtvT dtu weakly in L^H\ 

(2.4.50) 

By lower semi-continuity and (2.4.49), the energy estimates imply that the quantity 

hWloom + \\9tu\\looHo + 119*^*11^2^1 (2.4.51) 

is bounded above by the right hand side of (2.4.17). 

Because of these convergence results, we can integrate (2.4.39) in time from to T and 
send m — >■ oo to deduce that d^u^ dfu weakly in L^(oH^(Q))*, with the action of dfu on 
an element ijj e L'^qH^^Q) defined by replacing u"^ with u everywhere in (2.4.39). It is more 
natural to regard d^u G (At)* since the action of d^u is defined with test functions in Xt, but 
the reasoning presented after (2.4.4) is applicable to d^u, so we may regard dfu G L^oH^{fl) 
without ambiguity. From the equation resulting from passing to the limit in (2.4.39), it is 
straightforward to show that is bounded by the right hand side of (2.4.17). This 

bound then shows that dfU e C°L^. 
Step 9 - The strong solution 

Due to the convergence established in the last step, we may pass to the limit in (2.4.25) 
for a.e. t e [0,T]. Since m™(0) Uq in H'^ and Uo,F^{0) satisfy the compatibility condition 
(2.4.15), we have that 

\\Uo{F%0) + B^u^{0)Afo)\\jj,/,^^^ ^ (2.4.52) 
In the limit, (2.4.25) implies that for a.e. t, 

{dtU, V')«o + I {u, tl^)^, = {F\ V')^o - {F\ V')o,s every V' e X{t). (2.4.53) 

Now we introduce the pressure. Define the functional G {'h}{t))* so that At(t') equals 
the difference between the left and right sides of (2.4.53), with replaced by t; G T-L^it). 
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Then At{v) = for all v G X{t), so by Proposition 2.2.9 there exists a unique p{t) e VP{t) 
so that {p{t), div^v)y^o — At{v) for all v e V}{t). This is equivalent to 

X 

(9tM,'i;)^o + - (M,'y)^i-(p,div^v)^o = {F^,v)^^-{F^,v)^^^ ior every v e H\t) , (2.4.54) 

which in particular implies that {u,p) is the unique weak solution to (2.1.1) in the sense of 
(2.4.3). 

For a.e. t G [0,T], {u{t),p{t)) is the unique weak solution to the elliptic problem (2.3.13) 
in the sense of (2.3.14), with replaced by F^{t) — dtu{t), F"^ = 0, and F^ replaced by F^{t). 
Since F^{t) - dtu{t) G H^{Vt) and F^{t) G i^^/^(E), Lemma 2.3.6 implies that this elliptic 
problem admits a unique strong solution, which must coincide with the weak solution. We 
may then apply Proposition 2.3.7 and Lemma 2.2.1 for the bound 

\W)t + \\PmU ^ (\\dtumlir-. + \\F'{t)t_, + ||^='(t)||L.-3/.(^)) (2.4.55) 

when r = 2,3. When r = 2 we take the supremum of (2.4.55) over t G [0,T], and when 
r = 3 we integrate over [0,T]; the resulting inequalities imply that u G L'^H^ fl L^H^ and 
p G L°°H^ nL^H^ with estimates as in (2.4.17). This, in turn, implies that {u,p) is a strong 
solution to (2.1.1). 

Since we already know that u G L'^H^ and dfU G LF'H^, Lemma A. 2.1 implies that 
u G C°i/2. Then since F^ - dtu G C^H^ and B^uM + F^ G C^H^I^{T.), wc know that 
V^p G C'^H'^ and p G C°i/^/^(S) as well, from which we see, via Poincare's inequality 
(Lemma A. 8.1), that p G C^H^. With these continuity results established, we can compute 
p(0) and dtu{0). We start with the Dirichlet condition for p(0) on E, the second equation in 
(2.4.18). Since p G C^H\Q), u G C^H\Q), and F^ G C°//V2(5]), the boundary condition 
Sa{p, 'w)AA = F^, which holds in if^/^(E) for each t > 0, can be evaluated at t = 0. Then the 
Dirichlet condition for p(0) on E in (2.4.18) is easily deduced by solving Saq{p{0),uo)JVo — 
F^{0) for p{0). 

Now we derive the PDE satisfied by p(0) and compute dtu{0). Let ip G if ^(fi) be a scalar 
function satisfying (p\-^ — and V</?|si, = 0. Then V^</? = AV(p G V}{t), and we may choose 
I) = V^</7 as a test function in (2.4.54). Since dfU — Ru G X{t), we can integrate by parts to 
see that 

{dtu, VAV)no = {9tu - Ru, VAV)no + {^'^^ V^</?)^o = {Ru, V av)h° ^ 
(p, div^ V^(/?)^o = (-V^p, V^(/?)^o + (p, V^(/7 • A^)o s ■ 

This, (2.4.32), (2.4.54), and (2.1.1) imply that 

{Ru + VaP - ^AU - -F\ V^(^)^o = for all such (p. (2.4.57) 

By the estabhshed continuity properties, we may set i = in (2.4.57), again integrate by 
parts, and employ a density argument to see that 

(V^oP(O) - F\0),VAoV^)yo = - {-dwAo{R{0)uo),^)yo + (A^o«o • i^:^)-i/2 (2.4.58) 

for all (p G ^H^{Q). This establishes that p{0) is the weak solution to (2.4.18). According to 
(2.3.46) we then have that p(0) G H^{n). This and (2.4.54) allow us to solve for dtu{0) as in 
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(2.4.19), and then (2.4.57) implies that dtu{0) - R{0)uo G y{0) since then Dtu{0)±VA{o)'P 

for every 99 G ^H^{Q). 

Step 10 - The weak solution satisfied by DfU = dfU — Ru 

Now we seek to use (2.4.39) to determine the PDE satisfied by Diu. As mentioned above, 
we may integrate (2.4.39) in time from to T and pass to the limit m — >■ 00. For any e Xt 
we have Rif) e H^, so that we may replace all of the terms R%1) in the resulting equation by 
using V — Rt/j in (2.4.54); this yields the equality 

+ {dtJKF\i^)^,^ - {dtJKdtU,i^)^o^ - (p,div^(i?V'))«o 

{dtJKmij^u : D^V' + ^dtAU : D^V' + D^w : Oa.^V') J (2.4.59) 



JQ. 



for all ip e Xt- In (2.4.59) we have employed the same duality notation as in (2.4.3). 

Now we define A e (^t)* '^ith A(w) equal to the difference between the left and right 
sides of (2.4.59) with ■0 replaced with v. As above, we may use Proposition 2.2.9 to find a 
unique q G so that K{v) = {q, div_4-?;)^o for all v G H^. Simple computations reveal that 
dt{JAij) — —JAkjRki and JAkjdjRki — dj{JAkjRki) — —dtdj{JAij) — 0, which imply that 

{p,divd^AV + dtJKdiYAv)j^o = / pdjVidt{JAij) ^ / / pdjViJAkjRki 

Jo Jn Jo Jn 

pJAkjdj{RkiVi) - pJAkjVidjRki = / / pJAkjdj{RkiVi) ^ {p,dwA{Rv))-^o . 
! Jo Jn ^ 

(2.4.60) 



Jn 



This, in turn, implies that the equation A{v) = (g, div^f)^o is the same as that which 
would result from computing the temporal distributional derivative of (2.4.54); we deduce 
that q — dtp and that 

{dfU, v)^ + ^ {dtu, v)^i^ - {dtp, divA v)^o^ = {dtF^, v)^ - {dtF^, v)^i/2 



+ {dtJKF^,v)^o^ - {dtJKdtU,v)^o^ - (p, div^(i?'u))^o 
1 



T ' ' / i-y 

T 



{dtJKBAU : Bav + I])9,AU : Bav + Bau : Bs^av) J (2.4.61) 

'0 Jn 

for all V e As before, we may deduce from (2.4.61) the bound for ||(?tp||^2i2 stated in 
(2.4.17). 

We now rewrite the terms in (2.4.61) to derive the PDE for DtU, dtp. A straightforward 
computation shows that on E, R^J^f — dfJ^, so that we may integrate by parts for the 
equality 

(p, dwA{Rv))no. = - {R^VaP:V)^o^ + {pR^X,v)-i/2 = - {R^VaP:V)^,^ + {pdtX, v)-i/2, 

(2.4.62) 
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where is the matrix transpose of R. Another integration by parts yields 
^ Jo Jn 

= {div a{R^au + in>9,Au),v)^o^ - {DAudtX + Dft^wAA, v).i/2. (2.4.63) 

We replace the appearance of dfu with dtDfU via 

{d^u, v)^ = {dtDtU, v)^ + {Rdtu, v)^o + {dtRu, v)^o^ . (2.4.64) 

Since {u,p) are a strong solution to (2.1.1), we may multiply by {R^ -\-dtJK)v and integrate 
to see that 

{{dtJK + R){F^ - dtu),v)^,^ = {{dtJK + R){-Aau + Vap),v)^o^ . (2.4.65) 

We may then combine (2.4.61)-(2.4.65) with the fact that D^u = dtu — Ru G to deduce 
that {Dtu,dtp) are weak solutions of (2.4.20) with Dtu{0) e y{0) given by (2.4.19). Here, 
the inclusions G (Ht)* and G L'^{[0,T]] H~^/'^{E)) are easily established from the 
above bounds on u,p. 

□ 



2.4.3 Higher regularity 

Throughout this section we write L^H~^ = L'^{oH^{Q))* . In order to state our higher 
regularity results for the problem (2.1.1), we must be able to define the forcing terms and 
initial data for the problem that results from temporally differentiating (2.1.1) several times. 
To this end, we first define some mappings. Given F^,F^,v,q we define the vector fields 
(5°,©^ on n and 0^ on E by 



(5''{F\v, q) = A^^; - VaQ + - Rv, 

(3\v, q) = -{R + dtJK)AAV - dtRv + {dtJK + R- R^)\/Aq 

+ div a{^a{Rv) + R^AV + ^OtAv), and 
(3^(v, q) = BA(Rv)J\f - (ql - BAv)dtU + Bq,avU, 



(2.4.66) 



and we define the functions on f], p on E, and on S(, according to 

f{F\v)^di^A{F'-Rv), 

f{F\ v) = {F^ + BavN) ■ N |A^r' , and (2.4.67) 
f{F\v)^{F^ + AAv)-y. 

In the definitions of & and f we assume that .4, A/", R (recall that R is defined by (2.4.12)), 
etc are evaluated at the same t as F^,F^,v,q. These mappings allow us to define the forcing 
terms as follows. Write F^'° = F^ and F^'° = F^. When F^, F^, u, and p are sufficiently 
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regular for the following to make sense, we then recursively define the vectors 

(2.4.68) 

on fl and E, respectively, for j = 1, . . . , 2A'". 

Now we define various sums of norms of F^,F^, and rj that will appear in our estimates. 
Define the quantities 



2N 



i2 



'S{F ) ) • ^ ^ 11^-^ ||^2j:/4iV-23-l ~l~ 1 1 ^ \\ ]^2ff4N-2j-l/2 

i=o 

2Af-l 

^ V 11^-^ ||^cx,^4iV-2j-2 + 11^-^ ||icx,^4JV-2j-3/2 ) (2.4.69) 

i=o 

2N-1 

For brevity, we will only write 5" for 5'(F^, F^) and for ^o{F^: F^) throughout the rest of 
this section. Lemmas A. 2.1 and 2.2.4 imply that if 5" < oo, then 

diF^ e C%[0,T];H^^-^^-\Q)) and OfF^ e C°([0,T]; H^''-^^-^/\^)) (2.4.70) 

for j = 0, . . . , 2N — 1. The same lemmas also imply that the sum of the L°°H^ norms in 
the definition of ^ can be bounded by a constant that depends on T times the sum of the 
l2jjk+i norms. To avoid the introduction of a constant that depends on T, we will retain 
the L°° terms. For -q we define 



2N+1 

^iv) — \\v\\l2H4N+i/2 + \\dtr]\\l2H4N-i/2 + ^ \\dir)\\ 

12JJ4N-23+6/2 1 

2N 

^iv) ■■= Yl \\^tV\\l^H^N-2, , and R{7]) := €{v) + 2)(r?) 



(2.4.71) 



j=0 

as well as 



2N 

2 



^oiv) ■■= imWlN + \\dtVmlN-i + E ll^'^(0)ll4iv-2,+3/2 ■ (2-4-r2) 

Again, Lemma A.2.1 implies that rj e C°([0, T]; //^^(S)), dtrj G C%[0,T]; H^^-^E)), and 
diri e C0([0, T]; //4^-2J+3/2(E)) for j = 2, . . . , 2A^. Throughout the rest of this section we 
will assume that ^{r]), <Bo{rj) < 1, which implies that Q{^{r])) ^ 1 + ^{rj) and Q(£o(^7)) ^ 
1 + Co(^) for any polynomial Q. Note that }C{r]) < ^{rj) < ^{rj), where K.{r]) is defined by 
(2.4.13); also, we have that ||?7o|l4jv_i/2 — ^o('?)- 

We now record an estimate of the F^'^ in terms of ^, A{ri) and certain norms of u,p. 
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Lemma 2.4.4. For m = 1, . . . , 2N — 1 and j — 1, . . . ,m, the following estimates hold 
whenever the right hand sides are finite: 



t^\\£ocfj2m-2e 



i-1 i-1 

|2 



+ ^ ^ ||^tP||icxjJ^2m-2€-l + ||^t'*^||j;,2j:j-2m-2£+l + 1 1 P 1 1 x,2^2m-2€ 1 ) (2.4.73) 



I llLooi?2m-2j ^ ll"' \\LooH2m-2j+l/2 



< (1 + ^(77)) ( 5+ Ell^'«llI=<=H--- + ll^*P|l™--.-i I , (2.4.74) 



t^\\L<x,Jj2m-2e 



and 

(m 

m—l m \ 

+ ^ ^ ||^tP||^ooj:^2m-2«-l + ^ ^ 1 1 1 1 £,2 j:^2m-2£+l + 1 1 P 1 1 £,2 j:£2m-2£ 1 • (2.4.75) 

Similarly, for j = 1, . . . , 2N — 1, 

< (1 + €0(77)) Uo + E IK^(0)llL-2. + ¥tP{^)tN-n-A ■ (2-4-76) 
\ €=0 / 

Proof. The estimates follow from simple but lengthy computations, invoking standard ar- 
guments. As such, we present only a sketch of how to derive the estimates (2.4.73). The 
estimates (2.4.74)-(2.4.76) follow from similar arguments. 

To derive the estimate (2.4.73), we use the definition of F^'^,F^'^ given by (2.4.68) and 
expand all terms using the Leibniz rule and the definition Dt to rewrite F*'^ as a sum of 
products of two terms: one involving products of various derivatives of fj, and one linear in 
derivatives of u, p, F^, or F^. For a.e. t G [0, T] we then estimate the the norm (/J2rrt-2j+i ^^^^ 
jj2m-2j+3/2 ^ respectively) of the resulting products by using the usual algebraic properties 
of Sobolev spaces (i.e. Lemma A. 1.1) in conjunction with the Sobolev embeddings. The 
resulting inequalities may then be integrated in time from to T to find an inequality of the 
form 

\\F'''\\l2H2r.-2,+. + ||i^''ll2^2.-2,+3/2 < Q{e{v)) {v)Y^ + Y,) , (2.4.77) 
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■3M2 



where Q(-) is a polynomial, 

2N-1 
3=0 

i-1 i-i 

+ J2 Pt4looH2m-2e + ^ ||5i'p||loo^2.-«-l , (2.4.78) 

e=o e=o 

and 

2N ^ 2 

^2 = ll"^-^ ||/^2j:/4iV-2j-l + 11*9*-^ ||^2j:/4iV-2j-l/2 

j=0 

i-1 

+ Yl PHl^H^m-2e+l + \\dlp\\l2H2m-2e ■ (2.4.79) 

Since ^{rj) < 1, we know that Q{(B{r])){l + ^{vj) < (1 + ^iv)), and the bound (2.4.73) 
follows immediately from (2.4.77). □ 

Next we record an estimates for the difference between dtv and DtV for a general v. The 
proof is similar to that of Lemma 2.4.4, and is thus omitted. 



Lemma 2.4.5. If k = 0, . . . , AN — 1 and v is sufficiently regular, then 

\\dtv 

and if k ^ 0, . . . ,4:N - 2, then 



\\dtv - DtvWl^jj, < (1 + m) M%H^ , (2.4.80) 



\\dtv - DtvWl^^, < (1 + m) Mlo^H^ ■ (2.4.81) 
// m = 1, . . . , 2N — 1, j = 1, . . . ,m, and v is sufficiently regular, then 

i-i 



- i^M|l,^,_,,+3 < (1 + m) E (ll^Mll2^--2.+i + ||5Mlloo^2.-2.) , (2.4.82) 

t=o 

<{l + m)J2\\^M\lo.H^m-2e, (2.4.83) 



and 



m+l 

< {l + m) E + ||^Mlloc^2.-2.) . (2.4.84) 



£=0 

>l/50, if j = 0, . . . , 2N, and v is sufficiently regular, then 

i-i 

< n -U CP^l'n^^ 

l4Ar-2j 



\\dlv{0) - Dlv{0)Wl < (1 + ^o(r;)) E 11^^(0) ■ (2-4-85) 



^=0 
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Now we record an estimate for the terms 0° and f (defined in (2.4.66) and (2.4.67), 
respectively) tfiat will be used in computing initial data. 

Lemma 2.4.6. Suppose that v, q, G^, are evaluated at t — and are sufficiently regular 
for the right sides of the following estimates to make sense. For j — 0, . . . , 2N — 1, we have 



4N-2j-2 



\\^"{G\v,q) 

< (1 + ||r^(0)||^^ + \\dtvm\lN-i) {MIn-2j + h\\m-2j-i + PXj.^,,.,) • (2.4.86) 
Ifj^Q,...,2N-2, then 

llf'(G^ II + llf (G^ II W3/2 + llf II W^^^ 

< (1 + (||G^|l4iV-2,-2 + P'\L-2,-S/2 + \MIn-2,) ■ (2-4.87) 

For j = 2N — I, if div_4(o) v — in D,, then 

llf (G''^) II V2 + llf(G''^) 11-1/2 ^ (1 + 1^0)111^) (||G^||^ + ||G^||;/2 + lkll2)- (2.4.88) 

Proof. The proof of the estimates (2.4.86) and (2.4.87) as well as the f estimate in (2.4.88) 
can be carried out as in the proof Lemma 2.4.4. We omit further details. For the estimate 
of (2.4.88), we note that div_4(o) v = implies that div_4(o) A_4(o)'y = 0, so that Lemmas 2.3.3 

II 1 1 2 II 1 1 2 

and 2.2.1 provide the bound ||A_4(o)t' • ^\\h-i/2(^-^^^ ^ ll^-4(o)''^|lo- then argue as in 

Lemma 2.4.4 to derive the bound. 

□ 

Now we assume that Uq G H'^^{Q), tjo G if*^^+-^/^(E), < oo, and that ||?7o|l4jv_i/2 — 
^oiv) < 1 is sufficiently small for the hypothesis of Propositions 2.3.7 and 2.3.9 to hold 
when k — AN. We will iteratively construct the initial data Dlu{0) for j = 0, . . . , 2A'" and 
dlp{0) for J = 0, . . . , 2N — 1. To do so, we will first construct all but the highest order data, 
and then we will state some compatibility conditions for the data. These are necessary to 
construct D^^u{0) and d'^^^^p{0), and to construct high-regularity solutions in Theorem 
2.4.7. 

We now turn to the construction of Dlu{0) for j = 0, . . . , 2N — 1 and ^p(O) for j — 
0,...,2N — 2, which will employ Lemma 2.4.6 in conjunction with estimate (2.4.76) of 
Lemma 2.4.4 and (2.4.85) of Lemma 2.4.5. For j = we write Fi'°(0) = ^^(0) G H"^^'^, 

F3.0(0) = F3(0) G i/4Af-3/2^ A°W(0) = Mo e H*^ . SuppOSC now that F^'^ G i/4iV-2^-2^ 

jp3,e g ^4JV-2€-3/2^ D^^u{0) G i/4JV-2€ g-^g^ for < ^ < j G [0, 2iV - 2]; we will define 
dip{0) G i/4Ar-2i-i ^ ^gii ^ Dt\{0) G //4Ar-2i-2^ F^'^+\0) G //4JV-2,-4^ F3'^+i(0) G 
j^4N-2j-7/2^ which allows us to define all of said data via iteration. By virtue of estimate 
(2.4.87), we know that = f (Fi'^(0), D^m(O)) G H^^-^^-^ f^ = f {F^^^ (0) , D{u{0)) G 
ff4N-2j-3/2^ and /3 = f{F^'^{0),Diu{0)) G i74iv-2j-5/2_ r^Yiis allows us to define dip{0) 
as the solution to (2.3.43) with this choice of f^,f^,f^, and then Proposition 2.3.9 with 
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A; = 4iV and r = 4iV - 2j - 1 < ^ implies that ^p(O) e H^N-2j-i ^^le estimates 

(2.4.76), (2.4.85), and (2.4.86) allow us to define 

Di+\{0) := (3''{F^^^{0),Diu{0),dip{0)) e //4iv-2,-2^ 

^ij+i(0) DtF^'^(0) + 0\Diu(O),dip(O)) E i/4iv-2,-4^ (2.4.89) 
F^'^+\0) := 9tF=^'^(0) + (&^{Diu{0),dip{0)) e //4iv-2j-7/2 

Using the above analysis, we iteratively construct all of the desired data except for D^^u{Q) 
and d^'^-'piO). 

By construction, the initial data Dlu{0) and 9^p(0) are determined in terms of Uq as 
well as dfF^{0) and d^F^{0) for i = 0,...,2N — 1. In order to use these in Theorem 
2.4.3 and to construct D^^u{0) and d^^^^p{0), we must enforce compatibility conditions for 
j = 0, . . . , 2A'" — 1. For such j, we say that the j*'* compatibility condition is satisfied if 

'Dluio)eXio)nH\n) 

MF^'^iO) + ]D)_^,DiuiO)Afo) =0. 

Note that the construction of -D^'u(O) and dlp{0) ensures that Dlu{0) e H'^{n) and that 
div^Q(D^M(0)) = 0, so the condition Dlu{0) e X{0)nH'^{fl) may be reduced to the condition 

A'w(o)|e = o. 

It remains only to define ^^^^"^(O) e and ^'^^^(O) e According to the 

j = 2N - 1 compatibility condition (2.4.90), div^„ ^'^^^"^^(O) = 0, which means that we 
can use estimate (2.4.88) of Lemma 2.4.6 to see that p = f{F^^^^-\0), D^^-^u{0)) e 
H^/^ and f = f {F^'^^-\0), D'^^-\{0)) e R-^/^. We also see from (2.4.90) that go = 
-divAo{R{0)D^^-\{0)) e H^. Then since G = -F^'^^-^ e we can define ^^^^-^(0) G 

as a weak solution to (2.3.43) in the sense of (2.3.49) with this choice of p, go, and 
G Then we define 

D^''u{0) = 6°(Fi'2^-i(0), ^'"^"'^(0), 9r~yO)) e (2.4.91) 

employing (2.4.86) for the inclusion in In fact, the construction of d^^~^p{0) guarantees 
that D^^u{0) G 3^(0). In addition to providing the above inclusions, the bounds (2.4.76), 
(2.4.87), (2.4.86) also imply the estimate 

2N 2N-1 

Ell^M0)||L-2,+ E ll«0)||^^_,._^<(l + ^o(r/)(KllL + i?o). (2.4.92) 

j=0 j=0 

Note that, owing to estimate (2.4.85), the bound (2.4.92) also holds with ^m(O) replacing 
Diu{0) on the left. 

Before stating our result on higher regularity for solutions to problem (2.1.1), we define 
two quantities associated to u,p. Write 



2Af+l 2N 

2 s-^ II ii2 



j=0 j=0 



2JV 2N-1 (2.4.93) 



2 11^0 ii2 

l^ooJj4N-2j-l 



^{u,p) := 'B{u,p) + X)(m,p). 
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Note that, again, Lemmas 2.2.4 and A.2.1 imply that (B{u,p) < C{T)^{u,p) for C(T) a 
constant depending on T. To avoid introducing this constant we will use both (B{u,p) and 
D{u,p). 

Theorem 2.4.7. Suppose thatuo G H'^^{n), r/o G H^^+^/'^{T,), ^ < oo, and that R{r]) < 1 is 
sufficiently small so that }C{r]), defined by (2.4.13), satisfies the hypotheses of Theorem 2.4-3 
and Proposition 2.3.9. Let D{u{0) E H^^-^^iVl) and d{plo) E /74JV-2i-i /or j = 0, . . . , 2N-1 
along with D^^u{0) E y{0) all be determined as above in terms of uq and c?/F^(0), dlF^{0) 
for j — 0, . . . , 2N — 1. Suppose that for j — 0, . . . , 2N — 1, the initial data satisfy the j*^ 
compatibility condition (2.4.90). 

Then there exists a unique strong solution {u,p) to (2.1.1) so that 

din E C°([0, T];H^''-^^{Q)) n ^^([0, T]; H^''-''^+\9)) for j = 0, . . . , 2N, 
d{p E C°([0,T]; //^^-'^-^(fi)) n L\[0,T]; H^''~^'{n)) for j = 0, . . . ,2N - 1, (2.4.94) 
d^^'+^u E {H\)\ and dl^'p E L\[0,T]- H%Q)). 

The pair {Dlu, dfp) satisfies the PDE 



'dt{D{u) - A^{Diu) + V^(^p) = F^J m n 

div j[{Dlu) = in Q 

S^idlp, D{u)M = F^'^ on S 

Dlu = on Sft 



(2.4.95) 



in the strong sense with initial data (Dlu^O), djp^O)) for j — 0, . . . , 2N — 1, and in the weak 
sense of (2.4.3) with initial data Dl^u{Q) E 3^(0) for j = 2N. Here the vectors F^'^ and 
are as defined by (2.4.68). Moreover, the solution satisfies the estimate 

eiu,p) + ^iu,p) < (1 + eoiv) + exp (C(l + e{r)))T) {WuoWIj, + do + d) (2.4.96) 

for a constant C > 0, independent ofrj. 

Proof. For notational convenience, throughout the proof we write 

Z:={1 + (Boiv) + ^iv)) exp (C(l + e(r/))T) (||mo||L + do + d) ■ (2.4.97) 

Since the O*'* order compatibility condition (2.4.90) is satisfied and ^{r}) is small enough 
for IC{ri) to satisfy the hypotheses of Theorem 2.4.3, we may apply Theorem 2.4.3. It 
guarantees the existence of {u,p) satisfying the inclusions d^u E LF'H^''^^ for j = 0, 1, 2 and 

E L^H'^~^^ for j = 0, 1. The {Dlu, dip) are solutions in that (2.4.95) is satisfied in the 
strong sense when j — and in the weak sense when j — 1. Finally, the estimate (2.4.17) 
holds, but we may replace its right hand side by Z since )C{rj) < (£(77) < ^{rj). 

For an integer m > 0, let P„j denote the proposition asserting the following three state- 
ments. First, that {Dlu,djp) are solutions to (2.4.95) in the strong sense for j = 0, . . . ,m 
and in the weak sense for j = m + 1. Second, that dfu E L2^2m-2j+3 for j = 0, 1, . . . , m + 2, 



59 



d{u G L^H'^rn-w for j = 0, 1, . . . , m + 1, G ^2^2m-2j+2 for j = 0, 1, . . . , m + 1, and 
a/p e ioo^2m-2j+i fQj. j = 0, 1, . . . , m. Third, that the estimate 



m+l 



5^ ||^'^||_[,ooij2m-2j+2 + ||^P||ioo^2m-2j+l 
J=0 j=0 

m+2 m+l 

+ E II^MlI^H--.+3 + E ll^^^lll^^^--2.+2 < 2 (2.4.98) 

holds. 

The above analysis implies that Pq holds. We claim that if holds for some m — 
0, . . . , 2A'" — 2, then P^+i also holds. Once the claim is estabhshed, a finite induction imphes 
that Pm holds for all m = 0, . . . , 2N — 1, which immediately implies all of the conclusions of 
the theorem. The rest of the proof is dedicated to the proof of this claim. 

Suppose that P^ holds for some m = 0, . . . , 2N — 2. We may then combine (2.4.98) with 
the estimates (2.4.73), (2.4.74), and (2.4.75) of Lemma 2.4.4 to see that 



m+l 



ViIIf^'^II^ +\\F^'m^ 

\\\ \\L^mrn-2j+3 ^ \\-^ ||i2^f2m-2j+7/2 \\ l^oo H2m-2j+2 ^ \\-^ \\ I 



m+l 



m m+l 

+ ll'^tPlI j;,oo^2m-2«+l + ^ ] ll^t'^ll j;^2j:^2m-2«+3 "I" \\^P 



l^ooff2m-2j+&/2 



t^W £oo Jj2m-2e+2 



m+l 

J^2 fj2m-2e+2 

<il + ^{rj)){d + Z)<Z. (2.4.99) 

The last inequality in (2.4.99) follows from the fact that ^(77) < 1 and the definition of Z. 

We now show that the first assertion of Pm+i holds. To this end, wc note that the 
estimate (2.4.99) impHes that F^'^+i G L^H\ dtF^^"'+^ G L'^R-^, F^''"''+^ G L^H^/\ and 
g^jps,rn+i ^ /,2^-i/2^ Thcsc inclusious, together with the fact that D^^^u{0) satisfies the 
(m + 1)'^* order compatibility condition (2.4.90), allow us to apply Theorem 2.4.3 to solve 
problem (2.1.1), with F\F^ replaced by F^''^+\ F^'"'^^ and with initial data ^^'^^'^(0). 
The resulting strong solution solution must equal {D]^'^^u,d'^~^^p), the weak solution to 
(2.4.95) provided by P^, since strong solutions are also weak solutions and Proposition 
2.4.2 guarantees that weak solutions are unique. Furthermore, the theorem implies that 
^2^m+2^^ ^m+2^-j ^ weak solution to (2.4.95). Since P^ already provided that {Dlu,djp) 
are solutions to (2.4.95) in the strong sense for j = 0, . . . , m, we deduce that the first assertion 
of Pm+i holds. 

It remains to prove the the second and third assertions of Pm+i; they are intertwined and 
will be derived simultaneously. To begin, we note that the previous application of Theorem 
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2.4.3 also provides, by way of (2.4.17), the estimate 

lln'n+l,.!!^ I 11;^ n"»+l,,||^ -l- II r)^ 71™+^-?/ 11^ _|_ llrJ^+^nll^ _|_ 

+ \\Dr'4l^H^ + ptDr'Al^Ho + prMll^H^ 

< (1 + ^(77))exp(C(l + e{v))T) {\\DrMO)\\l + WF^'-'^'ml + ll^''"^'''^ + ^) 
< (1 + ^oiv) + m) exp + €ir]))T) (H^oHL + do + d)<Z, (2.4.100) 

where in the second inequahty wc have employed estimate (2.4.76) to control the F*'™+i(0) 
terms and the bound (2.4.92) to bound the resulting temporal derivatives or u and p at t = 0. 
The estimates of the u terms in (2.4.100), together with the estimates (2.4.82)-(2.4.84) of 
Lemma 2.4.5 and the estimate (2.4.98), imply that 



(m+2 rn+1 



<{l + ^{7j))Z + Z<Z. (2.4.101) 



Hence 



m+2 m+1 

||^ '"'||i<x.J/2(m+l)-23+2 ^ 1 1 1 1 j;,<x.J/2(m+l)-23+l 

j=m+l j=m+l 

m+3 m+2 

+ ll^t"llL2H2(-+l)-2i+3 + Y ll^t^^lL2H2(™+l)-2,+2 < ^, (2.4.102) 

j=m+l j=m+l 

which means that in order to derive the estimate (2.4.98) with m replaced by m + 1, it 
suffices to prove that 

m 

^llL°°_H'2(m+l)-2j+2 + ||'9/p||^ooj:^2(m+l)-2j + l 

j=0 

m 

+ Y ll^«lll2^2(^+l)-2,+3 + \\dlp\\l2H2(m+l)-2J+2 < 2. (2.4.103) 

j=0 

Once (2.4.103) is cstabhshed, summing (2.4.102) and (2.4.103) implies that (2.4.98) holds 
with m replaced by m + 1, which further implies that the second and third assertions of 
Fm+i hold, so that then all of Pm+i holds. 

In order to prove (2.4.103) we will use the elliptic regularity of Proposition 2.3.7 (with 
k = AN) and an iteration argument. The estimates of D'^^^u in (2.4.100), together with 
(2.4.98) and the estimates (2.4.80) and (2.4.81) of Lemma 2.4.5, allow us to deduce that 

WdiD^uWl^^, + \\dtDTu\\%H, < Z. (2.4.104) 
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Since (2.4.95) is satisfied in the strong sense for j = m, we may rearrange to find that for a.e. 
t e [0,T], solve the elhptic problem (2.3.13) with replaced by F^'™ - StD^^M, 

F"^ = 0, and F^ replaced by F^'™. We may then apply Proposition 2.3.7 with r = 5 to deduce 
that the estimate (2.3.27) holds for a.e. t G [0,T]; squaring this estimate and integrating 
over [0,T] then yields the inequality 

\\DTu\\l.H^ + \\drp\\%H^ < WF''"" - dtOruWl,^, + \\F''^\\l.„y, 

^ WF^'^^Wlm + \\9tDTu\\l.HS + WF'^-'Wl^y. < (2.4.105) 

where in the last inequality we have used (2.4.99) and (2.4.104). Similarly, we may apply 
Proposition 2.3.7 with r = 4 to deduce 

WDTuWlooH. + milo^HS < WF''"^ - dtDTuWl^^, + \\F''"^\\l^^,,, < Z. (2.4.106) 
We may argue as before to deduce from (2.4.105) and (2.4.106) that 

W^fL^m + W^fL^H^ < Z (2.4.107) 

as well. This argument may be iterated to estimate dfu, dfp for j = 1, . . . ,m; this yields 
the estimate 

m 

||^ ''^||ioo7j2(m+l)-23+2 + 1 1 1 1 ^cx. Jj2(m+l)-2j+l 

m 

+ Yl ll^tW|L2jy2(^+l)-2,+3 + \\dlp\\j^2H2i^+l)-2J+2 < Z. (2.4.108) 

We then apply Proposition 2.3.7 with r = 2(m + 1) + 2 < 4iV to see that 

ll'"llL°°_H"2{m+l)+l + ||p||ioo/;-2(m+l)+l ^ \\F^ — dtu\\ ^2(m+l) + 1 1 -f^'^ 1 1 ^oo j:^2(m+l) + l/2 

~ l|-^NlL°°/f2(m+l) + \\dtU\\l^jj2(m+l) + 1 1 -^"^ 1 1 ^oc J^2(m+l) + l/2 ^ Z, (2.4.109) 

and then again with r = 2(m + l) + 3< AN + 1 to see that 

2 2 111 11^ 11311^ 

ll'"llL2_H'2(m+l)+3 + ||p||/^2J^2(m+l)+2 ^ \\F — dtU\\ ^2 fj2(m+l) + l + 1 1 1 1 ^2_H-2(m+l)+3/2 

+ ||^||/,2j:j4iV+l/2 i\\F'-dtu\\ 

LOOH2 "I" 11"^ ||icx,^5/2) ~ 11"^ ||i2^2(m+l)+l ^2^2(m+l)+l 

+ ||i^il2^2(.+iH3/2 +^(r7)(^+2^) < Z. (2.4.110) 
Summing (2.4.108)^(2.4.110) then gives (2.4.103), completing the proof. 

□ 
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2.5 Preliminaries for the nonlinear problem 
2.5.1 Forcing estimates 

We want to eventually use our linear theory for the problem (2.1.1) in order to solve the 
nonlinear problem (1.1.27). To do so, we define forcing terms F^, to be used in the linear 
theory that match the terms in (1.1.27). That is, given u,ri, we define 

F^{u, rj) = dtfjbKdaU - u ■ V^ii, and (2 5 1) 

F^{u, rj) = riU = -77-D77 + 7763, 

where AiM 1 K are determined as usual by 77. 

We will need to be able to estimate various norms of F^{u,r)) and F^{u,r]) in terms of 
the norms of u and r] that appear in ^{rj), ^oirj), and ^{u,p), defined by (2.4.71), (2.4.72), 
and (2.4.93), respectively. The norms of the terms are contained in 5 and '^q, as defined 
by (2.4.69). We will actually need a slight modification of .^(m,p), which we define as 

2N 

'"||i2j^4Ar-2j+l + ||t^'"||iooij4Ar-2j ■ (2.5.2) 

Our estimates are the content of the following lemma. 
Lemma 2.5.1. Suppose that ^{rj) < 1 and ^2n{u) < oo. Then 

d{F\u, ri), F'{u, v))<[l + T + ^(77)] €(77) + ^(77) [^2n{u) + (^2iv(^i))'] + {^2n{u))''. 

(2.5.3) 

Proof. All terms in the definition of F^{u,r)), F^{u,r]) are quadratic or higher-order except 
the term 7763 in F^. As such, we may argue as in the proof of Lemma 2.4.4 to deduce the 
bound 

d{F\u, rj), F%u, T)) - 7763) < (B{rj)^{v) + ^{v){^{v) + ^2n{u) + (i^2iv(M))') + (i^2iv(«))'. 

(2.5.4) 

Here the appearance of the term (B{ri)^{ri) is due to the term riDt] in F^, while the appearance 
of ^2Ar('u)^ is due to the term u ■ Vu that appears when we write u ■ V^m = u ■ Vu + u ■ V^_/ti 
in F^. 

On the other hand, by definition, we have 

2N 2N-1 

^'(0,7763) = J2 \\^tV\\L2H^N-2i-l/2 + \\^tV\\LooHiN-2j-3/2 

j=0 j=0 

2N 

<{1 + T)J2 \\dlv\\l^^..-2, = (1 + T)e{r}). (2.5.5) 

i=o 

Then, since ^{X, Y + Z) < ^{X, Y) +^{0, Z), we may combine (2.5.4) with (2.5.5) to deduce 
(2.5.3). 

□ 
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2.5.2 Data estimates 



In the construction of the initial data performed after Lemma 2.4.6 it was assumed that 
dfr]{0) for j = 0,...,2N and dfF\0), dfF^iO) for j = 0,...,2N -1 were all known. 
Knowledge of the former allowed us to compute -R(O), M), etc along with their temporal 
derivatives; these quantities then served as coefficients in deriving the initial conditions for 
u,p and their temporal derivatives. Since for the full nonlinear problem the function t] is 
unknown and its evolution is coupled to that of u and p, we must revise the construction 
of the data to include this coupling, assuming only that uo and rjo are given. This will also 
reveal the compatibility conditions that must be satisfied by uq and rjo in order to solve the 
nonlinear problem (1.1.27). To this end we first define the quantities 

^0 \\uo\\lf^ + WvoWIn > and J^o ll'7o||4Ar+i/2 ■ (2.5.6) 
For our estimates we must also introduce the quantity 

2N 2N-1 

€o{u,p) = ||a^^0)||^^_,^. + J2 II^P(0)||L-2,-i ■ (2-5-7) 

j=0 j=0 

We will also need a more exact enumeration of the terms in (Bo{u,p), ^o{v)^ ^'^d (as 
defined in (2.5.7), (2.4.72), and (2.4.69), respectively). For j = 0, . . . , 2Ar - 1 we define 

^i{F\u,r)),F%u,v)) := ^ \\d',F\0)\\l^_^^_^ + \\d',F%0)\\l^_^^_^^^ , and (2.5.8) 
^iiv) ■■= llr/oIlL + \\dtVm\lN-i + E 11^*^(0) ll4Ar-2m/2 ' (2-5-9) 

i=2 

with the sum in (2.5.9) only including the first term when j = and only the first two terms 
when j — 1. For j = we write (^{u,p) :— \\uQ\\1j^f, and for j' = 1, . . . , 2A'" we write 

eiiu,p) := J2 \\d'MO)\L_,, + E 11^*^^(0)11^-2,-1 • (2-5-10) 

The following lemma records more refined versions of the estimates (2.4.76) and (2.4.85) 
as well as some other related estimates that are useful in dealing with the initial data. 

Lemma 2.5.2. For F^{u,r]) and F^{u,r]) defined by (2.5.1) and j = 0, . . . ,2N — 1, it holds 
that 

di{F\u,ri),F'{u,r,)) < P,{^i^\r^),^,{u,p)) (2.5.11) 

for Pj{-,-) 0, polynomial so that Pj{0, 0) = 0. 

Forj = l,...,2N-l let F^'^{0) and F^'^{0) be determined by (2.4.68) and (2.5.1), using 
dfr]{0), d^u{0), and d^p{0) for appropriate values of £. Then 

ll^"^(0)|| W2 + ll^''^(0)llL-2,-3/2 < ml^'iv), ^i{u,p)) (2.5.12) 



64 



for Pj{-, •) a polynomial so that Pj{0, 0) = 0. 
For j = 0, . . . , 2N it holds that 



\d{u{0) - D{u{0)\\' < Pji^Biiv), ^i{u,p)) (2.5.13) 



for Pj{-, •) a polynomial so that Pj{0, 0) = 0. 
Forj = l,...,2N-lit holds that 



J2 ( ^ j WO) • dl-'u{0) < PA^M, ^i{u,p)) (2.5.14) 

for Pj{-, ■) a polynomial so that Pj{0, 0) = 0. Also, 

+ ll^o|l4iv (2-5.15) 

Proof. These bounds may be derived by arguing as in the proof of Lemma 2.4.4. As such, 
we again omit the details. □ 

This lemma allows us to modify the construction presented after Lemma 2.4.6 to construct 
ah of the initial data <9/m(0), d{r]{0) for j = 0, . . . , 2N and d{p{0) for j = 0, . . . , 2iV - 1. 
Along the way we will also derive estimates of (Bq{u,p) + So(^) in terms of Sq and determine 
the compatibility conditions for Mo,^ necessary for existence of solutions to (1.1.27). 

We assume that uo,r]o satisfy Tq < oo and that ||%|l47v-i/2 ^ < 1 is sufficiently small 
for the hypothesis of Proposition 2.3.9 to hold when k = 4N. As before, wc will itcrativcly 
construct the initial data, but this time we will use the estimates in Lemma 2.5.2. Define 
dtTfif)) = Mq-A/q, where Uq E i7^^~^/^(S) when traced onto S, and Aq is determined in terms 
of r/o- Estimate (2.5.15) implies that ||f?t?7(0)||4jY_;^ < So, and hence that Co(m,p) + '£o(^) ~ ^o- 
We may use this bound in (2.5.11) with j = to find that 

d'oiF\u,r]),F%u,r])) < Po(eJ(^), €[J(tx,p)) < P{So) (2.5.16) 

for a polynomial P(-) so that P(0) = 0. Note that in this estimate and in the estimates 
below, we employ a convention with polynomials of Sq similar to the one we employ with 
constants: they are allowed to change from line to hne, but they always satisfy P(0) = 0. 

Suppose now that j e [0, 2A^ — 2] and that dfu{0) are known for £ = 0, . . . , j, d^r]{0) are 
known for £ = 0, . . . , j + 1, and dfp{0) are known for £ = 0, . . . , j — 1 (with the understanding 
that nothing is known of p(0) when j — 0), and that 

ei{u,p) + ei-'\rj)+di{F\u,r]),F'{u,r])) < P{£o). (2.5.17) 

According to the estimates (2.5.12) and (2.5.13), we then know that 

\\F''AO)C_,,_, + ||i^^'^(0)||L_,,_3/, + \\DHO)\t_,^ < P{Eo). (2.5.18) 
By virtue of estimates (2.4.87) and (2.5.17), we know that 

+ llf (F^'^(0),i^^(0))||^^_,._,/, < P{Eo). (2.5.19) 
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This allows us to define a^p(O) as the solution to (2.3.43) with f, f, f given by f^ f , f . 
Then Proposition 2.3.9 with k — AN and r = 4A'" — 2j — 1 < k implies that 

II^MO)||L-2,-i<^(^o). (2.5.20) 
Now the estimates (2.4.86), (2.5.17), and (2.5.18) allow us to define 

Di+\{0) := C5°(F^'^(0), Dlu{0), 5^p(0)) G H*^-^^-^, (2.5.21) 
and owing to (2.5.13), we have the estimate 

ll^'^'«(0)|lL-20>i)<^(^o). (2.5.22) 

Now we define di'^^vi^) = ES (i)^t-A^(O) • di~\{Q). The estimate (2.5.15), together with 
(2.5.17) and (2.5.22) then imply that 

ll^'^'^(0)|lL-20M-2H3/2<^(^o). (2.5.23) 

We may combine (2.5.17) with (2.5.20)-(2.5.23) to deduce that 

€i^\u,p) + e,^\r]) < P{So), (2.5.24) 

but then (2.5.11) implies that ^i'^^{F^{u,r)), F^{u,r])) < P{£o) as well, and we deduce that 
the bound (2.5.17) also holds with j replaced by j + 1. 

Using the above analysis, we may iterate from j = 0, . . . , 2N — 2 to deduce that 

(Bl''-\u,p) + er(v)+dl''-\F\u,rj),F\u,rj)) < P{£o). (2.5.25) 

After this iteration, it remains only to define d^^~^p{0) and D^^u{0). In order to do this, 
we must first impose the compatibility conditions on uq and 770. These are the same as in 
(2.4.90), but because now the temporal derivatives of 77 have been constructed as well, we 
restate them in a slightly different way. Let c^m(O), F^'-^(O), F^'-'(O) for j = 0, . . . , 2A'" — 1, 
9^77(0) for j = 0, . . . , 2N, and dlp{0) for j = 0, . . . , 2N — 2 be constructed in terms of 770, uq as 
above. Let IIo be the projection defined in terms of r/o as in (2.4.14) and Dt be the operator 
defined by (2.4.12). We say that mo,?7o satisfy the {2Ny^ order compatibility conditions if 

'div^o(^MO)) = in^^ 

Di'?i(0) = on Si (2.5.26) 

_no(F3.^(0) + Ji^,Dlu{Q)No) = on E 

for j = 0, . . . , 2N — 1. Note that if Mq, r^o satisfy (2.5.26), then the order compatibihty 
condition (2.4.90) is satisfied for j = 0, . . . , 2A^ - 1. 

Now we define d'^^~^p{Q) and D^^u{0). We use the compatibility conditions (2.5.26) and 
argue as above and in the derivation of (2.4.88) in Lemma 2.4.6 to estimate 

'^{F'''^-\0),Dr-M0my, + \\f{F'''''-\0),Dr-Mm\-y2 < n^o) (2.5.27) 
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and 

WF^'^'^-'ml + WdiYAoiRmr-'umwl < pi^o). (2.5.28) 

We then define d^^-^p{0) E as a weak solution to (2.3.43) in the sense of (2.3.49) with 
this choice of p = f, f = f, go = -divAo{R{0)D^^-^u{0)), and G = -F^^^^-\0). The 
estimate (2.3.46), when combined with (2.5.27)-(2.5.28), allows us to deduce that 

\\dr-MO)\\l<Pi^o). (2.5.29) 

Then wc set D^^u{0) = (5\F^''^^-\0), D^^-\{0), d'^^-^p{0)), employing (2.4.86) to see 
that D"^^ e H^. In fact, the construction of ^^^^-^(0) guarantees that D^^u{Q) e 3^(0). 
Arguing as before, we also have the estimate 

prmWUPi^o) (2.5.30) 

This completes the construction of the initial data, but we will record a form of the estimates 
(2.5.25), (2.5.29)-(2.5.30) in the following proposition. 

Proposition 2.5.3. Suppose that Uo,tio satisfy J-q < oo and that So < 1 is sufficiently 
small for the hypothesis of Proposition 2.3.9 to hold when k = AN. Let &lu{0), dlrjiOi) for 
j — 0, . . . , 2N and dlp{0) for j — 0, . . . , 2N — 1 be given as above. Then 

So<eo{u,p) + eo{v)<Eo (2.5.31) 

Proof. The first inequality in (2.5.31) is trivial. Summing (2.5.25) and (2.5.29)-(2.5.30) 

yields the estimate <Bo{u,p) + ^o{v) ^ P{^o) for a polynomial P satisfying P(0) = 0. Since 
Sq < 1, we have that P{Sq) < £q, and the last inequality in (2.5.31) follows directly. □ 



2.5.3 Transport problem 

Thus far we have considered solving for {u,p), given rj. Now we discuss how to solve for rj, 
given u (more precisely, its trace on E). We do so by considering the transport problem 

(9f?7 + uidiT] + U2d27] = Us in 
7]{0) = rjo- 

We now state a well-posedness theory for (2.5.32) involving the quantities So, J^o, ^2Niu), 
A{ri) as defined by (2.5.6), (2.5.2), (2.4.71), respectively. We will also need one more quantity, 
which we write as 

^iv) ||?7||iooj:^4iV+l/2 . (2.5.33) 

Theorem 2.5.4. Suppose that uo,r]Q satisfy J-q < oo and that €o{r]) < 1 is sufficiently 
small for the hypothesis of Proposition 2.3.9 to hold when k — AN. Let 9/r^(0), 9/m(0) for 
j — 1, . . . , 2N be defined in terms of Uq, rjo as in Section 2.5.2 and suppose that u satisfies 
^2n{u) < 1 and achieves the initial conditions d^uifS) for j = 0, . . . , 2N . Then the problem 
(2.5.32) admits a unique solution rj that satisfies J-{r)) + ^{rj) < oo and achieves the initial 
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data ^77(0) for j = 0, . . . , 2A'". Moreover, there exists a < T < 1, depending on N, so that 
ifO<T< Tmin{l, then we have the estimates 

J'iv)<J'o + T^2Niu), (2.5.34) 

e{ri)<So + T^2N{u), (2.5.35) 
S)(?7) <£o + TTo + A2n{u). (2.5.36) 

Proof. The proof proceeds through three steps. We first estabhsh the solvabihty of problem 
(2.5.32), then we estabhsh the L°°H'^ estimates needed to bound €(77) as in (2.5.35), and 
then we handle the L^H^ estimates for the terms in 2) (77) to derive (2.5.36). Summing the 
bounds (2.5.35) and (2.5.36) shows that ^{rj) < 00. 
Step 1 - Solving the transport equation 

The assumptions on u imply, via trace theory, that u e L^([0, T]; i7^-'^+^/^(E)), which 
allows us to employ the a priori estimates for solutions of the transport equation derived 
in [10] (more specifically. Proposition 2.1 with p = p2 = r = 2, a = 4N + 1/2). Although 
the well-posedness of (2.5.32) is not proved in [10], it can be deduced from the a priori 
estimates in a standard way; full details are provided in Theorem 3.3.1 of the unpublished 
note [11]. The result is that (2.5.32) admits a unique solution 77 e C°([0, T]; ii'^^+V2(s)) 
with 77(0) =770 that satisfies the estimate 

||77||^ooii-4JV+l/2 < eXp J \\u{t)\\jj4N+l/2(j:)d?j (^\/lo + J \\U3{t)\\ff4N+l/2^^)dt^ 

(2.5.37) 

for C > 0. By trace theory, we have ||ii(t)||^4jv+i/2(s) ^ ■\/^2n{u), so that the Cauchy- 
Schwarz inequality implies C ||ii(t)||^4Ar+i/2(s) 

dt < Vfy/A2N{u) < Vf, and hence that 
exp(^cj^ \\u{t)\\jj4N+i/2^j:)dt^ <2 (2.5.38) 
for T < T with f <1 sufficiently small. We deduce from (2.5.37) and (2.5.38) that 



< 2(\/^ + VT^2Niu)), (2.5.39) 

from which (2.5.34) easily follows. 
Step 2 - Bounding (£(77) 

Proposition 2.1 of [10] also implies the a priori estimate 

LooH^N < exp (c \\u{t)\\jj4N+i/2^^) dt^ (^WVoWan + ll«3(^)||j/4jv(s) dt 

<{^/^+^/T%Muj), (2.5.40) 

where we have used the smallness of T, trace theory, and Cauchy-Schwarz as above. Since 
dtfj satisfies dtrj = U3 — Drj ■ u and ^2Niu) < 00, we know that dtfj is temporally differentiable 
and satisfies dt{dtri)+u- D^dtVj) = dtu^ — dtu- Drj with initial condition dtri{0) = Uq-Mq, which 
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matches the initial data constructed in terms of Uo,r)o- We may again apply Proposition 2.1 
of [10] and then use (2.5.40) to find 

+ \\dtu ■ Drj\\H4N-2^^s) ) 

<ll^t^(0)||4iV-2 + (l+ll ) / \\9tu\\H4N-2^^) < V^oiv) 

Jo 

<P{V^, VT^2n{u)) (2.5.41) 

for a polynomial P{-, ■) with P(0, 0) = 0. A straightforward modification of this argument 
allows us to iterate to obtain, for j = 1, ■ ■ ■ , 2A^, the estimate 



< P{y/e^, VT^2n{u)) (2.5.42) 

for P{-,-) a polynomial with P(0,0) = 0. We also find that the initial data dlr]{0) is 
achieved for j = 0, . . . , 2N. Squaring (2.5.40) and (2.5.42) and summing, we deduce that 
^iv) < Pi<Bo{v),T^2Niu)) for another polynomial with P(0,0) = 0. Since (Bo{r]) < 1 and 
T^2n{u) < T^2n{u) < 1, we then have that 

(E{v)<^o{v)+Tn2N{u), (2.5.43) 

which yields (2.5.35) when combined with Proposition 2.5.3. 
Step 3 - Bounding D{ri) 

Now we control the terms in D{rj). Prom (2.5.39), Cauchy-Schwarz, and the fact that 
T < 1, we see that 



hllL2^4iv+i/2 < Vf^/J^ < 2( + (2.5.44) 

We may then use the equation (2.5.32), trace theory, the fact that i7^-^~^/^(E) is an algebra, 
and estimate (2.5.44) to bound 

11^*^71^2^4^-1/2 ^ \\Us\\j^2HiN-l/2 + ||li||^cx:,^4JV-l/2 1 1 ?7 1 1 ^2 J^4Ar+l/2 

< V^2n(u)(1 + V^Jo + V^2n{u)) < PiVfTo, V^2n(u)) (2.5.45) 

for P a polynomial with P(0, 0) = 0. We argue similarly (employing (2.5.45) along the way) 
to find that 

ll^t ^IL2j:^4JV-3/2 ^ 1 1 t^tlfS 1 1 L2^4JV-l/2 + 1 1 1 1 £,00 j:^4JV-l/2 \\dtU\\ HiN-3/2 
+ ll^t^llL2if4iV-l/2 ||li||^tx.Jf4JV-3/2 

+ ||^t^||L2^^4iV-l/2) 

< V^2n{u){1 + y^ + P(y/T%, V^2n{u))) < P(A/rJo, V^2n{u), v^) (2.5.46) 

for a polynomial P with P(0, 0, 0) = 0. Iterating this argument for j = 2, . . . , 2N + 1 then 
yields the inequalities 

i2jy4iV-2j+5/2 

< PiVr^o, V^2Niu), (2.5.47) 
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for a polynomial with P(0, 0, 0) = 0. We may then square and sum (2.5.44)-(2.5.47) to 
find that D{r]) < P{TJ'o,^2n{u),^{v)), but then (2.5.43) and the bound T < 1 imply 
that D{ri) < P{TJ^q, ^2Niu), fBo{ri)) for another P. By assumption, TJ^q < T < 1, and 
^2n{u), ^o{v) < 1 as well; hence 

^iv) < TTo + ^2n{u) + €0(77), (2.5.48) 
which provides the estimate (2.5.36) when combined with Proposition 2.5.3. 

□ 



2.5.4 An extension result 

In our nonlinear well-posedness argument we will need to be able to take the initial data 
dfu{0), j — 0,. . . , 2N, constructed in Section 2.5.2 and extend it to a function u satisfying 
^2n{u) < ^q{u, 0). This extension is the content of the following lemma. 



Lemma 2.5.5. Suppose that diu{0) e H^^-^^{n) for j = 0,...,2N. Then there ex- 
ists an extension u, achieving the initial data, so that d^u e L^([0, 00); if^^~^-'"'"^(Q)) fl 
L~([0, 00); H^^-^^iVl)) forj^O,..., 2N. Moreover ^2n{u) < ^o{u, 0), where in the defini- 
tion of ^2n{u) we take T — 00. 

Proof. Owing to the usual theory of extensions and restrictions in Sobolev spaces, it suffices 
to prove the result with fl replaced by in the non-periodic case and {LiT) x (L2T) x R in 
the periodic case. The proof in the periodic case can be derived from the non-periodic proof 
by trivially changing some integrals over frequencies to sums. As such, we present only the 
proof in R^. 

Let fj e //^^-2J(M3) denote the extension oidiu{0) e H'^^-^^iQ). It suffices to construct 
Fj{x, t) for J = 0, ... , 2A'" so that d^Fj{x, 0) = 5j^kfj{x) {Sj^k is the Kronecker delta) and 



\d''F\\ 

I * J 1 1 L2jj4N-2k+l 



■Fj\\LooH4N-2k ^11/: 



n\4n-2j 



(2.5.49) 



for k — 0, . . . ,2N. Indeed, with such Fj in hand, the sum F — X]^=o desired 
extension. Note that in the norms of (2.5.49) the symbol LpH"" denotes L*'([0, 00); H'^{R^)). 

Let cpj e C^C^) be such that V'f ^(0) = Sj^k for k = 0, . . . ,2N (here (k) is the number 
of derivatives). We then define Fj{$,,t) — ¥'j(^(0^)/j(0(0~^^> where ^ denotes the Fourier 

transform and = ^l + lel'- By construction, dj^Fj{U) = V'f (^(e)')/,(0(e)'^'-^'^ so 
that dfF{-, 0) = Sj^kfj- We estimate 



AN-2k 



2{AN-2k) 



(fc) 



II/: 



(2.5.50) 



J\\4:N-2j 
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so that \\dj^Fj\\l^jj^^_^^ < \\fj\\lj^_^j ■ Similarly, 



\ t 3 \ \l,2fj4,N-2k+l 



Jr^ 

oo 



(0 



2(4Ar-2fc+l) 



Jo Jr 

[ m\o 



2{4N-2j+l) 



m (0 



2{4N-2j+l) 



iO' Jo 



/•oo 




Jo 





(k) 



L2 



2{4N-2j) 



2 \ 
dr J d^ 

2 2 

^2 ll/?H4iV-2j 



(2.5.51) 



so that ||i9^*^-Fj ||^2j:^4]v-2fe+i ^ ll/ill4Ar-2j • Note that in (2.5.51), we have used Fubini's theorem 
to switch the order of integration; this is possible since (/? is compactly supported. We then 
have that Fj satisfies the desired properties, completing the proof. 

□ 



2.6 Local well-posedness of the nonlinear problem 
2.6.1 Sequence of approximate solutions 

In order to construct the solution to (1.1.27), we will pass to the limit in a sequence of 
approximate solutions. The construction of this sequence is the content of our next result. 

Theorem 2.6.1. Assume the initial data are given as in Section 2.5.2 and satisfy the {2Ny^ 
compatibility conditions (2.5.26). There exist < 5 < 1 and < T < 1 so that if So < 
5, Tq < oo, and < T < To :— Tmin{l, 1/J^o}? then there exists an infinite sequence 
{{u^ , , r)"^)}'^=i with the following three properties. First, for m > 1 it holds that 



div^™ m'^+i = inQ 
Sa^ (p'"+^ u"'+^)Af"' = 7]""^"" on S 

= on S 



(2.6.1) 



b 



and 

dtri"'+^ = ■ Ar™+i on S, (2.6.2) 

where A"\N'"\K™' are given in terms of t]"^ . Second, {u"\p"^,ri"^) achieve the initial data 
for each m > 1, i.e. (^■u™'(0) = c^'u(O) and dlr]"^{0) = dlr]{0) for j = 0,...,2N, while 
dlp"^{0) = dtp{0) for j = 0, . . . , 2N — 1. Third, for each m > 1 we have the estimates 

^{r)'^) + ^{u'^,p"') < C{So + TJ^o), and F{rr) < C{Fo + <^^o + TFo) (2.6.3) 

for a universal constant C > 0. 
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Proof. We divide the proof into three steps. First, we construct an initial pair rf) 
that will be used as a starting point for constructing (-u"^, p"*, 77™) for m > 1. Second, we 
prove that if {u"^,p"\ri"^) arc known and satisfy certain estimates, then we can construct 
^^m+i^^m+i^ ^m+ij_ Third, we combine the first two steps in an appropriate way to iteratively 
construct all of the {u"^,p"^, rf^). Throughout the proof we will need to explicitly enumerate 
the various constants appearing in estimates where previously we have written <. We do so 
with Ci,...,C9 > 0. 

Before proceeding to the steps, we define some terms and make some assumptions. Let 
5i > be such that if .^(77) < 5i, then the hypotheses of Theorem 2.4.7 are satisfied. Similarly, 
let (^2 > be the constant such that if (£o(r/) < ^2, then the hypotheses of Theorem 2.5.4 are 
satisfied. We assume that 5 is sufficiently small so that £q < 5 satisfies the hypotheses of 
Proposition 2.5.3, and so that (using the estimate (2.5.31)) 

£0(77) + (to{u,p) < CiSo < Ci5 < min{l, 82}. (2.6.4) 

This allows us to use (2.5.11) of Lemma 2.5.2 with j = 2N — 1 to bound 

do{F\u,r]),F\u,7j)) < C2S0. (2.6.5) 

Step 1 - Seeding the sequence 

We begin by extending the initial data (?/-u(0) G H^^^'^^{Vt) to a time-dependent function 
so that dju^{0) = (^m(O). We do so by applying Lemma 2.5.5. Although this produces a 
w° defined on the time interval [0, cxd), we may restrict to [0, T] without increasing any of the 
space-time norms in ^2n{u'^)- We may combine the estimate of ^2n{u'^) provided by Lemma 
2.5.5 with (2.6.4) to bound 

^2n{u') < C,U (2.6.6) 

With in hand, we define as the solution to (2.5.32) with replacing u. To do so, 
we apply Theorem 2.5.4, the hypotheses of which arc satisfied by virtue of (2.6.4) and (2.6.6) 
if we further restrict to C^5 < 1. Restricting T as in the theorem, we find our solution yf, 
which satisfies dlr]^{0) — dlr}{0) as well as the estimates 

nv')<C,{J'o + T^i2N{u')) 

S(r?°)<C5(^o + mjv(w°)) (2.6.7) 
^iv') < Ce{£o + TTo + ^2n{u')). 
Step 2 - The iteration argument 

We claim that there exist 71, 72, 73, 74 > and < 6, T < 1 (both depending on the 7^) 
so that a S < S and T <T, then the following property is satisfied. If {vJ^, rf^) are known 
and satisfy the estimates 



<B{rin < 71(^0 + TJo), S(r7"^) < 72(^0 + TJo), 
^2n{u^) < 73(^^0 + TJ-o), F{r^^) < C4J-0 + 74(^^0 + TJo), 



(2.6.8) 



then there exists a unique triple (^^'"+1^^™-+!^ 7^™-+!) that achieves the initial data, satisfies 
(2.6.1) and (2.6.2), and obeys the estimates 

m"^') < lii^o + TTo), 2)(77-+i) < 72(^0 + TJ-o), 
J^(m'"+\p™+1) < 73(^0 + TJ-q), ^(77"^+^) < QT-Q + 74(^0 + TJ-q). ^ ■ ■ ^ 
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To prove the claim, we will first use r]"^ to solve for {u^'^^ , p^'^^) , and then we will use the 
resulting u'^'^^ to solve for Along the way, we will restrict the size of S and T in terms 

of 7j, i = 1, 2, 3, 4. We will define the 7^ in terms of the Cj, so the 6 and T can be thought of 
as universal constants. Note that the estimates of (2.6.9) are stronger than those of (2.6.8) 
since ^2n{u'^~^^) < A{u'^~^^,p'^^^). This asymmetry is useful to us since in Step 1 we have 
not bothered to construct so only (ii°, 77°) are available to begin the iterative construction 
of {(m™,p™,77'")}^^i. 

We assume initially that 

5,T<lmin|^^^^^,lj, (2.6.10) 



2 I (71 + 72) ' 73 , 

so that (2.6.8) implies that ^2n{u^) < 1 and 

^{ri"') = (E{ri^) + 2)(r/™) < (71 + ^^W, + T,F^) < mm{S,, 1}, (2.6.11) 

the latter of which allows us to use Theorem 2.4.7 to produce a unique pair [u"^~^^ , p"^~^^) 
that achieves the desired initial data and satisfies (2.6.1). Moreover, from (2.4.96) and 
(2.6.4)-(2.6.5), we have the estimate 

^{u"'+\p"'+') < C^il + £0 + ^iv"")) exp {Cs{l + e{rf))T) x 

[{l + C2)£^ + ^{F\u^,r^^),F\u^,r^^))\ . (2.6.12) 

Assume that 2fCs < log2; then 

C7(l + £0 + ^{rT)) exp (C8(l + <t{rr))T) < 3CTexp{2Csf) < 6C7. (2.6.13) 
On the other hand, we can use our bounds on r^"*, in Lemma 2.5.1 to see that 

5(F^(«"^,r7"^),F3(«-,r7-)) < C9 [3^(77") + 2J^(r7™)i^27v(M") + (i^2iv(M™))'] • (2.6.14) 
Combining (2.6.12)-(2.6.14) with (2.6.8) then shows that 

^{u^+\p^+') < 6C7 [(1 + C2)£o + 3Cg-f,i£o + TJo) 

+2^973(71 + 72)(^o + TTo)^ + Cg^liSo + TJ^of] . (2.6.15) 

We have now enumerated all of the constants Cj, i = 1, . . . , 9, that we need to define the 
7j, i = 1, . . . , 4. We choose the vahics of the 7^ according to 

71 := 2C5, 73 := QCr{3 + C2 + 3C,'y,) + C3, ^ 
74 := C4, 72 := Cei^ + 73)- 

Notice that even though we have used 71 to define 73 and 73 to define 72, all of the 7^ are 
determined in terms of the constants Q. 

Now we will use the choice of the ji in (2.6.16) to derive the ^{u"^~^^ , p"^~^^) estimate of 
(2.6.9) from (2.6.15). To do this, we further restrict 



5,f<^min|— — .,7T-^\- (2.6.17) 

2 l2C973(7i + 72)'C97| ' 
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Then since Eq + TJFq < 6 + f, we may use (2.6.15) to bound 

< 6Cr{3 + C2 + 3C97i)(£o + TJ^o) < 73(^0 + T^o)- (2.6.18) 

Now we construct 7/^"+^ Recall that 5,T < 1/(273); this and (2.6.18) then yield the 
bound ^2n{u"^~^^) < 1. This estimate then allows us to apply Theorem 2.5.4 to find r^™"^^ 
that solves (2.6.2) and achieves the initial data. Estimates (2.5.34)-(2.5.36) of the theorem, 
together with (2.6.18) and the bound T073 < T73 < 1, imply that 

J-(r7™+i) < CiTo + T,R2n{u^^')) < C^Fo + C,{£, + TF^) 

^(r^^+i) < ^5(^0 + T^^2n{u^^^)) < 205(80 + TJ-q) (2.6.19) 
S)(7y"^+^) < CeiSo + TJ^o + i^2iv(H"^+')) < ^(1 + 73)(^o + TJ^o)- 

Using the definitions of the 7^ given in (2.6.16), we see from (2.6.19) that the 77"^+-*^ estimates 
of (2.6.9) hold. Then, owing to (2.6.18), all of the estimates in (2.6.9) hold, which completes 
the proof of the claim. 

Step 3 - Construction of the full sequence 

We assume that 71,72,73,74 are given by (2.6.16) and that 6 and T are as small as in 
Step 2. We assume that S < S and T < T in addition to the other restrictions on their 
size made in Step 1 and before. Returning to (2.6.6), note that C3 < 73, which means 
that ^2Niu'^) < 73(^0 + TJ^o). We can also combine (2.6.6) and (2.6.7) and further restrict 
r < I/C3 to deduce that 

•F(?7°) < C^J'o + nCsC^So < C4J0 + 74(^^0 + TTo) 

C(77°) < C5(l + ToC3)So < 2C5S0 < + TTo) (2.6.20) 
S)(r7°) < Ce(So + TTo + CsSo) < Ce(l + Cs)(So + TJo) < 72(^^0 + TTo)- 

Note that in the last inequality we have used the fact that C3 < 73 to bound Cg{1 + C3) < 
Cq{1 + 73) = 72. We are then free to use the pair {u'^,r]^) as the starting point in Step 2, 
which allows us to construct {u^,p^,ri^) satisfying the desired PDE and initial conditions, 
along with the estimates 

^iv') < liiSo + TTo), ^iv') < 72(^0 + TJ-o), g 
^{u\p') < 73(^0 + TJ-q), J^iv') < C^To + 74(^0 + TJ-o). ^ ■ ■ ^ 

We then iterate from m = 1, . . . , 00, using (-u™", 77™") and Step 2 to produce the next element 
of the sequence, (m™"'"^,^'""'"^, 77™+^), which satisfies (2.6.9). All of the conclusions of the 
theorem follow. 

□ 



2.6.2 Contraction 

While the estimates (2.6.3) of Theorem 2.6.1 will allow us to extract weak hmits from the 
sequence {(it"^,p"*, 77"*)}^=!, weak convergence of a subsequence is not enough to allow us to 
pass to the hmit in (2.6.1)-(2.6.2) in order to produce the desired solution to (1.1.27). We 
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are thus led to study the strong convergence of the sequence, and in particular to consider 

its contraction in some norm. 

We now define the norms in which we will show the sequence contracts. For T > we 
define 

'n{v,q;T) = ||t'||iooj^2 + ||'y||L2j^3 + WdtvWUno + 11^*^11 

m;T) = iiciiioc^5/2 + ii9,ciiioc^3/2 + puwIh^;. , 

where we write LpR'' for Lp{[0,T]; H''{n)) in 01 and Lp{[0,T]; H''{E)) in 9Jt. 

The next result provides a comparison of for pairs of solutions to problems of the 
form (2.6.1)-(2.6.2). We will use it later in Theorem 2.6.3 to show that the sequence of 

approximate solutions contracts, but we will also use it to prove the uniqueness of solutions to 
(1.1.27). In order to avoid confusion with the sequence {{u"\ p"^ , r]"^)} , we refer to velocities 
as , , pressures as , and surface functions as for j = 1, 2. 

Theorem 2.6.2. Letw^,w'^, v^,v'^, q^,q^, andC},C,'^ satisfy 

sup {£(C^), e(C'), <E{v\ q'), (B{v', (B{w\ 0), iB{w', 0)}<e, (2.6.23) 

where the temporal L°° norms in € are computed over the interval [0, T] with <T. Suppose 
that for j = 1,2, 

dtv^ - A^jv^ + Vj^jq^ = dtC^bKWaw^ - ■ V j^m^ in Q, 
div^j = m 

SAj{q^,v^)J\f^ ^C^Af^ onE (2.6.24) 

— on Eb, 

dtC^ = ■ on E, 

where , ,J\f^ are determined by as usual. Further suppose that d^v^{0) = d^v'^{0) for 
k^O,l, CHO) = C'(0), andq\0) = q'{0). 

Then there exist £i > 0, 71 > so that if e < e\ and < T < Ti, then 

m{v^ - v\ q^ - q^] T) < \'^{w^ - w\ 0; T) (2.6.25) 

and 

m{c^ - T) < 2m{w^ - w^ o; t). (2.6.26) 

Proof. The proof proceeds through six steps. First, we define v = — v"^ , w = — w"^, 
q = q^ — q^, and derive the PDEs satisfied by v, q. We also identify the energy evolution for 
some norms of dtv, dtq. Second, we bound various forcing terms that appear in the energy 
evolution and on the right side of the PDEs for v, q. Third, we prove some bounds for dfV, dtq, 
using the energy evolution equation. Fourth, we use elliptic estimates to bound norms of 
V, q. Fifth, we derive estimates for — in terms of w. Sixth, we close the estimate to 
derive the contraction estimates (2.6.25), (2.6.26). 
Step 1 - PDEs and energy evolution for differences 
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We now derive the PDE satisfied by v, q, which are defined above. We subtract the 
equations in (2.6.24) with j = 2 from the same equations with j = 1. With the help of some 
simple algebra, we can write the resulting equations in terms of v,q: 

dtv - A_Aiv + V^ig = div^i (D(^i_^2)ti2) + in Q 
div^i V = in Q 

Sa^ {q, v)U^ = D(^i_^2)v + on E (2.6.27) 
V = Q on Eft 
yv{t = Q) = Q, 

where H^,H'^, are defined by 

= div(^i_^2)(D^2^;2) - (^1 - ^2)vg2 

+ dtC,^hK\d^w^ - dsw^) + {dtC^ - dtC'')bK'dsw^ + dtC'b{K^ - K'')d^w'' 

- {w^ - w^) ■ V^iw^ - • V^i(w^ - w^) - w"^ ■ V(^i_^2)m;^ (2.6.28) 

= - div(^i_^2) (2.6.29) 

= -q^{U^ - J^T) + ^iA^v\U^ - J^) - D(^i_^2)t;2(Ari - A^^) 

+ (C - C')^' + C'(^' - ^')- (2.6.30) 

The solutions are sufficiently regular for us to differentiate (2.6.27) in time, which results 
in the equations 

dt{dtv) - A^i{dtv) + V^i(9t?) = div^i(D(a^^i_a^^2)'t;2) + in Q 
div^i dtV — H"^ in Q 

>S^i(9tg, dtv)U^ = ^(ckA^-d,A^)v''U^ + on E (2.6.31) 
dtV — on Eft 

where H^, H'^, and are given by 

= dtH^ + div9,^i(D(^i_^2)^;2) + div^i (D(^i_^2)9tt;2) 

+ div9,^i(D^i^;) + div^i(D9,^i^;) - (2.6.32) 

= dtH^ - diva^^i v, (2.6.33) 

= dtH^ + D(^i_^2)9t?;W^ + D(^i_^2)t.2atAri - S_ai (g, v)dtM^ + ^thj,ivM\ (2.6.34) 

Now we multiply (2.6.31) by J^dtV, integrate over fl, and integrate by parts as in the 
proof of Theorem 2.4.3 to deduce the evolution equation 



\dtv\ 



2 ^-4 



2 Tl 



\B^idtv\'J 



\dtv\ 



Jo, 

+ I J'(diyAima,A^-du^)V^) + H^)-dtv 

{p{^tA^-ckA^)V^^f^ + H^) ■ dtV. (2.6.35) 
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Another integration by parts reveals that 



n ^ Jn 



+ ^(dtA^-dtA^)V^J^^ ■ dtv. (2.6.36) 



We then employ (2.6.36) to rewrite (2.6.35), and then we integrate in time from to i < T; 
since dtv{t = 0) = 0, we arrive at the equation 



2 2 Jo Jn 



\dtv\ 



idtJ'K')j' 



Jn 



+ 



[ [ j\H'-dtV + H'dtq)-l- [ [ J'B^9,A^_a^A^^v^:B^rdtV- [ [ ■ dtV. 
Jo Jn ^ Jo Jn Jo Jt. 

(2.6.37) 



Step 2 - Estimates of the forcing terms 

In order for the equation (2.6.37) to be useful, we must be able to estimate the terms 
that appear on its right. To this end, we now derive estimates for H^,H'^,dtH^ in H^{Q) 
and in i7~^/^(E). We claim that the following estimates hold; in each we have written 
P(-) for a polynomial so that P(0) = 0. 



+ \\w^ - w\ + \\dtw^ - dtw\ + \\v\\^ + (2.6.38) 



1/2 



(2.6.39) 



< Pivs) [ we - ci V2 + W9tC - dtc%, + Wdk' - du%, 

+ ll^^lli + ll^t^^lli (2-6.40) 



-1/2 



< p(Vi) [lie' - c%, + WdtC - 9tCli/2 + 11^112 + hWi 



1/2 



+ W^tC - dteW-1/2 (2-6-41) 



According to the definitions (2.6.32)-(2.6.34), all of the summands in H^. , dtH"^ are 
quadratic, of the form X x Y, where Y is one of v, q, dl(^ — dl(^ for j = 0,1,2, or 
dfw^ — dlw'^ for j = 0, 1. The bounds (2.6.38)-(2.6.40) may be established by estimating the 
products X X Y with Lemmas A. 1.1, A. 4.1, A. 5.1, A. 5. 2, and A. 6.1 and the usual Sobolev 
and trace embeddings; the appearance of the terms P(v^) is due to the X terms, whose 
appropriate Sobolev norm may be bounded above by a polynomial in 



Vsup {€{0: ^iC): (B{v\ gi), e{v\ q^), €{w\ 0), e{w\ 0)} < x/i. 



(2.6.42) 
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The estimate (2.6.41) follows similarly by using (A. 1.3) of Lemma A. 1.1, except that has 

a single term, namely {dtC^ — dtC^)e-i, that is not quadratic and that causes the last term on 
the right side of (2.6.41) to not be multiplied by P{^/s). The same sort of argument also 
allows us to deduce the bound 



\B^9,A^_s^A^)v\ < P{^e) \\\C - + \\dtC - dtC 



1 1/2 



(2.6.43) 



We will eventually employ an elliptic estimate with (2.6.27), so we will also need estimates 
of H^, H^, and the two other terms appearing on the right side of (2.6.27). The following 
estimates hold for r — 0,1 (again P denotes a polynomial with P(0) — 0): 



r-1/2 



w 



\r+l 



\r+l 



<piv^)\\e-c' 



lr+l/2 



H- 

<p{v^)\\e-c 



lr+3/2 



|div^i(D(^i_^2)'t;^ 



r+3/2 IK ^ 

<p(v^)||c^-c ■ 



r+1/2 
r+1/2 



r+1/2 



<p{v~e)\\e-e 



I r+3/2 



(2.6.44) 

(2.6.45) 
(2.6.46) 
(2.6.47) 
(2.6.48) 



The proof of (2.6.44)-(2.6.48) may be carried out in the same manner we used above to 
prove (2.6.38)-(2.6.41). 

Step 3 - Estimates of dfV from (2.6.37) 

Now we employ the estimates of the forcing terms from the previous step in (2.6.37) 
in order to deduce estimates for dtv. First we note that, owing to (2.6.42) and Sobolev 
embeddings, we can bound 



k'll.oc + ll^i.oc < 1 + P{V^) and UJ'L^^ < P(Vi) 



(2.6.49) 



for P a polynomial with P(0) = 0. 

Because of the time derivative on q, the most delicate term in (2.6.37) is the product 
J^H^dtq. To handle it we integrate by parts in time and use the fact that q{0) = to see 
that 



f [ j'H'dtq = f k [ J'qH' - f d^j'qH^ + j'qdtH^ 
Jo Jn Jo I Jn Jn 



a, 



dtJ'qH^ + J'qdtH' 



I 

Jq 



Jn 



J^qH\t)- [ [ dtJ^qH^ + J^qdtH^. (2.6.50) 
iQ Jo Jn 

This, (2.6.49), and the estimates (2.6.39) and (2.6.40) then imply that 

1 



/ / j'H'dtq<P{V^)\\q\\^^HO 
Jo Jn 

+ P{y/E) f Ikllo 

^0 



+ M 



EII^*^'-^*^'lli/2 + ii^iii + ii^*^iii 

.j=0 



, (2.6.51) 
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where the L°° norms are computed over the temporal interval [0, T]. 

The other terms on the right of (2.6.37) are not so delicate and may be estimated directly 
with (2.6.38), (2.6.41), and (2.6.43). Indeed, these estimates together with trace theory and 
the Poincare inequality imply that 




JQ. 




■ dtv 







+ 



\J'\ 



-1/2 



1 



«/ 



(2.6.52) 



where we have written 



llc'-c= 



-1 a2||2 

1 3/2 



\dte-dtC 



2||2 

1/2 



1/2 



+ \\w^ - w% + \\dtw^ - dtw% + \\v\\l + . (2.6.53) 
Also, we may use (2.6.42) to bound 



Jo Jn ^ Jo Jn ^ 



(2.6.54) 



for some constant C > 0. 

We now combine the estimates (2.6.51), (2.6.52), and (2.6.54) with (2.6.37), employ 



Lemma 2.2.1 to bound /2 < 



J^B^idtv 



, and utilize Cauchy's inequality to absorb 



lo 11^*^ 111 ^^^^ resulting inequality; this yields the bound 

I \d,vf J\t) + 1 \\dM\l < CVS 1 1 ^ + PiVS) 



+ P{V~e) 



\L°°m 



.3=0 



Ell^c^-^clL/2 + ii-iii 

.i=o 
+ 



P{V~e)Z + C\\d,C'-dte 



-1/2 



This bound can be viewed as a differential inequality of the form 

x{t) +y{t) <CVe f x{s)ds + F{t), 
Jo 



(2.6.55) 



(2.6.56) 



where x,y,F > 0, x{0) — 0, and F{t) is increasing in t. Gronwall's lemma then implies that 

x{t) + y{t) < e^^'F{t). (2.6.57) 
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We assume that Si and Ti are sufficiently small for e^^* < 6*^^^^ < 2. Then from (2.6.55), 
(2.6.57), and Lemma 2.2.1 we deduce the bound 



ll^t^llioc^o + \\dtv\\l,H, < P(v^) llgll^.^o + C ptC - dtC 



2||2 

L2i?-l/2 



+ \\v\ 



.j=0 

+ P(x/i) \\q\\L2H0 



.j=o 



/2 



(2.6.58) 



where again the temporal L°° and norms are computed over [0,T]. 
Step 4 - Elliptic estimates for v and q 

In order to close our estimates, we must be able to estimate v and q. This will be 
accomplished with an elliptic estimate. We combine Proposition 2.3.7 with the estimates 
(2.6.44)-(2.6.48) to deduce the bound for r = 0, 1, 



1+2 + Ml+1 ^ \\dtv\\l + \\H% + ||div^i(D(^._^.).;2)||^ + \\H- 



\H' 



r+1/2 

+ P{V~e) \\\C'-C 



2||2 
r+1 



lr+3/2 



lr-1/2 



+ \\w^ — uP' 



r+1/2 
2 

r+1 



(2.6.59) 



We set r = in (2.6.59) and then take the supremum in time over [0, T] to find 



1 a2||2 



\v\\lo.h^ + llgllico^i < \\dtv\\^^H^, + lie - C 



IL°°//1/2 



+ P(x/i) ||c^-c 



1 /^2||2 



1 „..2||2 



(2.6.60) 



Then we set r = 1 in (2.6.59) and integrate over [0, T\ to find 



1 ^2||2 



lL2ij3/2 



1 ^2||2 



IL2^5/2 



+ \\dte-dte\\l.Hv^ + \w-w'\\] 



(2.6.61) 



Step 5 - Estimates of C,^ — ("^ 

Now we turn to estimating the difference — ("^ in terms of — nP' . We subtract the 
equations satisfied by from the one for Cj" to find that 



(2.6.62) 

The PDE (2.6.62) is a transport equation for — so we can employ Lemma A. 7.1 to 
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estimate 



dr 



lie -C'Loc^5/2 < exp (^C \\w\rj\\^y,^^^ 

< e^^^^l + P{^e)) r \\{w' - w'){r)\\^dr 

Jo 

< e^^^(l + PiVi))VT \\w' - w 
We can further restrict ei and Ti so that e'"^^ < 2 and 1 + P{^) < 2; then 



I < \/T I 



(2.6.63) 



(2.6.64) 



Then we use the first equation in (2.6.62), trace theory, and the estimate (2.6.64) to see that 



\dte-dte 



< \\{w'-w^)-M^ 

211 



<{i + p{^))\y -w 
< 



211 



Similarly, we differentiate (2.6.62) in time to find that 

,2 



(2.6.65) 



\dtC - C'|L2^i/2 < (1 + P{V~s)) \\dtw' - d,w 

+ \\dte-dtC 



+ P(VF)\/T 



IL27J3/2 



+ lie' -C 



L2H3/2 

211 



<\\dtw'-dtw^\\ 
+ P{-s/e)T\\w^ -w 



II L°° 1/3/2 
211 



L2ij3 



< \\dtw' - dtw^^,^, + P{Vi)Vf\\w' - w 
Step 6 - Synthesis: contraction 

We now have all of the ingredients to prove our contraction result. We write 



(2.6.66) 



(2.6.67) 



where M and are defined by (2.6.22). We will first rewrite the bounds (2.6.58), (2.6.60), 
and (2.6.61) in terms of these new quantities. 

We begin with the right side of (2.6.58). According to the definition of Z, (2.6.53), we 
may bound 



\q\\l2H0+ I z< (i + r)[9Jt(r) + 0T"'(r)] + r5a''(r) (2.6.68) 

Jo 



Similarly, 



I?IIl2JJO 



.j=o 



+ \\v\ 



<Vf^/W{f) {l + ^/f)^/m^f) + ^/f^/W{f) , (2.6.69) 
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(2.6.70) 



and 



.j=0 



(2.6.71) 



Then, using (2.6.68)-(2.6.71) and Cauchy's inequality, we may rewrite (2.6.58) as 

WMll^Ho + \\dtv\\%Hr <[T + p(V^)(i + T)] miT) + [p{V~e){i + T)] gi-(r) 

+ [P(^/^)(l + T)] m^'iT). (2.6.72) 
Now we turn to the elhptic estimates (2.6.60)-(2.6.61). The bound (2.6.60) becomes 

+ Ikllioc^i < WdtvWlooHO + \\C - Cl'oc^v. + ^(Vi) [m{T) + m-{T)] . (2.6.73) 



Note here that we have kept the term with — ("^ because it does not yet have a small 
multiplier in front of it. On the other hand, the bound (2.6.61) becomes 



+ MIh^ ^ \\dtv\\l.H^ + T(l + P(V^)) + W{T)] . 



(2.6.74) 



We need not retain the C^~C^ term in (2.6.74) since wc can control the square of the temporal 
norm by the square of the norm to pick up a T factor. 

Next we reformulate the bounds (2.6.64)-(2.6.66) in a similar fashion. The estimate 
(2.6.64) becomes 

\\e-C\\l^H^^.<Tm^{T). (2.6.75) 
Similarly, we may sum (2.6.65) and (2.6.66) to bound 

ptC' - 5*Ciloo^3/. + ll^tC^ - dtCWl.H^/. ^ [1 + {T + T')P{V^)] ^"'(T). (2.6.76) 

Summing (2.6.75) and (2.6.76) yields 

Wl{T) < [1 + (T + T^)P{^/i)] 01"' (T). (2.6.77) 

The estimate (2.6.26) directly follows from (2.6.77) and the definitions (2.6.67) if Si and Ti 
are small enough. 

We now combine the above to get an estimate for from our estimates for v, q. Note 
that due to (2.6.75), estimate (2.6.73) also holds with ||C^ - C\\1^h^/2 replaced by TW{T) 
on the right. We then add this modified version of (2.6.73) to (2.6.74), and then add to 
this a large constant times (2.6.72). If the constant is chosen to be sufficiently large, wc can 
absorb the appearances of dtv norms on the right side into the left; doing so, we arrive at 
the bound 

gi"(r) <[T + P(Vi)(l + T)] WliT) +[T + P(Vi)(l + T)] 9t"'(T) 

+ [P(V£)(1 + T)] m^iT). (2.6.78) 
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This estimate may be combined with (2.6.77) to see that 



m%T) < [1 + (T + T2)P(Vi)] [T + P(x/i)(l + T)] <rr{T) 

+ [P(\/i)(l + T)] m"(T). (2.6.79) 

By further restricting ei and Ti, we may replace (2.6.79) by W{T) < iOT^(T) + |Ofl^(r), 
which may be rearranged to see that 9T^(T) < |OT"'(T), which gives (2.6.25) after using the 
definitions of W{T), m'"{T) given in (2.6.67). □ 

2.6.3 Local well-posedness: the proof of Theorem 1.2.1 

Now we combine Theorems 2.6.1 and 2.6.2 to produce a solution to problem (1.1.27). Note 
that Theorem 1.2.1 follows directly from the following theorem by changing notation. 

Theorem 2.6.3. Assume that UQ,r]Q satisfy Sq,J-'o < oo and that the initial data dlu{0), etc 
are as constructed in Section 2.5.2 and satisfy the {2Ny^ compatibility conditions (2.5.26). 
Then there exist < Sq,To < 1 so that if So < So and < T < Tomin{l, 1/J^o}, then the 
following hold. There exists a solution triple {u,p,r)) to the problem (1.1.27) on the time 
interval [0, T] that achieves the initial data and satisfies 

^{rj) + ^{u,p) < C{Eo + TFo) and F{ri) < C{To + <?o + TTo) (2.6.80) 

for a universal constant C > 0. The solution is unique among functions that achieve the 
initial data and satisfy <B{ri) + (B{u,p) < oo. Moroever, rj is such that the mapping $(-,t), 
defined by (1.1.24), is a diffeomorphism for each t e [0,7"]. 

Proof. We again divide the proof into several steps. First, we use Theorem 2.6.1 to construct 
a sequence of approximate solutions. Then we use Theorem 2.6.2 to show the sequence con- 
tracts in the norm y^Wl{r]; T) + Ot(w,p; T), which yields strong convergence of the sequence. 
Next, we use an interpolation argument to improve the convergence results. These then al- 
low us to pass to the limit in the PDEs to deduce that the limit solves the problem (1.1.27). 
Finally, we again use Theorem 2.6.2 to show that our solution is unique. 

We assume throughout the proof that To < min{Ti,T}, where T is given by Theorem 
2.6.1, and Ti is given by Theorem 2.6.2. Let C > denote the universal constant in Theorem 
2.6.1. We further assume that To < £i/(2C), where £i > is the constant from Theorem 
2.6.2. 

Step 1 - The sequence of approximate solutions 

Suppose that 5o < 5, where 5 is given in Theorem 2.6.1. The hypotheses then allow us 

to apply Theorem 2.6.1 to produce the sequence of triples {(?/"'• j/", '?7™)}m=i) elements 
of which achieve the initial data, satisfy the PDEs (2.6.1), (2.6.2), and obey the bounds 

sup (.^(77"*) + ^{vT.p'^)) < C{So + TFo) and sup Firf) < C{Fo + ^^o + TTo). (2.6.81) 

m>l m>l 

We further assume that 5o is small enough for C5o < £i/2 (with e-i again from Theorem 
2.6.2) so that (2.6.81) implies, in particular, that 

sup max {€(77"^), €(ii"^,p"*)} < C{£o + TTo) < C{So + To) < e^. (2.6.82) 

m>l 
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The uniform bounds (2.6.81) allow us to take weak and weak-* limits, up to the extraction 
of a subsequence: 



gj^m _^ gj^ weakly in L'^{[0, T]; H^^-'^^+\n)) for j = 0, . . . , 2Ar + 1 

diu"" ^ diu weakly- * in L°°([0, T];H^^-'^^{Q)) for j = 0, . . . , 2N 

Qjpm _^ weakly in L'^([0, T] ; H'^^-'^^{Q)) for j = 0, . . . , 2N 

Qjpm A dip weakly- * in L°°([0, T]; H^^-^^-\n)) for j = 0, . . . , 2A^ - 1 



(2.6.83) 



and 



77"^ ^ 77 weakly in L\[0, T]- H^^+^I'^{T)) 

dtV"" dtr) weakly in L^{[0, T]-H^^-^''^{T)) 

gj^m _^ gj^ weakly in L^{[0, T]; H'^^-'^^+^/^{J:)) for j = 2, . . . , 2A^ + 1 (2.6.84) 

A ^ weakly- * in ( [0, T] ; //4iv+i/2 (5.) ^ 

gj-^m A a^'^ weakly- * in L°°([0, T]; //4^-2J(E)) for j = 1, . . . , 2N. 

Note that in the first convergence result of (2.6.83) we mean H^^{n) = (oi/^(f2))* when 
j — 2N + 1. According to the weak and weak-* lower semicontinuity of the norms in .^(77"*), 
M.{u^,p"^), and jF{rf^) we find that the limit {u,p,r]) satisfies 

.^(77) + ^{u,p) < C(£o + TTo) and ^^(77) < C{To + So + TT^). (2.6.85) 

The collection of triples {v,q,C,) that achieve the initial data, i.e. c^v(O) = dlu{0), 
diC{0) = 9^77(0), for J = 0, ... , 2N and diq{0) = a^p(O) for j = 0, . . . , 2Ar - 1, is clearly 
convex; Lemma A. 2.1 implies that it is also closed with respect to the topology generated 
by the norm a/S(C) + 2!)(f , q). As such, the collection is also closed in the corresponding 
weak topology. Then, since each (m'",p™, 77"^) is in this collection, we deduce that the limit 
(m,P, 77) is as well. Hence {u,p,r)) achieves the initial data. 

Step 2 - Contraction 

Now we want to improve the weak convergence results of the previous step to strong 
convergence in the norm ^Tl{r];T) + ^{u,p; T), where 9Jl and 01 arc defined by (2.6.22). 
For m > 1 wc set y-^ = m™"*"^, v'^ = u"^^^, = ■u'""'"-^, w'^ = u"^, q^ = g2 ^ ^m+i^ 

^1 ^ ^m+i^ ^2 ^ Theorem 2.6.2. Because of (2.6.1)-(2.6.2) we have that (2.6.24) holds; 
the initial data of , , q^ , match for j = 1, 2 by construction. Also, (2.6.82) implies that 
(2.6.23) holds, so all of the hypotheses of Theorem 2.6.2 are satisfied. Then (2.6.25) and 
(2.6.26) imply that 

m{u"'+'' - -p^'+^T) < l^{u'^+' - u"',p'^+^ -p"';T) (2.6.86) 

and 

m{rr^^ - 77"'; T) < 29T(m"^+' - - p^\ T). (2.6.87) 

The bound (2.6.86) implies that the sequence {{u"^ , p"^)}'^^^ is Cauchy in the norm 
•\/0T(-, •; T), so as 77T, — >■ 00 

™ ^ M in L^{[0,T];H\n))nL^{[0,T],H^{n)) 

dtu^^dtu in L°^([0,T];i70((])) nL2([0,T],/7i(^)) (2.6.88) 
in L'^{[Q,T]-H\n))nL'^{[Q,T],H'^{n)). 
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Because of (2.6.87), we further deduce that the sequence {?7"*}^=i is Cauchy in the norm 
■s/Wl{-;T), so that as m — >■ oo 



rj — )> rj 



in L~([0,T];//5/2(2)) 
in L~([0,T];i/3/2(S)) 
in L\[0,T];Hy\E)). 



(2.6.89) 



Step 3 - Interpolation for improved strong convergence 

Since {u'^,p"\ri"^) obey the bounds (2.6.81), we can parlay the convergence results 
(2.6.88), (2.6.89) into convergence in better norms by use of interpolation theory. We first 
interpolate with L^H^ norms of temporal derivatives (such estimates take the form 



1 5' 



(2.6.90) 



for j > A; > and 9 — 9{j, k) E (0, 1) and C{T) a constant depending on T), which reveals 
that 

' diu'^^&lu in L2([0,T];F"(Q)) for j = 0, . . . , 2A^ - 1 
gjpm^gjp inL2([0,T];i/°(fi)) for j = 0,...,2iV-l (2.6.91) 
Qj^m _^ Qj^ ^2QQ^ T];H%E)) for j = 0, . . . , 2N. 

Here the range of j is determined by the range of j appearing in ©(r^) and T){u,p). Then 
we use spatial interpolation between and H'' to deduce from (2.6.91) that 



diu"'^diu inL2([0,T] 

dip'^^dip mL\[0,T] 

ri'^^ri inL2([0,T] 

dt-q^^dt-q inL2([0,r] 

di'n'^^dir] inL2([0,T] 



H^N-2j^Q^^ for J = 0, . . 
i/4^-2i-i(fi)) for j = 0, 
i/4^(S)) 

H^N-2j+2^Y)^^ for 3 = 2, 



2A^- 1 
. , 2Ar - 1 



.2N. 



(2.6.92) 



Here the Sobolev index is determined by the Sobolev index k in the LF'H^ norms of D{ri) 
and D{u,p). Finally, we use the temporal Li^ convergence of (2.6.92) to get L°° and 
convergence by applying Lemma A.2.1. This yields 



d>u 



in CO([0,T] 
dip'^^dip inCO([0,T] 
r7™->r/ inCO([0,T] 
dtv'^'^dtr] inCO([0,T] 
^dirj^'^dir] in C%[0,T] 



//47v-2i-i(^)) for j = 0, . . . , 2Ar - 2 
H^^-^^'\n)) for i = 0, . . . , 2Ar - 2 

i/4^-V2(S)) 
i74^-3/2(S)) 

H^^-^^+\E)) for j = 2, . . . , 2iV - 1. 



(2.6.93) 



Step 4 - Passing to the hmit in the PDEs 

The strong convergence results of (2.6.93) are more than sufficient for us to pass to the 
limit in the equations (2.6.1), (2.6.2) for each t G [0,T]. Doing so, we find that the limits 
{u,p,ri) are a strong solution to problem (1.1.27) on the time interval t € [0, T]. 

Step 5 - Uniqueness 
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We now turn to the question of uniqueness of our solution {u,p, rj). Suppose that {v, q, Q 
is another solution to (1.1.27) on the time interval [0,T] that achieves the same initial data 
as {u,p,ri) and which satisfies + €{v,q) < oo. By continuity we may restrict to a 

temporal subinterval [0,T*] C [0,T] so that €0(77) + (Bo{u,p) < + ^{v,q) < ei, where Si 
is given in Theorem 2.6.2 and the norms are computed on [0, T*]. We then set — — u, 

— w^ — V, q^ — P, q^ — q, — = C in Theorem 2.6.2 to deduce that 

m{u-v,p-q;T^) < ^m{u - v,p - q;%) and m{rj-C;%) < 2m{u - v,p - q;%), (2.6.94) 

which implies that u = v,p = q, ri = ( on the time interval [0, T*]. This argument can then 
be iterated in the usual way, repeatedly increasing T^, to extend the uniqueness to all of the 
interval [0,T]. 

Step 6 - Diffeomorphism 

It is easy to check that the smallness of ^{t]) is sufficient to guarantee that the map 
given by (1.1.24), is a diffeomorphism for each t e [0,T]. 

□ 
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Chapter 3 

Preliminaries for the a priori 
estimates 

In this chapter we present some prehminary results that we will use in both Chapters 4 and 
5. In Section 3.1 we present two forms of equations similar to (1.1.27) and describe the 
corresponding energy evolution structure. In Section 3.2 we record some useful lemmas. 

3.1 Forms of the equations 
3.1.1 Geometric 

We now give a linear formulation of the PDE (1.1.27) in its geometric form. Suppose that 
Tj, u are known and that A,M, J, etc are given in terms of rj as usual ((1.1.25), etc). We then 
consider the linear equation for {v, q, Q given by 

dtv — dtfjbKdsV + u ■ V + div^ 'S'^(?, v) — in Q 
div^ V = F"^ 'mVL 
< S_A{q,v)Af = CAf + F^ onE (3.1.1) 

dtC-M-v^F^ on E 

V = on E),. 

Now we record the natural energy evolution associated to solutions v, q, C of (3.1.1). 

Lemma 3.1.1. Suppose that u and r) are given solutions to (1.1.27). Suppose {v,q,Q solve 
(3.1.1). Then 

^'il I -^1^1' + ^ / '^1')+^ / ■^l®'^^!'^ / Jiv-F' + qF')+ f -vF' + CF\ (3.1.2) 

Proof. We multiply the i^^ component of the first equation of (3.1.1) by Jvi, sum over i and 
integrate over ft to find that 

I + 11 = 111 (3.1.3) 
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for 

= / dtViJvi - dtfjbdsViVi + UjAjkdkViJvi, (3.1.4) 
Jn 

11^ I AjkdkSij{v, q)Jvi, and III = ■ vJ. (3.1.5) 
Jn Jn 

In order to integrate by parts in /, // we will utilize the geometric identity dk{JAik) = for 
each i. 
Then 

^^^'IJ'^^In - 9tfjbdJ-^ + ujdk (^JA,J-^^ := h + h. (3.1.6) 

Since h — 1 + an integration by parts and an application of the boundary condition 
V = on Efe reveals that 

ii2ot I|2 / ||2\ /• ii2ot ii2/o — 

\V\ OtJ „ _~„ \V\ a I J A \'^\ \ I \'^\ '^t'J \V\ ( OtTJ 



- dtrjbds— + Ujdk J-^jk^ = / 7, ^ ^ ^ + ^^t^3?7 



n 



2 "'"2 \ 2/Jn 2 2V^ 



- f dkUjJAjJ-^ ^ \ I 1^'^ ^ UjJAjkes ■ \vf . (3.1.7) 

It is straightforward to verify that dtJ — dtfj/b + bdtdsfj in ft and that JAjk^s ■ Ck — Afj on 
E. Then since li, 77 satisfy dkUjAjk — and 9(77 = " we have /2 = 0. Hence 



I |2 7 

\v\ J 



n 



I-dtJ^ (3.1.8) 
A similar integration by parts shows that 



7/ = / -AjkSij{v,q)JdkVi+ / JAj3Sij{v,q)vi 
Jn Jn 

= / -qAikdkViJ + j"^^^ + f Sij{v,q)MjVi (3.1.9) 
Jn ^ Jy, 



so that 



But 



77= / -gJF2 + j2^+ I CX-v + vF\ (3.1.10) 



s 



fcJ\f-v^f C(9,C -F')^dJ^-^+ f -CF\ (3.1.11) 

77 = / -gJF^ + J^rli + dj\^+ f -CF\ (3.1.12) 

Jt, Jy, 

Now (3.1.2) follows from (3.1.3), (3.1.8), and (3.1.12). □ 



which means 
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In order to utilize (3.1.1) we apply the differential operator = to (1.1.27). The 
resulting equations are (3.1.1) for v — d°'u, q — and C = d^'r), where 

^1 ^ ^1,1 ^ ^1,2 ^ ^1,3 ^ ^1,4 ^ ^1,5 ^ ^1,6 (3.1.13) 

for 

Fl''= Ca,pd^{dtvbK)d''-^d^Ui+ C^,^d''-^dtf]d^(bK)dsUi (3.1.14) 

0</3<a 0</3<a 

Fl'' = - E ^-'^ {d^{ujAjk)d''-^d,Ui + d^Aikd^-^dkp) (3.1.15) 

0</3<a 

^'''= I] Ca,fsd^Ajed''-^de{AmdmUj + AjmdmUi) (3.1.16) 

0</3<a 

E CaMjkdk{d''Aad''-^d,uj + df'Ajt&'-^diUi) (3.1.17) 

0</3<a 

F/'' = d^dtfjbKdsUi and F/'' = ^^^^(a^A^a^K,- + d^Ajedim). (3.1.18) 

In these equations, the terms Ca/3 are constants that depend on a and (3. The term F^ = 

^2,1 + ^2.2 for 

F^'i = - ^ Cc^.^j^'^Aj-^^-^^^iii and F2'2 = -a^A^-^^iii. (3.1.19) 

0</3<a 

We write = F=^'^ + F^'^ for 

F3'1= ^ Ca,(3d^Dri{d"-^ri-d'^-^p) (3.1.20) 

0</3<a 

E ^^a,^(9''(^.-A^)9""^9m^ii + 9^(^iAm)9"-'^9^^^i)- (3.1.21) 

0<P<a 

Finally, 

F^= Y C^,pd^Dr]-&^-^u. (3.1.22) 

0<j3<a 

3.1.2 Perturbed linear 

Writing the equations in the form (1.1.27) is more faithful to the geometry of the free 
boundary problem, but it is inconvenient for many of our a priori estimates. This stems 
from the fact that if we want to think of the coefficients of the equations for it,p as being 
frozen for a fixed free boundary given by rj^ then the underlying linear operator has non- 
constant coefficients. This makes it unsuitable for applying differential operators. 

To get around this problem, in many parts of Chapters 4 and 5 we will analyze the PDE 
in a different formulation, which looks like a perturbation of the linearized problem. The 
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utility of this form of the equations hes in the fact that the hnear operators have constant 
coefficients. The equations in this form are 

dtu + Vp- Au^ in Q 

div u — G^ in Q 

(pi -I])u-r]I)es^G^ on E (3.1.23) 

dtV — us — G^ on E 

u — on E{,. 

Here we have written G^ = G^'^ + G^'^ + G^'^ + G^'^ + G^'^ for 

G]'' ^ {5ij - Aij)djp (3.1.24) 

G]'^ = UjAjkdkUi (3.1.25) 

G]'^ = [K\l + A^ + B"^) - l]933Mi - 2AKdi-iUi - ^BKd^zUi (3.1.26) 

GY = [-K\l + A^ + B^)d^J + AK\d^J + d^A) + BK\d2J + d^B) - K{diA + d2B)]d^Ui 

(3.1.27) 

= 9*77(1 + xs/b)KdsUi. (3.1.28) 

is the function 

= AKdsUi + BKd^U2 + (1 - K)d^u^, (3.1.29) 

and G^ is the vector 

(p — 7] — 2((9iMi — AKd^ui) 
-d2Ui - diU2 + BKd^ui + A/sfasMs 
-9iXi3 - Kd^ui + ^X^a^a 

'-92^/1 - diU2 + SX9a^/i + ^iraa^aX ( {K - l)9a^ii + ^iiT^aiiaX 

P - 7/ - 2(^27X2 - 57^93^2) + (iC - 1)^37X2 + BKB^u^ . (3.1.30) 

-d2Us-KdsU2 + BKdsUs J \ 2{K-l)dsm J 

G^ = -Dr] ■ u. (3.1.31) 

Remcirk 3.1.2. The appearance of the term {p — rj) in the first two rows of the first two 
vectors in the definition of G^ can cause some technical problems later when we attempt to 
estimate G^. Notice though, that according to (3.1.23), we may write 

{p-v) = 2^37/3 + G^* • 63 = dir]{-diU3 - Kdsu^ + AKd^us) 

+ d2v{-d2U3 - Kd^U2 + BKd^us) + 2X83113 (3.1.32) 

on E. We may then replace the appearances of {p — rf) in (3.1.30) with the right side of 
(3.1.32). 

At several points in our analysis, we will need to localize (3.1.23) by multiplying by a 
cutoff function. This leads us to consider the energy evolution for a minor modification of 
(3.1.23). 
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Lemma 3.1.3. Suppose {v,q,C) solve 



' dtv + Vg - = $^ inVt 

divf = $^ inVt 

{ql - Bv)es = aCea + $^ on S 

dt( - ^3 = $4 0^ J] 

w = on Eft, 



(3.1.33) 



where either a — or a — 1. Then 



dt (l I \v\^ + ^ / « ICl") +\j = [ V ■ <^>' + q<^>' + f -v<^>^ + aC$'. (3.1.34) 

Proof. We take the inner-product of the first equation in (3.1.33) with v and integrate over 
Q to find 

dt f — - f {ql -Bv) ■.Vu+ f {ql - Bv)es ■u = [ v-^^. (3.1.35) 
Jn 2 Jq Jy, Jn 



We then use the second equation in (3.1.33) to compute 

[ -{ql - D-y) : Vu = / -gdivt; + = f _^ 

The boundary conditions in (3.1.33) provide the equahty 



(3.1.36) 



J {ql-Bv) 



63 • V 



aCvs + v^'-' = dt I a^^ + / -aC$^ + v-^ 



Combining (3.1.35)-(3.1.37) then yields (3.1.34). 



(3.1.37) 



□ 



3.2 Some initial lemmas 

The following result is useful for removing the appearance of J factors. 
Lemma 3.2.1. There exists a universal < 5 < 1 so that if \\r)\\l^2 — ^> then 

II J - l||i^ + ll^lli^ + ||S||'^^ < ^, and \\K\\l^ + \\A\\l^ < 1. (3.2.1) 

Proof. According to the definitions of A, B, J given in (1.1.26) and Lemmas A.4.1 and A. 5.1, 
we may bound 

II J - llli^ + \\A\\l^ + \\B\\l^ < Ml < Mil, . (3.2.2) 

Then if S is sufficiently small, we find that the first inequality in (3.2.1) holds. As a conse- 
quence ||i^r||^oo -|- ll^ll^cxj < 1, which is the second inequality in (3.2.1). □ 
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We now compute dtf) in terms of a pair of auxiliary functions, Ui, U2 defined on E. Our 
result holds in both the periodic and non-periodic cases. Note that in our analysis later, u 
and 1] will always be sufficiently smooth to justify the calculations in the next Lemma, and 
it will always hold that Ui G H^(I1). 

Lemma 3.2.2. For i = 1,2, define Ui : E ^ R by 

Ui{x')= I J{x',X3)ui{x',X3)dx3, (3.2.3) 

J~b{x') 

where we understand that —b{x') — —b < in the non-periodic case. Then dtrj — —diUi — 
d'iU'i on E. 

Proof. If E = then let e ^(E). If E = (LiT) x (L2T), then let (p e C°°(E). In either 
case, on E we have that u ■ M = u ■ (7^63) = JJ^u ■ 63 = JJJ-u ■ z/, where z/ = 63 is the 
unit normal to E. We may use the equation for dtf] in (1.1.27) and the divergence theorem 
to compute 

/ dtrjcp^ / {-uidiT] - U2d2r] + U3)(p ^ / (pJAijUiUj ^ / dj{(pJAijUi) 
7s Jt, 7s Jn 

— / dj(pJAijUi + (pdj{JAij)ui + (pJAijdjUi— / djipJAijUi, (3.2.4) 
in Jn 

where the last equality follows from the geometric identity dj{JAij) = and the equation 
AijdjUi = 0, which is the second equation in (1.1.27). According to the definition of A 
given by (1.1.25), we may write Aij — Sij + Sj^Zi for Sij the Kronecker delta and Z — 
K{-Aei - Be2 + 63). Then 

/ dj(pJAijUi= / dj(pJui{6ij + SjsZj) = / di(pJui+ / d^(pJuiZi= / di^pJui (3.2.5) 
JQ Jn Jn Jn Jn 

since d^ip = 0, a consequence of the fact that (p — (p{xi,X2) is independent of X3. Again 
because (p depends only on {xi, X2) = e E, we may write 

/ diipJui— / di(p{x') / J{x' ,Xs)ui{x' ,X3)dxsdx' = / di(p{x')Ui{x')dx' . (3.2.6) 
Jn is J-h{x') is 

Now we chain together (3.2.4), (3.2.5), and (3.2.6) and integrate by parts to deduce that 

I -fdiUi. (3.2.7) 



Since this holds for any ip e ^(E) (resp. C°°(E)), we then have that dtf] = —diUi. □ 

Now we parlay this calculation into a computation of the average of 77 over E in the 
periodic case. 

Lemma 3.2.3. Suppose that E = (-^iT) x (-L2T). Then for all t > where the solution 
exists, 

r){x',t)dx'= / r]o{x')dx'. (3.2.8) 
is is 
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Proof. According to Lemma 3.2.2, we have that dtrj — —diUi — 821/2 on E. Then we may 
integrate by parts to find that 

^ / 7]{x',t)dx' = f dtr]{x',t)dx' = f {-diUi{x' ,t) - d2U2{x' ,t))dx' = 0. (3.2.9) 
dt 7s 7s 7s 

□ 
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Chapter 4 



Global well-posedness and decay in 
the infinite case 

4.1 Introduction 

In this chapter we prove Theorem 1.2.2. Throughout the chapter we assume that N > 5 and 
A G (0, 1) arc both fixed. Notice that Theorem 1.2.2 is phrased with the choice iV = 5. 

In the rest of Section 4.1 we define the energies and dissipations that are relevant to the 
non-periodic problem, and we prove some preliminary lemmas. In Section 4.2 we perform 
our bootstrap interpolation argument to control various quantities in terms of £N+2,m and 
T^N+2,m- In Section 4.3 we present estimates of the nonhnear forcing terms (as defined 
in (3.1.24)-(3.1.31)) and some other nonlinearities. In Section 4.4 we use the geometric 
form of the equations to estimate the evolution of the highest-order temporal derivatives. 
We also analyze the natural (no derivatives) energy in this context. Section 4.5 concerns 
similar energy evolution estimates for the other horizontal derivatives. For these we employ 
the linear perturbed framework with the forcing terms. In Section 4.6 we assemble the 
estimates of Sections 4.4 and 4.5 into unified estimates. Section 4.7 concerns the comparison 
estimates, where we show how to estimate the full energies and dissipations in terms of their 
horizontal counterparts. Section 4.8 combines all of the analysis of Sections 4.2-4.7 into our 
a priori estimates for solutions to (1.1.27). Section 4.9 concerns a specialized version of the 
local well-posedness theorem that includes the boundedness of X\ terms. Finally, in Section 
4.10 we record our global well-posedness and decay result, proving Theorem 1.2.2. 

Below, in (4.1.14), we will define the total energy Q2N that we use in the global well- 
posedness analysis. For the purposes of deriving our a priori estimates, we will assume 
throughout Sections 4.2-4.8 that solutions are given on the interval [0, T] and that S2n{T) < 
S for < (5 < 1 as small as in Lemma 3.2.1 so that its conclusions hold. This also means that 
^2iv(^) < 1 for t G [0,T]. We should remark that Theorem 1.2.1 does not produce solutions 
that necessarily satisfy Q2n{T) < 00. All of the terms in Q2n{T) are controlled by Theorem 
1.2.1 except those involving the Riesz operator: ||Xam||q, ||Xa?7||q, and J^^ \\I\u{t)\\1dt. To 
guarantee that these terms are well-defined, we must prove a specialized version of the local 
wcll-poscdncss result. Theorem 4.9.7. In principle, we should record this before the a priori 
estimates, but the technique we use to control the Ix terms is based on one we develop for 
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the a priori estimates, so we present the theorem in Section 4.9 after the a priori estimates. 
Note that the bounds of Theorem 4.9.7 control more than just G2n{T) (in particular, d^^^^u 
and df^p), and the extra control it provides guarantees that all of the calculations used in 
the a priori estimates are justified. 



4.1.1 Definitions and notation 

Below we define the energies and dissipations we will use in our analysis. We state them in 
general in terms of two integers n,m E N with n > m. In our actual analysis we will take 
n — 2N and n = A^ + 2forA'">5 and m — 1,2. Recall that we employ the derivative 
conventions described in Section 1.4. We define the horizontal instantaneous energy with 
minimal derivative count m (or just horizontal energy, for short) by 

:= \\D'r:-'u\\l + \\DD'-\\\l + ||v^5>|[ + IP^MIo • 

Here the first three terms are split in this manner for the technical convenience of adding 
the y/j term to only the highest temporal derivative. 

Remark 4.1.1. In light of Lemma 3.2.1, we see that £n,m satisfies 

\ (ll^^llo + IP^"^llo) < ^n,m < \ (|P>||o + IP^^IIo) (4-1-2) 

We define the horizontal dissipation rate with minimal derivative count m (horizontal 
dissipation) by 

:^n,m:=||^^"Bii||^. (4.1.3) 

Let X\ be defined by (A.3.1)-(A.3.2). The horizontal energy without a minimal derivative 
restriction is 

4 := + |Po"«||o + II^Ar^ll^ + |p^"r;||^ , (4.1.4) 

and the horizontal dissipation without a minimal derivative restriction is 

Vr, := \pX^u\\l + ||£'o'"E'^i||o ■ (4.1.5) 

In addition to the horizontal energy and dissipation, we must also define full energies and 
dissipations, which involve full derivatives. We write the full energy as 

Hi IX 1 Hi 

Sn \\xM\l + E + E IK^^IlL-2.-i + ii^A^iio + E ll^'^llL2. ' (4-1-6) 

j=0 3=0 j=0 

and we define the full dissipation rate by 
-Dn := \\Ixu\\l + E ||5MlL-2,+i + II Vp|lL-i + E \\9lp\L-2, 

j=Q j=l 



n+1 
j=2 
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We define a similar energy with a minimal derivative count of one by 

n 



2n-2j 

n— 1 n 

+ \ml-2 + E ll^*HlL-2.-i + ii^^iiL-i + E \\9iv\L-2, ' (4-1-8) 



and with a minimal derivative count of two by 

n 

^n,2:-S^,2+\\^M\l_, + Y.\\9i 



1 2n-2j 



i=i j=i 
Similarly, the dissipation with a minimal derivative count of one is 



n 

i=i 

n— 1 n+1 

+ II V^HlL2 + E IKHIL2. + ll^'^llL-5/2 + \\9tV\\l-l/2 + E ll^'^llL2.>5/2 > 
j=l j=2 

(4.1.10) 

while the dissipation with a minimal derivative count of two is 

n 

:= ^n,2 + II V^«||^^_3 + E II^^Hl2n-2,+l + PML-, + ll^*Vp||L_3 

n— 1 n+1 

+ E Mp\L-2, + 11^^^111-7/2 + ll^^*^llL-3/2 + E IK'^llL-2.+5/2 " (^-I-H) 

i=2 i=2 

Note that by definition £n,m ^ ^n,m and I^„,rn ^ ^n,m- In all of these definitions, the index 
n counts the highest number of time derivatives used. 

Certain norms of rj and u will play a special role in our analysis; we write 

^2N ■■= |h||4iV+l/2 (4.1.12) 

and 

2 

JC := llV^lli.. + II V^ll^^ + E P«ill^2(s) ■ (4-1-13) 

i=l 

Note that the regularity of u will always be sufficiently high for the L°° norms in JC to be 
considered as L°°{Q) norms, where Q is the closure of O,. Finally, we define the total energy 
we will use in our analysis: 

g2N{t) = sup £2N{r)+ fv2N{r)dr + y2 sup {l+rr^^£N+2,m{r)+ sup (4.1.14) 

0<r<t Jo ~j^O<r<t 0<r<t[i- + r) 



2n-2j+l 
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4.1.2 Some initial estimates 

We have the following Lemma that constrains N. 

Lemma 4.1.2. If N > 4, then for m = 1,2 we have that ^jv+2,m ^ ^2N and I'Ar+2,m ^ ^2N- 
Proof. The proof follows by simply comparing the definitions of these terms. □ 
Now we present an estimate of IidtTj. 

1 1 2 1 1 2 

Lemma 4.1.3. We have the estimate \\Iidtrj\\Q < ||ti||Q < S2n- 

Proof. According to Lemma 3.2.2, wc have that dtrj = —diUi, where Ui, i = 1,2, is defined 
in the lemma. It is easy to see that Ui e i7^(E). Taking the Fourier transform, we find that 



\^i9tr]\\l 



However, Holder's inequality and Lemma 3.2.1 imply that 
so the desired estimate follows. 



U{0 di=\\U\\lo^^y 

(4.1.15) 



□ 



4.2 Interpolation estimates at the + 2 level 

4.2.1 Initial interpolation estimates for r],f],u and Vp 

The fact that £N+2,m and ^^Ar+2,m; m = 1,2, have a minimal count of derivatives creates 
numerous problems when we try to estimate terms with fewer derivatives in terms of EN+2,m 
and X>Ar+2,m- Our way around this is to interpolate between S]sf+2,m (or X>Ar+2,m) and £2n- 
In Sections 4.2.1-4.2.5 we will prove various interpolation inequalities of the form 



\Xf < (W,m)'(^2iv)'-' and \\X\f < {VM+2,m)\S: 



2N 



(4.2.1) 



where ^ G (0, 1], X is some quantity, and ||-|| is some norm (usually either or L°°). 

In the interest of brevity, wc will record these estimates in tables that only list the value 
of 9 in the estimate. Before each table we will tell which norms are being considered and 
give a rough summary of the terms X that appear in the table. For example, we might write 
"the following table encodes the power in the if°(E) and H^{Q) interpolation estimates for 
77 and t) and their derivatives," before the following table. 



X 


^N+2,1 T^N+2,1 ~ ^N+2,2 T^N+2,2 


v,v 


9i 02 03 


Dr],Vf} 


0A 05 06 



We understand this to mean that 



< {eN+2,i)H^2Nf-'\ Ml < {v^+2,,Y\e2Nf-'\ Ml < {SN+2,2Y\e2Nf-'\ 

(4.2.2) 
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l|Vr7||?,o(o) < {Vn+2^Y'{£2nY-'^ (4.2.3) 

etc. When we write 1)^+2,1 ~ En+2,2 in a table, it means that 9 is the same when interpolating 
between r'Ar+2,1 and and between £n+2,2 and £2N- When we write multiple entries for 
X, we mean that the same interpolation estimates hold for each item listed. Often, we will 
have a 6 appearing in a table of the form 6 — 1/(1 + r). When we write this, we mean 
that the desired interpolation inequality holds with this 9 for any fixed r G (0, 1), and the 
constant in the inequality then depends on r. 

We must record estimates for too many choices of X to allow us to write the full details of 
each estimate. However, most of the estimates are straightforward, so in our proofs we will 
frequently present only a sketch of how to obtain them, providing details only for the most 
delicate estimates. The terms we estimate are often linear combinations of several terms, 
each of which would get a different interpolation power. When this occurs, we will record 
the lowest power achieved by a term in the sum. According to Lemma 4.1.2, this is justified 
by the estimate 

^2N ^N+2,m "T '-'2N ^N+2,m ~ ^2N <^iV+2,m <^2Ar <^Ar+2,m<^Ar+2,m 

~ C-2JV <--N+2,m ^ ^2N ^2N ^N+2,m ~ ^2N ^N+2,m l^-^-^J 

forO<6'<fi;<l. A similar estimate holds with £N+2,m replaced by Visf+2,m- It may happen 
that in estimating a product of two or more terms, we end up with estimates of the form 

ll^ll' < {£N+2,mf'{£2Ny-''{£N+2,mf'{£2Ny-'' (4.2.5) 

with ^1 + ^2 > 1. In this case. Lemma 4.1.2 again allows us to bound 

i£N+2,my{£N+2,mY^~^^^ ^(^2Ar)^ ^JV+2,m^2Ar < £'jV+2,m, (4.2.6) 

where we have used the bound £2n < 1. It might also happen that (4.2.5) occurs with 9i < 1 

and 92 = 1/(1 + r), in which case we always understand that r is chosen so that 9i + 92 = 1. 

Now that our notation is explained, we turn to the estimates themselves We begin with 
estimates of rj. 

Lemma 4.2.1. The following table encodes the power in the L°°(E) and L°°(Q) interpolation 
estimates for rj and fj and their derivatives. 



X 


£n+2,1 


^Af+2,1 ~ ^Ar+2,2 


^iV+2,2 


v,v 


(A+l)/(A+l + r) 


(A + l)/(A + 2) 


(A + l)/(A + 3) 




1 


(A + 2)/(A + 2 + r) 


(A + 2)/(A + 3) 




1 


1 


(A + 3)/(A + 3 + r) 




1 


1 


1 




1 


1 


2/(2 + r) 


DdtTj, Vdtfj 


1 


1 


1 
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The following table encodes the power in the i7°(E) and interpolation estimates 

for T) and fj and their derivatives. 



X 


T^N+2.l ~ T^N+2.2 


II- n 


A/(A + 1) A/(A + 2) A/(A + 3) 


Dr], Vf] 


1 (A + l)/(A + 2) (A + l)/(A + 3) 


D'^rj, V^fj 


1 1 (A + 2)/(A + 3) 




11 1 


dtV, dtV 


1 1 1/2 


DdtV,Vdtfj 


11 1 



Proof. The estimates follow directly from the Sobolev embeddings and Lemmas A. 6.1 and 
A. 6. 2, using the bounds ||Xa^|Io — ^2N and ||Ii9f?7||Q < £27v, the latter of which is a conse- 
quence of Lemma 4.1.3. □ 

Now we record some estimates involving u. 

Lemma 4.2.2. The following table encodes the power in the L°°{Q) and L°°(E) interpolation 
estimates for u and its derivatives. 



X 




T>N+2,1 ~ ^N+2,2 


T>N+2,2 


u 


1/(1 +r) 


1/2 


1/3 


Du 


1 


2/(2 + r) 


2/3 


Vu 


1/(1 + r) 


1/2 


1/3 


D''u 


1 


1 


1/(1 + r) 


DVu 


1 


2/(2 + r) 


2/3 




1 


1/(1 + 


1/2 




1 


1 


1/(1 + r) 




1 


1 


1 


dtu 


1 


1 


1 



The following table encodes the power in the i7°(0) interpolation estimates for u and its 
derivatives. 



X 


^N+2,1 


I^N +2,1 


Sn+2,2 


'T>N+2,2 


u 


A/(A + 1) 


A/(A + 1) 


A/(A + 2) 


A/(A + 2) 


Du 


1 


1 


(A + l)/(A + 2) 


(A + l)/(A + 2) 


D^u 


1 


1 


1 


1 




1 


1 


1 


1 


dtU 


1 


1 


1 


1 



The following table encodes the power in some improved L°°(E) interpolation estimates 
for u and its tangential derivatives on E. Here we restrict to r & (0, 1/2). 



X 


^N+2,1 


T^N+2,1 


£n+2,2 


T^N+2,2 


u 


l/(l + r) 


l/(l + r) 


1/2 


1/2 


Du 


1 


2/(2 + /•) 


2/(2 + /•) 


2/(2 + r) 
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Proof. The estimates of the first two tables follow directly from Sobolev embeddings and 
Lemmas A. 6. 3 and A. 8. 4. For the L°°(E) estimates of the last table, we use r G [0, 1/2) in 
(A. 6. 13) of Lemma A. 6. 2 along with trace estimates and Lemma A. 8. 4 to bound 

Ikllioc(s) < (ikii?,o(s))(^+'-^)/(^+^HlP^^lli^^(E))'/^^-"''^ 

^ (!N'II?/2)^'^''~'^^^'^'H|I^'Vm||o)^/(^+'"\ (4.2.7) 

For Sn+2,1 and 2^Af+2,i we choose s = 1 and r G (0, 1/2), while for £n+2,2 and 'Dj^j^2,m we 
choose s = 2 and r — Q. In both cases, ||m||^/2 — ^2iv and ||Z^'^Vm||q < £N+2,m- A similar 
argument works for the Du estimates in L°°(E). □ 

Now we estimate Vp in L°°. 

Lemma 4.2.3. The following table encodes the power in the L°°{fl) interpolation estimates 
for Vp and its derivatives. 



X 


£n^2,1 T^N+2,1 ~ ^Ar+2,2 T^N+2,2 


Vp 


1 1/(1 + r) 1/2 


V^P 


1 1 1/(1 + r) 


V^p 


1 1 1 


dtVp 
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Proof. The estimates follow directly from the Sobolev embeddings and Lemma A. 6. 3. □ 



4.2.2 Interpolation estimates for G% i = 1,2,3,4 

Now that we have some preliminary estimates for m, 77, f/, and Vp (plus some of their deriva- 
tives), we can estimate the forcing terms defined in (3.1.24)-(3.1.31). 

Lemma 4.2.4. The following table encodes the power in the L°°[Q) interpolation estimates 
for G^'*; i = 1, . . . , 5 and and their spatial derivatives. 



X 


^N+2,1 


T^N+2,1 ~ ^N+2,2 


^^iV+2,2 




1 


1 


(3A + 5)/(2A + 6) 




1 


1 


1 


Ql,2 


1 


1 


2/3 


DG'^'' 


1 


1 


1 




1 


1 


2/3 




1 


1 


(3A + 5)/(2A + 6) 




1 


1 


1 




1 


1 


1 


WG^'^ 


1 


1 


1 




1 


1 


1 




1 


1 


1 


G' 


1 


1 


2/3 


DG^ 


1 


1 


1 


VGi 


1 


1 


2/3 
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The following table encodes the power in the interpolation estimates for G^''', 

i — 1, ... ,5 and G^ and their spatial derivatives. 



A 


c 




^•7V+2,2 




nil 
G 


1 


1 


1 

1 


[iX + oj/(2A + b) 


VG ' 


1 


i 


1 


/ox 1 ccA/Zox 1 

{6\ + 5j/(2A + b) 


G ' 


1 


f O \ 1 1 \ / /O \ 1 o\ 

+ lj/(2A + 2j 


f O \ 1 0\ / /O \ 1 A\ 

[6X + ^j/(^A + 4j 


(5A + 2)/(4A + 8j 


DG ' 


1 


1 


1 


f r: \ 1 /i\//o\ 1 

(5A + 4)/(3A + b) 


G ' 


i 


i 


i 


{6\ + oj/(^2A + bj 


VGi'=^ 


1 


1 


1 


(3A + 5)/(2A + 6) 


^1,4 


1 


1 


1 


(4A + 6)/(3A + 9) 




1 


1 


1 


1 


Gi'5 


1 


1 


1 


5/6 


VG^'S 


1 


1 


1 


1 


G' 


1 


(3A + l)/(2A + 2) 


(3A + 2)/(2A + 4) 


(5A + 2)/(4A + 8) 


DG^ 


1 


1 


1 


(5A + 4)/(3A + 6) 



Proof. The definitions of G^'* show that these terms are hnear combinations of products of 
one or more terms that can be estimated in either L°° or by using Sobolev embeddings 
and Lemmas 4.2.1, 4.2.2, and 4.2.3. For the L°° table we estimate products using the usual 
algebra of L°°: \\XY\\j^^ < \\X\\j^oo\\Y\\j^oo- For the table, we estimate products with 
both 

\\XY\\l < \\X\\l \\Y\\^^ and \\XY\\l < \\Y\\l \\X\\^^ , (4.2.8) 
and then take the larger value of 9 produced by these two bounds. 

□ 

Now we estimate G^. The proof works as in Lemma 4.2.4, so we omit it. 

Lemma 4.2.5. The following table encodes the power in the L°°{Q) and L°^(S) interpolation 
estimates for G^ and its spatial derivatives. 



X 




T^N+2,1 ~ ^N+2,2 


^^7V+2,2 




1 


1 


(4A + 6)/(3A + 9) 


DG' 


1 


1 


1 


VG2 


1 


1 


(3A + 5)/(2A + 6) 


V^G^ 


1 


1 


1 



The following table encodes the power in the H^{fl) interpolation estimates for G^ and 
its spatial derivatives. 



X 


£n+2,1 I^N+2,1 ~ ^^Ar+2,2 '^N+2,2 


Q2 


1 (3A + 2)/(2A + 4) (4A + 3)/(3A + 9) 


DG^ 


1 1 (4A + 6)/(3A + 9) 


VG2 


1 1 (3A + 3)/(2A + 6) 


V^G^ 


1 1 (3A + 5)/(2A + 6) 
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Now we record estimates. Recall that by Remark 3.1.2, we may remove the appearance 
of {p — 1]) in G^. This allows us to perform the estimates of G^ terms as in Lemmas 4.2.4 
and 4.2.5, so we again omit the proof. 

Lemma 4.2.6. The following table encodes the power in the L°°(E) interpolation estimates 
for G^ and its spatial derivatives. 



X 




~ ^N+2,2 


T^N+2,2 


G'' 


1 


1 


(4A + 6)/(3A + 9) 


DG"" 


1 


1 


1 


D^G^ 


1 


1 


1 



The following table encodes the power in the if°(E) interpolation estimates for G^ and 
its spatial derivatives. 



X 


^N+2,1 


T^N+2,1 ~ ^N+2,2 


T^N+2,2 


G'' 


1 


(3A + 2)/(2A + 4) 


(4 A + 3)/ (3 A + 9) 


DG'' 


1 


1 


(4A + 6)/(3A + 9) 


D^G^ 


1 


1 


1 



Now for G estimates. We again omit the proof. 

Lemma 4.2.7. The following table encodes the power in the L°°(S) interpolation estimates 
for G^ and its spatial derivatives. 



X 


£n+2,1 T^N+2,1 ~ ^N+2,2 T^N+2,2 


^4 


111 


DG^ 


111 


D'^G"" 


111 



The following table encodes the power in the i?°(E) interpolation estimates for G'^ and 
its spatial derivatives. 



X 


^N+2,l 


T^N+2,1 ~ ^N+2,2 


I^N+2,2 


G^ 


1 


1 


(3A + 5)/(2A + 6) 


DG^ 


1 


1 


1 


D'G'' 


1 


1 


1 



4.2.3 Improved estimates for u, Vp 

Now we will use the structure of the equations (3.1.23) to improve our estimates for u, Vp, 
etc. Our first estimate is for Dp. It constitutes an improvement of our existing L°° estimate. 
Lemma 4.2.3, as well as a first estimate. 

Lemma 4.2.8. The following table encodes the power in an L°°{ft) interpolation estimate. 





^N+2,1 T>N+2,l ~ Sn+2,2 'T>n^2,2 


Dp 


1 1/(1 + r) (A + 2)/(AH-3) 
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The following table encodes the power in an interpolation estimate. 







Dp 


1 (A + l)/(A + 2) (A + l)/(A + 3) 



Proof. In order to record the proof of both the and L°° estimates at the same time, we 
will generically write ||-|| to refer to either the H^{Q) or L°°{Q) norm. Similarly, we will 
write to refer to the i7°(E) or L~(E) norm. The starting point is an application of 
Lemma A. 8.1 to bound 

\\Dpf<\\Dp\\l + \\d3Dp\\\ (4.2.9) 

We will estimate both of the terms on the right hand side in order to prove the lemma. 
In order to estimate Dp on E we utilize the boundary conditions in (3.1.23) to write 

d,p = d,7] + + ^^{G' ■ 63) (4.2.10) 

for i = 1, 2. Prom this we easily see that 

II^pIIe < WDvWl + WDG'Wl + WDdsUsWl . (4.2.11) 

The first two terms may be estimated with Lemmas 4.2.1 and 4.2.6, but we must further 
exploit the structure of the equations in order to control the last term. For the estimate 
we use trace theory and the relation 

d^ua = - diui - d2U2 (4.2.12) 

to find 

p93%||^o(s) < \\Ddsv4l < \\DGX + \\D\]\l. (4.2.13) 

Since D'^u = on E^ we may use Poincare, Lemma A. 8. 4, to bound < yVi^^tillQ, so 

that upon replacing in the previous inequality we find 

WmusWlo^^) < \\DGX + \\DVGX + \\D'Vu\\l . (4.2.14) 
For the corresponding L°° estimate we again use (4.2.12) to bound 

WDdsUsWl^^^^ < \\DGm^^^^ + \\D'u\\l^^^^ . (4.2.15) 

By Lemma A. 8. 4 we know that ||L'^m||^oo(s) ~ ^^^1 also Lemma 4.2.5 guar- 

antees that ||L>G^||^oo(s) ~ ll-^^^llL°°(f2)' ^® replace these to arrive at the bound 

ll^^3«3|li^(s) < II^G^IlIoc(a) + ||Vi^'«||l.(^) . (4.2.16) 
Then from (4.2.14) and (4.2.16) we know that 

WDdsUsWl < \\DGX + \\DVGX + ll^'V^lf . (4.2.17) 
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Combining (4.2.11) with (4.2.17) yields 

\\Dp\\l < WDriWl + \\DG'\\l + \\DG^'' + || WG'lf + \\D^Vuf . (4.2.18) 

Wc may then employ Lemmas 4.2.1, 4.2.2, 4.2.3, 4.2.5, 4.2.6 to derive the interpolation power 
for we record this power in the following table. Both the L°° and powers are 

determined by Dr), but the L°° estimate only improves the result of Lemma 4.2.3 for T>n^2,2- 





^iV+2,1 ~ £-N+2,2 I^N+2,2 


II^pIIl-(s) 


1 1/(1 + r) (A + 2)/(A + 3) 


\\Dp\\ho{j:) 


1 (A + l)/(A + 2) (A + l)/(A + 3) 



Now we will estimate the term ||()3L>p|| . For this we use (3.1.23) to write 

mp = di[{dl + dl - dt)us + dim + ■ 63]. (4.2.19) 

for i = 1, 2. Again using (4.2.12), we may write 

did^u^i = dids{G^ - diu^ - d2U2). (4.2.20) 

Combining these two equations then shows that 

II^^spII' < WD^I'' + \\D''Vuf + WDdtuf + \\DG'f + Ili^VG^Il' . (4.2.21) 

We may then employ Lemmas 4.2.2, 4.2.3, 4.2.4, and 4.2.5 to derive the interpolation power 
for llD^apll^; we record this power in the following table. The powers are determined by 
DG^, but note that the L°° estimate does not improve the result of Lemma 4.2.3. 





S-N+2,1 T^N+2,1 ~ ^N+2,2 T^N+2,2 


wmpw'u 


1 1 1/(1 + r) 


\\mp\\o 


1 1 (5A + 4)/(3A + 6) 



Now we return to (4.2.9) and employ our estimates of ||-C>p||j, and ||L'53p|| to deduce the 
desired interpolation powers for 

□ 

With this lemma in hand, we can now derive improved estimates for u. 
Proposition 4.2.9. Let 

. r5A + 2 A + l\ . r9A + 10 A + 2\ ^ , 

The following table encodes the improved power in the L°°{fl) interpolation estimate for 
u and its derivatives. 





£-N+2,l I^N+2,1 ~ ^N+2,2 I^N+2,2 


u 


1 2/(2 + r) 2/3 


d^Ui.i = 1,2 


1 1 2/3 




1 2/(2 + r) 2/3 


Vu 


1 2/(2 + r) 2/3 




1 2/(2 + r) 2/3 
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The following table encodes the power in the interpolation estimate for u and its 

derivatives. 





c 




c 

C-W+2,2 


■^^^■+2,2 


Uj 


^ 


(\ A- 1) l(\ -1- 91 


f A -1- 1 /r A -1- 91 






1 


-T i;/ -r z; 


fx -l_ iVfA + 21 
<yA -r i;/ -r zj 


Oi{\) 




1 


(3A + 2)/(2A + 4) 


(3A + 2)/(2A + 4) 


(4A + 3)/(3A + 9) 


Du 


1 


1 


(2A + 3)/(2A + 4) 


^2(A) 


Vu 


1 


(A + l)/(A + 2) 


(A + l)/(A + 2) 


e,{\) 


DVu 


1 


1 


(2A + 3)/(2A + 4) 


^2(A) 


Ddsus 


1 


1 


1 


(4A + 6)/(3A + 9) 




1 


1 


(2A + 3)/(2A + 4) 


(3A + 3)/(2A + 6) 




1 


(A + l)/(A + 2) 


(A + l)/(A + 2) 





The following table encodes the improved power in the L°°{Q) interpolation estimate for 
Vp. 





I^N+2,1 ~ ^N+2,2 T^N+2,2 




1 2/(2 + r) 2/3 



The following table encodes the power in the H^{fl) interpolation estimate for derivatives 
ofp- 





^N+2,1 


T^N+2,1 




T^N+2,2 




1 


(3A+l)/(2A + 2) 


(3A + 2)/(2A + 4) 


(5A + 2)/(4A + 8) 


Vp 


1 


(A + l)/(A + 2) 


(A + l)/(A + 2) 


0,{X) 



Proof. As in Lemma 4.2.8 we will write ||-|| and to refer to both the and L°° norms 
on Q and E respectively. We divide the proof into several steps, beginning with estimates of 
Vu. With these established, we can extend to estimates of u, DVu, Du, Dd^us, and Vd^u^ 
by employing Poincare's inequality and interpolation. This in turn leads to estimates for d^p 
and V^u. 

Step 1 - Estimates of Vu 

To begin the estimates, we split the components of into those involving Xi,X2 
derivatives and those involving xs derivatives. Indeed, we have 

2 

II Vi^ll' < \\Du\f + \\dsus\f + \\dsu,f . (4.2.23) 

1=1 

Lemma 4.2.2 provides an estimate of Du hut not of d^u, so we must use the structure of the 
equations (3.1.23) to estimate the latter two terms. 
To estimate d^u^ we use equation (3.1.23) to bound 

\\d3U3\f < \\G'\\' + \\Du\f . (4.2.24) 

Then Lemmas 4.2.2 and 4.2.5 provide interpolation estimates of and Du and hence the 
estimates of ^3^3 listed in the tables. The Du term determines the power for L°°, while the 
power is determined by for 
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To estimate d^Ui for i = 1, 2 we first apply Lemma A. 8.1 to get 

\\d3U^\f <\\d3Ui\\l+\\dlui\\\ (4.2.25) 
For the first term on the right we use equation (3.1.23) to bound 

\\dsU,\\l<\\Du,\\l+\\G'\\l. (4.2.26) 
Since Du = on E;, we can use trace theory, Lemma A. 8. 4, and the equation divu — for 

\\Du4l ^ llV/^txaf < + \\DG^f (4.2.27) 

For the second term on the right side of (4.2.25) we use (3.1.23) to bound 

ll^l^^ir ^ W^tuf + \\DSi\\' + \\Dpf + \\G'\\' . (4.2.28) 
We may then combine estimates (4.2.25)-(4.2.28) to deduce that 

WdsUif < \\dtu\f + \\D'u\\' + \\Dp\f + \\G'\\' + \\DG^' + . (4.2.29) 

Now wc use Lemma 4.2.2, 4.2.4-4.2.6, and 4.2.8 to find the interpolation powers for d^Ui, i = 
1,2 listed in the tables. For the power is determined by G^, while for the power is 
determined by Dp for Sn+2,i, ^N+2,2, and X'Ar+2,i but by the smaller of the powers of Dp and 
G^ for Vn+2,2- 

With estimates for Du, d^Us, and d^Ui for i = 1, 2 in hand, we return to (4.2.23) to derive 
the estimates for Vu listed in the tables. For the estimate the power is determined by 
Du, while for it is determined by d^Ui, i = 1,2. 

Step 2 - Extensions to estimates of u, DVu, DdsUs, and VdsUs 

Now we apply Lemma A. 8.4 to control u in terms of Vt*: 

< ||VM||^ (4.2.30) 

Our estimates for Vm then provide the estimates for u listed in the tables. 

We now turn to D'Vu. Clearly IIDVmHq is conrolled by both 8^-^2,1 and I'Ar+2,11 which 
yields the powers of 1 in the tables. An application of (A. 6. 17) from Lemma A. 6. 3 with 
X — 0, q — 1, and s = 1 shows that 

II^V^.||?<(l|V^.e^/'(||i^^VHQ''^ (4.2.31) 

Wc employ this in conjunction with our estimate for Vu and the estimate of D'^'Vu from 
Lemma 4.2.2 to get the interpolation powers for D'Vu listed in the tables for Sn+2,2 and 
T^N+2,2- The estimates for Du listed in the tables follow immediately from the estimates for 
DVu via Poincare: 

||L>k||^ < ||L>V^^||^ (4.2.32) 
In order to estimate Dd^u^ and in we use that div u — G'^ for 

\\Vd:,u£,<\\VGX + \\DVu\\l. (4.2.33) 
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and 

\\DdsUs\\l<\\DGX+\\D'u\\l. (4.2.34) 

Then our estimate for DVu and Lemmas 4.2.2 and 4.2.5 yield the estimates hsted in the 
tables. For Vd^u^ the power is determined by DVu for Sn+2,i,T^n+2,i, and by VG^ 

for Vm+2,2- For Dd^us the power is determined by DG^. 
Step 3 - Estimates of d^p and Vp 

Lemma 4.2.8 provides estimates for Dp, so to complete an estimate for Vp we only need 
to consider dsp. For this we again use (3.1.23) to bound 

II^spII' < plusf + \\D\\\' + \\dMf + P'f . (4.2.35) 
This and (4.2.33) then imply that 

ll^aPll' < \\DVu\f + 11^2^11' + \\dtu\f + \\G'\\^ + IIVG^lf , (4.2.36) 

and we may use Lemmas 4.2.2, 4.2.4, and 4.2.5 along with our new DVu estimate to deter- 
mine the powers in the tables for d^p. In the estimate the power is determined by DVu, 
and in the estimate the power is determined by G^. Then the estimates for Vp follow 
by comparing the Dp estimates of Lemma 4.2.8 to the d^p estimates. 
Step 4 - Estimates of V^u 

Finally we consider V^u, which we decompose according to Xi,X2 and X3 derivatives: 

2 

II V'lill" < lli^'ttll" + \\DVuf + ||9|«3||' + Yl Pl'^if ■ (4.2.37) 

i=l 

According to our bounds (4.2.28) and (4.2.33) we may replace this with 

II V'wlf < \\dtu\f + \\Dm^ + \\DVu\f + \\Dp\f + \\gX + IIVG^lf . (4.2.38) 

Then Lemmas 4.2.2, 4.2.4, 4.2.5, and 4.2.8 with our new estimate of DVu provide the 

estimates in the table for V^m. The power in the L°° estimate is determined by DVu, while 
for it is determined by Dp for ^Ar+2,1, ^N+2,2, and X'iv+2,1 but by the smaller of the powers 
of Dp and G^ for X'iv+2,2- 

□ 

4.2.4 Bootstrapping: first iteration 

We now use the improved estimates of Proposition 4.2.9 to improve the estimates of G\ 
i — 1, . . . ,A recorded in Lemmas 4.2.4-4.2.7. We will only record the improvements for the 
H°{Q) estimates. 

Lemma 4.2.10. The following table encodes the power in the H^{fl) interpolation estimates 
for G^'\ i — 1, ... ,5 and G^ and their spatial derivatives. 
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X 












1 


1 


1 


(5A + 6)/(3A + 9) 


1 


1 


1 


1 


1 




1 


1 


1 


(23A + 22) /(12A + 24) 




1 


1 


1 


(23A + 22) / (12A + 24) 




1 


1 


1 


(5A + 6)/(3A + 9) 


VG ' 


1 


1 


1 


1 


G ' 


1 


1 


1 


1 


VG^'^ 


1 


1 


1 


1 




1 


1 


1 


1 


VG^'S 


1 


1 


1 


1 


Gi 


1 


1 


1 


(5A + 6)/(3A + 9) 


VGi 


1 


1 


1 


(23A + 22)/(12A + 24) 



Proof. We perform the estimates as in Lemma 4.2.4, except that now we use the improved 
interpolation estimates of Lemma 4.2.8 and Proposition 4.2.9. 

□ 

Now for G^ estimates. We omit the proof. 

Lemma 4.2.11. The following table encodes the power in the H^iVL) interpolation estimates 
for and its spatial derivatives. 



X 


^N+2,1 T^N+2,1 ^N+2,2 T^N+2,2 


a' 


1 1 1 (7A + 6)/(3A + 9) 


DC 


111 1 


VG^ 


1 1 1 (5A + 5)/(2A + 6) 




111 1 



Now for estimates. Again we omit the proof. 

Lemma 4.2.12. The following table encodes the power in the H^{Y1) interpolation estimates 
for G^ and its spatial derivatives. 



X 


^N+2,1 T^N+2,1 ^N+2,2 T^N+2,2 


G' 


1 1 1 (5A + 6)/(3A + 9) 


DG'' 


1 1 1 (5A + 6)/(3A + 9) 


D'-G' 


111 1 



Now for G^ estimates. The proof is omitted. 

Lemma 4.2.13. The following table encodes the power in the H^{Y1) interpolation estimates 
for G^ and its spatial derivatives. 



X 


^N+2,1 'T^N+2,1 ^N+2,2 T^N+2,2 




1111 


DG^ 


1111 


D'-G' 


1111 
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The improved estimates for G", i — 1, . . . , 4 now allow us to improve the H° estimates 
for u and its derivatives in Proposition 4.2.9. 

Theorem 4.2.14. The following table encodes the power in the interpolation estimate 

for u and its derivatives. 





£-N+2,l 




£n+2,2 


'T^N+2,2 


u 


1 


(A + l)/(A + 2) 


(A + l)/(A + 2) 


(A + l)/(A + 3) 


dsUs 


1 


1 


(2A + 3)/(2A + 4) 


(A + 2)/(A + 3) 


Du 


1 


1 


(2A + 3)/(2A + 4) 


(A + 2)/(A + 3) 


Vu 


1 


(A + l)/(A + 2) 


(A + l)/(A + 2) 


(A + l)/(A + 3) 


DVu 


1 


1 


(2A + 3)/(2A + 4) 


(A + 2)/(A + 3) 


VC?3M3 


1 


1 


(2A + 3)/(2A + 4) 


(A + 2)/(A + 3) 




1 


(A+l)/(A + 2) 


(A+l)/(A + 2) 


(A+l)/(A + 3) 



The following table encodes the power in the H^{fl) interpolation estimate for derivatives 
ofp- 





^N+2A T^N+2.l 


^N+2.2 


T^N+2.2 




1 1 


(2A + 3)/(2A+ 1) 


(A + 2)/(A + 3) 


Vp 


1 (A + l)/(A + 2) 


(A + l)/(A + 2) 


(A + l)/(A + 3) 



Proof. The argument is essentially identical to that employed in Proposition 4.2.9, except 
that now we use Lemmas 4.2.10-4.2.13 for estimates of and Proposition 4.2.9 for estimates 
of Du., D^u. As such, we will only mention which terms determine the power for each 
estimate. 

For Vti the power is determined by Dp, and then Poincare and interpolation give the 
estimates for u, DVu, and Du. In the d^p estimate the power is determined by DVu, and 
in the Vp estimate the power is determined by Dp. The power in the V^u estimate is 
determined by Dp. 

The only estimate not modeled on one in Proposition 4.2.9 is the one for ^3^3. We employ 
the equation div u = to bound 

1193^^311' < llC'ir + \\Du\f and \\VdsUsf < \\VG'f + \\DVuf . (4.2.39) 

The estimates of d^u^ and Vd^u^ in the table follow from these, with the power of the former 
determined by Du and the latter determined by DVu. □ 

4.2.5 Bootstrapping: second iteration 

We now use the improved estimates of Theorem 4.2.14 to improve the estimates of G*, i = 1,2 
recorded in Lemmas 4.2.10-4.2.11. We once again omit the proof. 

Theorem 4.2.15. The following table encodes the power in the H^{Q) interpolation esti- 
mates for G'^'\ i = 1, . . . ,5 and G^ and their spatial derivatives. 
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X 








^Ar+2,2 


1 


1 


1 


1 


(2A + 2)/(A + 3) 




1 


1 


1 


1 




1 


1 


1 


1 


r~<l 3 
G ' 


-1 

1 


1 


1 


(2A + 2j/(A + 3j 


VGi'3,V2G3 


1 


1 


1 


1 




1 


1 


1 


1 




1 


1 


1 


1 


G^ 


1 


1 


1 


(2A + 2)/(A + 3) 




1 


1 


1 


1 



The following table encodes the power in the H^{fl) interpolation estimates for and 
its spatial derivatives. 



X 


^N+2,l £n+2,2 T^N+2,2 
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Now we make final improvements to our estimates. 

Proposition 4.2.16. The following table encodes the power in the H^{Q) interpolation es- 
timates for Dd^Ui for i — 1,2. 



X 


^"^+2.1 2^iV+2.1 ^"^+2.2 2^iV-r2,2 


Dd3Ui,i = 1,2 


1 1 1 (A + 2)/(A + 3) 



The following table encodes the power in an -f^^(S) estimates for Dui for i = 1,2. 



X 


Sn+2,1 T^N+2,1 ^N+2,2 T^N+2,2 


Dui, i = 1,2 


1 1 1 (A + 2)/(A + 3) 



The following table encodes the power in the improved if°(E) interpolation estimates for 
dtV- 



X 


£n+2,1 T>n+2,1 Sn+2,2 'T>n^2,2 


dtV 


1 1 1 (A + 2)/(A + 3) 



Proof. We may argue exactly as in Lemma 4.2.8 to bound 

+ \\D^G'\\' + \\D^G^' + ||D=^VG2|f + \\D^Gm . (4.2.40) 
We may also argue as in Proposition 4.2.9 to bound 

WDdsUif < WDdtuf + \\D\\\^ + \\Dm^ + \\DG'\\^ + \\DG^\\' + \\DG'\\1 (4.2.41) 

for i = 1,2. Combining (4.2.40) and (4.2.41) and employing Theorems 4.2.14 and 4.2.15 and 
Lemmas 4.2.12 and 4.2.13, we then find the H^{Q) estimates for Dd^Ui, i = 1,2 listed in the 
table. The power is determined by D'^rj. 
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2 

We now turn to the ||L>Mj||^2(s) estimate for i = 1,2. We employ trace theory and the 
Poincare inequahty to bound 

ll^«i|li/o(s) < WDdsUiWl and HZ^^Mj ||^o^^^ < H^'-'^SsMi ||^ , (4.2.42) 

and then we utihze our new estimate for Dd^Ui to deduce the -ff^(S) estimates hsted in the 
table. The power is determined by Dd^Ui since D^d^Ui has four derivatives and hence has a 
power of 1. 

Finally, for the dtq estimate we use (3.1.23), trace theory, and Lemma A. 8. 4 to bound 

l|5t^ll^o(s) < lk3|feo(s) + < \\Vu,\\l + \\G%,^^^ . (4.2.43) 

Then Theorem 4.2.14 and Lemma 4.2.13 provide the dtT] estimate for listed in the 

table, with the power determined by Vws; the estimates for £n+2,i-i ^^^^+2,1 come from 

Lemma 4.2.1. □ 

Now we record an interpolation estimate for fC, as defined by (4.1.13). 

Lemma 4.2.17. We have that JC < 

Proof. By definition, /C = ||Vm||^oo + ||V^m||^oo + ^^=1 ||-Dwi||^2(s)- We may then use the 
if^(E) interpolation estimate of Proposition 4.2.16 and the L°° interpolation estimate of 
Proposition 4.2.9 with r = 2A/(4 + A) to bound K. < ^he choice of r implies that 

2/ (2 + r) = (8 + 2 A) / (8 + 4A) , and the result follows. ' □ 



4.2.6 Estimates at the high end 

Our analysis in Sections 4.2.1-4.2.5 dealt with the problems associated with estimating terms 
involving fewer derivatives than appear in £N-\-2.m-'^N+2,m- We now turn to the problem of 
estimating terms involving more derivatives than are controlled by I^Ar+2,m- We accomplish 
such an estimate by interpolating between 2^Ar+2,m and £2n, which controls more derivatives 
since N > 5. Fortunately, the only term we must concern ourselves with is V^^'^^jy, and 
to simplify things we will only estimate it in terms of I'Ar+2,2- This suffices since X>iv+2,2 ^ 

Lemma 4.2.18. We have the estimate 

II^'''^'^IIV2 + IIV'^'^'^llo ^ (^2iv)^/(^^-^)(^^iv+2,2)(^^-^)/(^^-^). (4.2.44) 
Proof. According to Lemma A.4.1, with g = 2A'" + 5, we may bound 

||v72JV+5-||2 < |, |,2 < lln^^+'^nll^ (A9A^] 

V\\q r::, \\V\\h^n+9/2^j:') ^ \\-L> ^7111/2' 1^4. z. 40; 

so it suffices to prove (4.2.44) with only the D'^^'^^ri term on the left side. To prove this, we 
will use a standard Sobolev interpolation inequality: 

ll/IL ^ 11/11^^-^^'^ (4-2.46) 
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for s,q > and < r < s. Applying this to f — D^rj with s — 2N + 3/2, r — 1, and 
q^2N - 9/2, we find that 

iii5--.iL,, < \\D^u,,, < \\D^z-:;r-'' womizr' ■ (4.2.47) 

The desired inequahty then follows by squaring and using the definitions of and T>n^2,2- 

□ 

Our next result utihzes Lemma 4.2.18 to estimate products such as uD'^^^'^rf. 

Lemma 4.2.19. Let P — P{K, Drj) be a polynomial in K, Drj. Then there exists a 9 > so 
that 



(^'''^'^)^lliv.(E) + \\iD'''^"v)PVu\\'^y.^^^ < £|^P^+2,2. (4.2.48) 
Let Q — Q{K, b, V77) be a polynomial. Then exists a 9 > so that 

(V2^+^7))gV«||^ < (4.2.49) 



Proof. According to the bound (A. 1.2) of Lemma A. 1.1, we may bound 

< Wd'^'^'vC/.^^) + ll^'^^-^'^llUcE) WP^^WUi:) ■ (4-2.50) 
Trace theory implies that 

< \\Vu\\l + \\D'Vu\\l + \\V\\\l + II V^D^^II^ , (4.2.51) 

but then an application of Theorem 4.2.14 to all the terms on the right side shows that 

lkll?.2(E) + < {VN+2,2f-''^^^''-'^ . (4.2.52) 

It is easy to see, based on the terms controlled by S2N, that ||-P||//^2(x;) ^ ^2Ar < 1. We may 
then combine this with (4.2.52) and (A. 1.1) of Lemma A. 1.1 to deduce that 

hWl^,:) + \\P^u\\1,^j:) < {T^N+2,2f^'^^^'^'^ ■ (4.2.53) 
Then this bound, (4.2.50), and Lemma 4.2.18 imply that 

||(^'^+'^)^||U(E) + \\iD'''^'v)P^4H^fH^) ^ (4.2.54) 
for some ^ > and for 

4iV-9 A+1 4Ar-9 1 16iV-34 , ^ 

K = + > + - = > 1 (4.2.55) 

4iV-7 A + 3-4A^-7 3 12iV - 21 " ^ ^ 

since > 4. Since I'Ar+2,2 < ^2JV < 1, we may bound I^Ar+2 2 — ^iv+2,2 in (4.2.54), which 
then yields (4.2.48). 
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To derive (4.2.49) we first bound 

\\{V'''+'rj)QVu\\l < WV'^^^ml \\Vu\\l^ WQWl^ . (4.2.56) 

The first term on the right is controlled with Lemma 4.2.18. The second term satisfies 

llV^llioc < {VN+2,2f' (4.2.57) 

by virtue of the L°° estimates of Proposition 4.2.9. The third term satisfies ||Q||^oo ^ S2N < 1 
by Sobolcv embcddings and the definition of S2n- The estimate (4.2.49) follows by combining 
these bounds as above. 

□ 



4.3 Nonlinear estimates 

4.3.1 Estimates of G' at the iV + 2 level 

We now provide estimates of in terms of £N+2,m and I^Ar+2,m- Notice that our estimates 
are somewhat stronger than those stated in, say Theorem 4.2.15, since we include some 
power of £2N multiplied by EN+2,m or I>Ar+2,m- 

Theorem 4.3.1. Let m e {1, 2}. Then there exists a 9 > so that 



|y2(iV+2)-2^1| 



72(JV+2)-2^2 







\j^2{N+2)-2q3 



1 1/2 



2(Af+2)-2 







1/2 

< ^2iV^JV+2,m 



(4.3.1) 



and 



|^2(JV+2)-l^l||2 
I * m llo 



72(Af+2)-1^2 







, II f,2(JV+2)-1^3||2 
~ \\-^m ^ 1 1 1/2 ~ 



2(Ar+2)-1^4 







2 

1/2 



+ \\D'^''^'^-%G%^ < 8i^V^^2,m. (4.3.2) 



Proof. The estimates of these nonhnearities are fairly routine to derive: we note that all 
terms are quadratic or of higher order; then we apply the differential operator and expand 
using the Leibniz rule; each term in the resulting sum is also at least quadratic, and we 
estimate one term in [k = 0, 1/2, or 1 depending on G*) and the other term in L°° or H"^ 
for m depending on k, using Sobolev embeddings, trace theory, and Lemmas A. 1.1, A.4.1, 
and A.6.1-A.6.3. The derivative count in the differential operators is chosen in order to 
allow estimation by £N+2,m in (4.3.1) and by X>jv+2,m in (4.3.2). There is only one difficulty 
that arises. Because SN+2,m and PAr+2,m involve minimal derivative counts, there may be 
terms in the sum that cannot be directly estimated. To handle these terms, we invoke 
the interpolation results of Theorems 4.2.14 and 4.2.16 and Proposition 4.2.9, as well as the 
speciahzed interpolation results of Lemma 4.2.19. A detailed proof of the estimates is quite 
lengthy, so for the sake of brevity we present only a sketch. 
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Let a e with m < \a\ < 2(N + 2) - 2 and consider d"G\ Since involves Vp 
and d^u, d^fj with < 2, we find that d"^G^ involves at most (with parabolic counting) 
2(A^ + 2) — 1 derivatives of p, and at most 2(A^ + 2) derivatives of u and fj. We have that G^ 
is a linear combination of at least quadratic terms, and as such, so is d'^G^. Let us consider 
a generic term in the sum d°'G^, which we write as XY with X of the form d^u or d^f] 
with 1^1 < 2(A^ + 2) or else d^p with \/3\ < 2{N + 2) - 1, and Y a polynomial in lower- 
order derivatives. If is sufficiently large with respect to m, then the minimal derivative 
count is exceeded and we may estimate ||X||q < £N+2,m- It is easy to verify, using Sobolev 
embeddings and Lemmas A. 1.1, A. 4.1, and A.6.1-A.6.3, that we always have ||5^||^oo % £-2n 
for some ^ > 0. Then 

ll-'^^llo ~ ll^llo II^IIl°° ~ ^Ar+2,m^2iV- (4.3.3) 

On the other hand, if |^| is not large, then we must resort to interpolation, using Theorems 
4.2.14 and 4.2.16 and Proposition 4.2.9. In this case, it can be verified that we always get 
estimates of the form ||X||g < (£^27v)^~^'(^^Af+2,m)^' and \\Y\\\^ < (f2jv)^'(^jv+2,m)'^^ with 
Oi e (0, 1], ^2, ^3 > 0, and Oi + ^3 > 1 so that 

ll^^llo ~ ll^llo ll^llz,°° ~ ^iV+2,m^2Ar (4.3.4) 

for some ^ > 0. This analysis works for every XY appearing in so 

\\yr^''-'GX<£^^,,A (4.3.5) 

for some > 0. It can then be verified, through a straightforward but lengthy analysis like 
that used above, that all of the estimates in (4.3.1) hold. We note though, that in order to 
estimate the G^ terms, we must use Remark 3.1.2 to remove the appearance of (p — rf) in 
G\ 

Now we sketch the proof of the estimates in (4.3.2). We may argue as above to estimate 
all terms that arise in S^G* with two exceptions: terms involving 'W'^^^^fj on Vt or D^^+'^ry 
on S. These always have the form of the terms estimated in Lemma 4.2.19, so we may use it 
for estimates in terms of £2n'^n+2,2: which suffice for (4.3.2) since X'Ar+2,2 ^ T^n+2,i- Then 
(4.3.2) follows by combining the estimates of the exceptional terms with the estimates of the 
terms as above. 

□ 

4.3.2 Estimates of G' at the 27V level 

Now we derive estimates for the nonhnear terms at the 2A'" level. 
Theorem 4.3.2. Let m e {1, 2}. Then there exists a 9 > so that 

w^r-'GX + w^f-'ox + m'^-'cX/^ + m^'-'G'w' ^ ^2^, (4-3.6) 



\Vf-'G'\ 

+ 



+ v; 



|^4iV-3«^l 



AN-2q2\ 
2 



:+\\Dr-'G%.^+\\D- 



^4^^-2^4 



10 



+ 



|^4iV-3Q^2 



2 

1/2 

+ \\D'''-^dtG^ 



G" 



|2 

1 1/2 



|2 

1 1/2 



+ W-''dtG^ 



|2 

1 1/2 



<£:|^P2iv, (4.3.7) 
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and 



<Sl^V2N + }CJ^2N. (4.3.8) 

Proof. As explained in Theorem 4.3.1, the estimates are routine and lengthy, so we present 
only a sketch. The estimates in (4.3.6) are straightforward since has no minimal deriva- 
tive restrictions. They may be derived using Sobolev embeddings, trace theory, and Lemmas 
A.1.1, A.4.1, and the estimates of A.6.1. 

The only terms with minimal derivatives in are Dr] and Vp. The latter presents 
no problem since, owing to Remark 3.1.2, p itself never appears in any of the terms. 
The former may be dealt with by using Lemmas A.6.1 and A. 6. 2 to produce interpolations 
estimates of f] and 77 in terms of Dr]. Whenever interpolation is needed to estimate these 
terms, there are always other terms multiplying them that allow for the recovery of a power 
of 1 on 'D2N- Using these estimates with Sobolev embeddings, trace theory, and Lemmas 
A.1.1, A.4.1, and A.6.1 then yields (4.3.7). 

We now turn to the derivation of (4.3.8). Consider 9"G" with \a\ — AN—l and ao — 0, i.e. 
purely spatial derivatives, and expand 9°G* using the Leibniz rule. With two exceptions, we 
may argue as in the derivation of (4.3.7) to estimate the desired norms of all of the resulting 
terms by 82^T>2n for ^ > 0. The exceptional terms are ones involving either V*^^"*"^/^ in Vt or 
D'^^r] on E. We will now show how to estimate the exceptional terms with )CJ-2n, as defined 
by (4.1.13) and (4.1.12). 

In V^^~^G^, there are terms of the form d^fjQd^u, with 

Q = Q{A,B,J,K,VA,VB,VJ) (4.3.9) 

a polynomial and /3, 7 G with = 4A^ + 1 and I7I = 1. To estimate such a term, we use 
Lemma A.4.1 to bound 

\\^'''^ml^\\D'''^'N\l^J'^N. (4.3.10) 
Sobolev embeddings imply that ~ ^2N % 1 for some 6* > 0, so 

\\d'fjQd-u\\l < WV'^^^ml \\Vu\\U WQWU < ll^'^^^^Mlo II V'v^llio., < T2nK:. (4.3.11) 

This estimate then yields the estimate in (4.3.8). 

In V^^~^G^ there are terms of the form d^f]Qd"'u with Q = Q{A, B, K) a polynomial 
and ^,7 e with |^| = 4A^, I7I = 1. Again, Sobolev embeddings imply that < 

^2N ^ 1, so 

pf'fjQd^uWl < ||g|£i(n) lla'^r^a^nll' < \\df'nd^u\\l+\\d<'fj^d^u\\l+\\Wdf''nd^u\\l 
< \\V'^fi\\l \\Vu\\l.^^^ + W^'^'^ml \\Vu\\l^ < \\v\\lr,-,f2 W^^Wl + ^^2N 

<S2nV2n + )CJ^2n, (4.3.12) 

where again we have used Lemma A.4.1 and Sobolev embeddings. This estimate yields the 
estimate in (4.3.8). 
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In D'^^-'^G^ there are terms of the form d^rjQd'^u, where f3 e with \/3\ = 4N, 7 e 

with I7I = 1, and Q is a term for which we can estimate ^ ^2N ~ 1- Then Lemma 
A. 1.2 imphes that 

pf'riQd^uWl^ < pml^^ WQdMfc^ < MIn+1/2 llQlIci < •^2iv/C, (4.3.13) 

where in the last inequahty we have used || Vm||^1(^j.^ < JC, which follows since Vu and V'^u 
are continuous on the closure of Q. This estimate yields the estimate in (4.3.8). 

In £)^^-^Q^ the exceptional terms are of the form d^Ui, where (3 E with = 4:N 
and i — 1, 2. Then Lemma A. 1.1 implies that 

II A«i|lv2 ^ ll^^^ll V2 W^^WW) ^ •^2iv/C. (4.3.14) 
This estimate yields the G*^ estimate in (4.3.8). 

□ 

4.3.3 Estimates of other nonlinearities 

The next result provides estimates for XxG^ and its derivatives. 
Proposition 4.3.3. We have that 

\\lxGX+\\lxG%+\\lxdtGX<S2Nram{S2N,V2N} (4.3.15) 

and 

\\lxG%+\\lxGX<S2Nrmn{S2N,V2N}. (4.3.16) 

Also, 

||:^aG^||o^^2V (4.3.17) 

Proof. For each i = 1,2 and for a G N^"^'^ such that |a| < 2 wc can write d'^G^ = P^Qa, 
where P^ is polynomial in the terms d^b, d^^K, d'^f], and d'^u for /3 G N"*^^^ with < 4, and 
is linear in the terms d^Vu, d^V^u, and d^Vp for < 2. Then we may employ the 
bound (A. 3. 3) of Lemma A. 3.1 to see that 

||a"X,G^||^<||P^||^||QL|i;)'(ll^^a||?)'~'- (4-3-18) 

It is then easily verified, using the Sobolev embedding. Lemmas A. 1.1, A.4.1, and A. 6.1 and 
the fact that £2n < 1, that 

||P^||^ < 82N and \\Q'X ^ niin{£2iv,I^2iv}, (4.3.19) 

which, together with (4.3.18), implies (4.3.15). 

For i = 3, 4 and a G so that |q;| < 1, we may similarly decompose d°'G^ — PaQa- We 
then argue as above, employing the bound (A. 3. 4) of Lemma A. 3.1 as well as trace estimates, 
to deduce (4.3.16). The bound (4.3.17) also follows from Lemma A. 3.1 and trace estimate 
since 

II^A^i^ < \\u\\%o^^^ {\\Dv\Q' (ll^'^llo)'"' < 'D2nV^^VI-' = Vl^. (4.3.20) 

□ 
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Now we provide some further estimates of product terms that will be useful later when 
we analyze the energy evolution for Xxu and TxT]. 

Lemma 4.3.4. It holds that 

2 

\\Ix[{AK)d^u^ + {BK)d^U2]\\l + E < Vl^ (4.3.21) 

i=l 

and 

||X,[(1 - K)u]\\l < (£:2iv)'/^'+'^ (P2Ar)^'+''^/^'+'^ . (4.3.22) 

Also, 

\\XA{l-K)G%<E,^Vl^. (4.3.23) 

Proof. We apply Lemma A. 3.1, treating the AK, BK, diK terms as / and the u, Vu terms 
as to bound 



\\Xx[{AK)d^u, + {BK)d^u.,]\\l + Ux[ud,K]\\l 

1=1 

< {\\AK\\l + \\BK\\l + \\DK\\l) \\u\\l . (4.3.24) 

From Lemma 3.2.1, the fact that diK = —K^diJ, and Lemma A. 4.1, we know that 

\\AK\\l + \\BK\\l + \\DK\\l < II V77II; < \\Dn\\l < V,j,. (4.3.25) 

Then, since ll^llg < V2N, we know that (4.3.21) holds. 

Now, since 1 — K — K(l — J), we can again use Lemmas A. 3.1 and 3.2.1 to see that 

||Xa[(1 - i^)«]||o < l|i^(l - ^)llo Ml ^ iml Ml ■ (4-3.26) 
To control fj we use Lemmas A.4.1 and A. 6. 2 to bound 

'"l<\\i\\l + \\Dn\\l 



< {S2Nf^'-'^^ (^2iv)'/^'+'^ . (4.3.27) 

Then (4.3.22) follows from these two estimates and the fact that ||m||2 < 1^2N- 

For the estimate of the (1 — K)G^ term, we once more use Lemma A. 3.1 to see that 

\\Uii-K)G%<\\GX\\l-K\\l (4.3.28) 

By differentiating the equation JK = 1, we may compute the derivatives of K in terms of 
the derivatives of J; this allows us to bound, by virtue of Lemmas 3.2.1 and A.4.1, 

111 - ^Il2 ^ 11^112 ^ 11^112 < ll^llo + ll^^ll? ■ (4-3.29) 
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Then we may argue as in (4.3.27) to estimate the right side of this inequahty, and we deduce 
that 

111 - K\\l < {£2Nf^'^^^ {V2N f^'^'^ . (4.3.30) 

On the other hand, 

||Glo<||V«||S(||r/||i. + ||Vr?||i.). (4.3.31) 

We estimate the norms by using (A. 6. 4) of Lemma A. 6.1 first with g = 0, s = 1, 
r = + A and then with g = 1, s = 1, r = A^ + 2A to see that 

ml^ + iiv^iiio. 

< (iix..ii3^/^^^^^ (111^.113^/^^^^^ + (iix..ii3^/^^^^^ (ll^^.li:)^'"' 

< (S2Nf^''^'^ {V2Nf^^^'^ . (4.3.32) 

Then, since ||Vm||q < T>2n, we have that 

ll^lo ^ (^2iv)^/^^-^^^ iV2Nr'/^'^'^ , (4.3.33) 
which yields (4.3.23) when combined with (4.3.28) and (4.3.30). 

□ 

Now we provide an estimate of for d^A when j = 2A^ + 1 and when j — N + 3. 
Lemma 4.3.5. We have that 

\\dr^'m<'D2N, (4.3.34) 

while for m — 1,2, 

^ T^N+2,m. (4.3.35) 

Proof. We will only prove (4.3.34); the bound (4.3.35) follows from similar analysis. Since 
1 1 ^^^^^^11 1/2 — ■^2Ar and temporal derivatives commute with the Poisson integral, we may 
employ Lemma A. 4.1 to bound 

ii^r^^^n; = ii^r^^^iio + p^r^m ^ pr^'nt,^ < -^^n. (4.3.36) 

Prom this we easily deduce that 

pr^'jwl+pr^'m^^^N. (4.3.37) 

This, the previous bound, and the Sobolev embeddings then imply (4.3.34) since the com- 
ponents of A are either unity, K, difjbK, or d2fjbK. □ 
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4.4 Energy evolution using the geometric form 



4.4.1 Estimates of the perturbations when 5" = is applied to 

(1.1.27) 

We now present estimates of the perturbations F*, defined by (3.1.13)-(3.1.22) when 9" = 

or. 

Theorem 4.4.1. Let = df^ and let F\ F^, F^, F^ be defined by (3.1.13)-(3.1.22). Then 
\\fX + \\dt{JF% + llF^II^ + ||F^||„ < (4.4.1) 



Proof. We first consider the F^ estimate. Each term in the sums that define F^ is at least 
quadratic. It is straightforward to see that each such term can be written in the form XY, 
where we X involves fewer temporal derivatives than Y, and we may use the usual Sobolev 
embeddings and Lemmas A. 1.1 and A. 4.1 along with the definitions of and V2N to 
estimate 

ll^llioo < £2N and \\Y\\l < V2N. (4.4.2) 

Then \\XY\\l < \\X\\l^ \\Y\\l < £2nT>2n, and the estimate in (4.4.1) follows by summmg. 
A similar argument, also employing trace estimates, yields the F^ and estimates in (4.4.1). 
Note though, that to estimate the f3 = a term in F^'^, we use Remark 3.1.2 to replace (p — rj). 

The same analysis also works for dt{JF'^'^) and shows that ||9f ( JF^'^) ||q < £2nT^2N- 
To handle dt{JF^'^) we must also be able to estimate ||(9(^^^"'^.4.||q < T)2n, but this is 
possible due to Lemma 4.3.5. Then a similar splitting into L°° and estimates shows 
that \\dt{JF^'^)\\l < £2nT>2n, and then the dt{JF^) estimate in (4.4.1) follows since F^ = 
F^'i + F2'2. □ 

We now present estimates for these perturbations when 9" = d^'^^. 

Theorem 4.4.2. Let 9" = d^+^ and let F\ F^ F^ F^ be defined by (3.1.13)-(3.1.22). 

Then for m = 1,2 we have 

\\fX + \\dt{JF') \\l + \\fX + \\F\ < £2NVM+2,m. (4.4.3) 

Also, if N > 3, then there exists a 9 > so that 

||i^lo^^2ViV+2,n. (4.4.4) 

for m = 1,2. 

Proof. The proof of (4.4.3) is essentially the same as that of Theorem 4.4.1. For the F^, 
F^, and F"^ estimates we note that each term in their definition is of the form XY where X 
involves fewer temporal derivatives than Y, which involves at least two temporal derivatives. 
We estimate ||X||^tx) < £2N and \\Y\\l < T>N^2,m and then sum to get (4.4.3). Note that since 
Y involves at least two temporal derivatives, there is no problem estimating it in terms of 
I>jv+2,m- The 9t( JF^) estimate works similarly, except we must also use the bound (4.3.35) 
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from Lemma 4.3.5. Note also that in estimating the j3 — a term in F^'^, we must employ 
Remark 3.1.2 to remove {p — rj). 

Wc now turn to the proof of (4.4.4). Recall that = F^'^ + F^'^. Since the sum in F^'^ 
runs over 1 < /3 < N + 1, wc may bound 



ri2,l||2 



10 ~ 



1<I3<N+1 



U 



i</3<Ar+i 

For F^'^, a calculation reveals that 

p2,2 ^ _dN^2j^^Q^^^ ^ -d^+'AisdsUi 



.N+2-13 



U 



2{N+2)-2(N+2-l3) 



< S-2NSN+2,m- (4.4.5) 



d^+\dir]bK)dsUi + d^+\d2r]bK)dsU2 - df+^Kdsu^. (4.4.6) 
osition 4.2.9 to bound ||(?3Mj|'^ 

for i — 1,2 and m = 1,2, which then implies that 



We may use the L°° interpolation estimate of Proposition 4.2.9 to bound ||(?3Mj||^oo ^ ^N+2,m 



d^+\dir}bK)dsm + d^+\d2fjbK)dsU2 



2N<^N+2 



(4.4.7) 



if we estimate d^Ui in L°° and the d^'^^ terms in On the other hand, the relation 
JK — 1, the Leibniz rule, and Lemma A. 4.1 imply that 



l<j<N+2 l<j<N+2 l<j<N+2 

- E \\9Ml2+\\drv\\y2^^N^^,rn+\\dr'v\ 
l<7<iV+l 



1/2' 



(4.4.8) 



To handle the last term we must use the standard Sobolev interpolation (4.2.46) with s 
r = 1/2 and q ^ 2N - 9/2: 



\\9rm:/2 ^ (\\9r^\on\\^r^LJ'-^ < {^N^2,mns2Nr^ 



(4.4.9) 



for K={AN - 8) /{AN - 9). Then 



\\dr'Kd,u4'^<\\drK\\'jd,u,i 

< SN+2,m ll^a^iallioc + {SN+2,mT{S2NY-'' WO^u^^oo ■ (4-4.10) 

For the first term on the right we bound || 93X^3 ||^oo ^ S2N, and for the second we use the 
interpolation bound of Proposition 4.2.9 with r = 1/2 so that 2/(2 + r) = 5/4> 1 — k and 
ll^^s^isllioo < ^N+2^m ~ ^N+2,m- ^hcu these estimates and (4.4.10) imply that 

\\d^+'KdsUs\\l < £N+2,m(^2N)'-^. (4.4.11) 

We then combine (4.4.6), (4.4.7), and (4.4.11) to see that 



;^2,2||2 



,10 ~ '^N+2,m{£2N ) 

Then the estimate (4.4.4) follows from (4.4.5) and (4.4.12). 



(4.4.12) 
□ 
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4.4.2 Energy evolution with the highest and lowest count of tem- 
poral derivatives 

We now show the time-integrated evolution estimate for 2A'" temporal derivatives. 

Proposition 4.4.3. There exists a 9 > so that 

\\dru{t)\\l + \\drvit)\\l + f llD^r^llo < ^2iv(0) + {SMt)?/' + r^:|iv^2iv. (4.4.13) 

Jo Jo 

Proof. We apply 9" = d^^ to (1.1.27). Then v = d^^u, q = d^^p, and C = d^^r] solve (3.1.1) 
with F*, i = 1,2,3,4 given by (3.1.13)-(3.1.22). Applying Lemma 3.1.1 to these functions 
and then integrating in time from to t gives 

I [ j\dru{t)\'+l I \drv{t)\'+\ f I j\BAdru\' = \l j|5r«(o)f 

^ Jt. Jo Jn Jo Jt, 

(4.4.14) 



+ 



We will estimate all of the terms involving on the right side of this equation. 

We begin with the term. According to Theorem 4.4.1 and Lemma 3.2.1, we may 
bound 

/' / Jd^u-F'K f\\dr4o\\J\\Loo\\F\< fV^V^^^ 
Jo Jn Jo Jo 

= / V^T^2N. (4.4.15) 
Jo 



Similarly, we use Theorem 4.4.1 and trace theory to handle the F and F terms: 

-d^u . F^ + d^vF' < iiar«Lo(,) \\F\ + prvi \\F\ 

[\\\d^''u\l + \\drrjl) y/£^;;V^ < f ^V^r,. (4.4.16) 
Jo Jo 



< 



For the term d^'^pF'^, there is one more time derivative on p than can be controlled by 
V2N- We are then forced to integrate by parts in time: 

r / d^pjF'^-f I dr-'pdt{jF')+ 1 {dr-'pjF'm- [ {dr-^pjF^m. 

Jo Jn Jo Jn Jn Jci 

(4.4.17) 

Then according to Theorem 4.4.1 we may estimate 

- f [ d^-'pdtiJF') < f\\dr-'p\\o\\9t{JF')l< fV^^MM^ 
Jo Jn Jo Jo 

= / \/S^V2N. (4.4.18) 
Jo 
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On the other hand, it is easy to verify using the Sobolev embeddings that 

/ (dr-'pjF'm - f {d^-'pjF'm < smq) + {S2N{t)f'. (4.4.19) 

Jn Jn 



Hence 



/ / d^'^pJF' < S2n{0) + {S2N{t)f' + f ^/S^V2N. (4.4.20) 
JO Jn Jo 

Now we combine (4.4.15), (4.4.16), and (4.4.20) to deduce that 



< E2n{^) + (^2iv(i))'/' + / \fS^V2N. (4.4.21) 

We now seek to replace J ID^^^^^-uI^ with ID^j^^-uI^ and J \dl^u{t)\^ with \dl^u{t)\^ in 
(4.4.21). To this end we write 

J \^AdrA^ = \^drA^ i^^r^r + j ipAdr^ + ■■ (©^^r^ - 

(4.4.22) 

and estimate the last three terms on the right side. For the last term we note that 

Bj^dl^'u ± ml^u = {Aik ± 5ik)dkdl''u^ + {Ajk ± 5jk)dkdl''ui (4.4.23) 

so that Sobolev embeddings and Lemma A. 4.1 provide the bounds 

\By^dl^u - ml^u\ < ^/£^\S/^^^u\ and iB^d^^u + P5f m| < (1 + ^/£^) \Vd^^u\ . 

(4.4.24) 

We then get 
Jci 

< [ {V^ + ^2n) f |va,2^Kf < [ ^/S^V2N. (4.4.25) 
Jo Jn Jo 



Similarly, 

/*/ \J-l\\Bd^''u\' < f ^V2N^^d [ \ J-l\\d^''u{t)\' <{S2N{t)f'. (4.4.26) 
Jo Jn Jo Jn 

We may then use (4.4.22) and (4.4.25)-(4.4.26) to replace in (4.4.21) and derive the bound 
(4.4.13). □ 

Now we prove a similar result for when d^^"^ is applied. This time, however, we do not 
want an inequality that is integrated in time, so we are forced to introduce an error term 
involving d^^^p. 



122 



Proposition 4.4.4. Let be given by (3.1.19) with d°' — d^^'^. Then it holds that 



dt 



Vld^^'u ' + ||af+^r;||^-2 / Jdr'pFA + \\mrM\l^V^^N+2,m. (4.4.27) 

Proof. We apply 9" = 9f +^ to (1.1.27). Then v = d^+\, q = d^+^p, and C = <9f +^?? solve 
(3.1.1) with F\ i = 1,2,3,4 given by (3.1.13)-(3.1.22). Applying Lemma 3.1.1 to these 
functions gives 

= I J{d^+^u ■ F' + d^^'pF^) + / -d^+^u ■ F' + d^+^7]F\ (4.4.28) 

We will estimate all of the terms involving on the right side of this equation as in Propo- 
sition 4.4.3. 

We begin with the F^ term. According to Theorem 4.4.2 and Lemma 3.2.1, we may 
bound 



/ Jd^^'^u ■ F^ < \\d^-^^u\\^ II JiLoc llF^llo < y/v;^^/£^, 
Jn 



= VS^VN+2,m. (4.4.29) 

Similarly, we use Theorem 4.4.2 and trace theory to handle the F^ and F^ terms: 



s 

< iWd^+'ul + \\d^+m) V^2NVM+2,m < VS^V^+2,m. (4.4.30) 

For the term d^'^^pF'^, there is one more time derivative on p than can be controlled by 
'Djv+2,m- We are then forced to pull out a time derivative: 

/ d^+^pJF^ = dt [ d^+'pJF^ - I d^+'pdt{JF^). (4.4.31) 
Jn Jn Jn 

Then according to Theorem 4.4.2 we may estimate 

- / arV*(Ji^') < ll^rVllo ll^*(>^^')|lo ^ V^^V^^nD^ 
Jn 

= V£^T)N+2,m- (4.4.32) 

Hence ^ 

/ / d^pJF' <dt f df+'pJF' + ^/S^Vr,+2,m. (4.4.33) 
Jo Jn Jn 

Now we combine (4.4.28)-(4.4.30) and (4.4.33) to deduce that 

<VS^VM+2,m. (4.4.34) 
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We may argue as in (4.4.22)-(4.4.26) of Theorem 4.4.3 to show that 

]- I \m^^\f<\ I Jp^d^^\\'-rVE^V^+2,m. (4.4.35) 
Then (4.4.27) follows from (4.4.34) and (4.4.35). 

□ 

Finally, we record the basic energy estimate when no derivatives are applied. 
Proposition 4.4.5. It holds that 

d,(^^Jj\uf + ^Jjv\'^+^J^J \B,,uf = 0. (4.4.36) 

\Ht)\\l + Uml + f l|M)^llo ^ ^2iv(0) + f V^P2iv. (4.4.37) 



In particular 



Proof. Setting = in Lemma 3.1.1 for i = 1,2,3,4 yields (4.4.36). We may argue as in 
(4.4.22)-(4.4.26) of Theorem 4.4.3 to estimate 

I [ \Buf <l [ JpAuf + ^/£^V2N. (4.4.38) 

Similarly, Lemma 3.2.1 allows us to estimate 

^ ^ 'uf <]- f J\u\^ . (4.4.39) 



4 -/n ' - 2 



Now we may integrate (4.4.36) in time from to t and use these two estimates to derive 
(4.4.37). □ 

4.5 Energy evolution in the perturbed linear form 
4.5.1 Energy evolution for horizontal derivatives 

We now estimate how the evolution of the horizontal energy is coupled to the horizontal 
dissipation and the full energy and dissipation. 

Lemma 4.5.1. Let a E be such that \a\ — 4N, i.e. let be 4N spatial derivatives in 
the xi,X2 directions. Then 



L 



s 



< \fS^V2N + ^V2n1CJ^2n. (4.5.1) 
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Proof. Throughout the proof /3 will always denote an element of N^, and we will write 
Df ■ d^u = difd^Ui + d2fd^U2 for a function / defined on E. Then by the Leibniz rule, we 
have that 

ga^A ^ gap^ . ^ j^ga^ ' U + Ca,pD&'~^r} ■d^U+ Ca,pD&'~^r] ■ d^U (4.5.2) 



0</3<a 
1/31=1 



0</3<a 
l/3|>2 



for constants C^^^ depending on a and (3. We will analyze each of the three terms on the 
right separately. 

For the first term, we integrate by parts to see that. 

/ d"riDd"ri u^^- [ D \d"rj\^ -u^-}- f d'^rid"ri{diUi + ^2^2). (4.5.3) 

This then allows us to use (A. 1.3) of Lemma A. 1.1 to bound 



J d^r]Dd"ri ■ u 



^ ll^"^lll/2 \\d"vidlUl + 52^^2)||jy-i/2(2) 

^ ll^ll4iV+l/2 ll^"^ll-l/2 ll^l""! + ^2^i2||ij2(s) 
— ll^ll4Ar+l/2 

Similarly, for the second term we estimate 



0</3<a 
=1 



^ll^'Mlv2ll^'MLi/2Ell^- 



1/2 II"" "'illi?2(s) 
i=l 



^ ll^ll4JV+i/2 ll^^ll4Ar-3/2 Il^^illif2(s) ^ V^^Mn^C. (4.5.5) 



i=l 



For the third term we first note that ||5"^||_i/2 — ll-^^ll4Ar-3/2 — V^^2N, which allows us 
to bound 



<\\d-7j\\_,/,\\Dd--^vd^u\\^-,,, 



/fl/2(S) 



< ^/V^\\D^''-^r|■^^u\ 



J/fi/2(E)- (4-5-6) 

We estimate the last term on the right using Lemma A. 1.1, but in different ways depending 
on 151: 



iDd'^-f^riW^ ||^^«Li/2(E) 2Ar + 1 < < 4Ar 
iWDvl 



< 



\\\Dv\\ 



4N-3/2 \M2N+S for 2 < < 2N 

2iv+i IklU+i for2A^ + l<|^|<4A^ 



, (4.5.7) 
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so that \\Dd'^->^r] ■ d'^u\\^y^^^^ < sfS^^/D^ for all < ^ < a with |^| > 2. Hence 



0<l3<a 
1>2 



The estimate (4.5.1) then follows from (4.5.4), (4.5.5), and (4.5.8). 



(4.5.8) 



□ 



Now we prove an estimate for horizontal derivatives up to order 2N , excluding d"' — 
and no derivatives. 

Proposition 4.5.2. Suppose that a e N-'^+^ is such that ccq < IN — 1 and 1 < |q;| < 4A'". 
Then there exists a 9 > so that 

+ \d^rif^ < El^V^N + \/V2nKJ=2n, (4.5.9) 

and in particular, 

+ f\\Dt''-'l}u\\l+\\DD^''-'Bu\\l<£2N(0)+ f SIj,V2n+VT^2n}CT2n. (4.5.10) 
Jo Jo 

Proof. Let a G N^^^ satisfy ao ^ 2A^ — 1 and 1 < |a| < 4:N. Note that the constraint on cto 
implies that we do not exceed the number of temporal derivatives of p that we can control. 
An application of Lemma 3.1.3 to ^; = d^u, q = a>, C = d^V with = d'^G^, = 
$3 ^ QaQ3^ ^4 ^ QaQ4^ and a = 1 reveals that 



Dd"u\ 



+ I -d'^u-d'^G^ + d^r]d''G\ (4.5.11) 



Assume initially that 1 < |q;| < 4A'" — 1. Then according to the estimates (4.3.7)-(4.3.8) 
of Theorem 4.3.2 and the definition of X>2Ar, we have 



/ 

Jn 



d^u ■ d^G^ + d^pd'^G^ 



<\\d-u\\,\\d^G\+\\dy\\,\\d-G\ 



< V^\^2n1^2N + < S^j^V^N + y^rf^, (4.5.12) 



where in the last equality we have written k = 6/2 for 6 > the number provided by Theorem 
4.3.2. Similarly, we may use Theorem 4.3.2 along with the trace estimate ||f?"'u||^o(s) 
ll^^-ulli < \/V^ to find that 



< 



L 



<I|5°«IIho(e)||5"G'^|Io + II^"^IIoII^"g^IIo 



< V^\/^2V^2iv + /CJ-2iv < S^^V^N + ^JV2nK:F2n- (4.5.13) 
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Now assume that \a\ — AN. Since ckq ^ 2A^ — 1, we may write a = /3 + (a — /3) for some 
/3 G with \/3\ = 1, i.e. 9° involves at least one spatial derivative. Since \a — /3\ — AN — 1, 
we can then integrate by parts and use (4.3.8) of Theorem 4.3.2 to see that 









< 


Jn 




Jo. 





< \\d'^u\\, IIV^^-'G^II^ < VV^^J£',^V,N + JCJ'2N < S^n'^2n + (4.5.14) 
For the pressure term we do not need to integrate by parts: 

< VV^^£U'^2N + 1CJ'2N < S^^V^N + \/V2n1CF2N. (4.5.15) 

We integrate by parts and use the trace estimate H^{Vi) ^ if^/^(E) to see that 



j d'^u-d'^G^ 




! d"+^u-d"-^G^ 


< 











l//-l/2(S) 



\d"-^G^ 



1 1/2 



< V^\/^In'^2N + K:T2N < E2n'D2N + \/^2iv/CJ-2iv. (4.5.16) 

For the term d°'rid'^G^ we must split to two cases: > 1 and ao = 0. In the former case, 
there is at least one temporal derivative in 9", so ||9"?7||j^y2 — V^2N, and hence 



d'^rjO'^G^ 



d"+l^r)d''-f^G^ 



- Ir ''11-1/2 Ir ^ \\i/2 



(4.5.17) 

In the latter case, = 0, so that 9° involves only spatial derivatives; in this case we use 
Lemma 4.5.1 to bound 



^ a/ £-2nT^2N + \/T^2N^^2N- 



(4.5.18) 



Now, in light of (4.5.11)-(4.5.18) we know that (4.5.9) holds. The bound (4.5.10) follows 
by applying (4.5.9) to all 1 < |q;| < 4A'" with cto < 2A'" — 1, summing, and integrating in time 
from to □ 

Our next result provides some preliminary interpolation estimates for G^ and in terms 
of the dissipation at the N + 2 level, but with a power greater than 1. 
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Lemma 4.5.3. We have the estimate 

ll^'''^'^ii/2 ^ (^^iv+2,2)^+'/^'^-'^ . (4.5.19) 
Also, there exists a 9 > so that 

\\DGX < {VN^2,.r"^'^'^ , and \\D^gX < E^^ {V^^,,,^"^'^'^ . (4.5.20) 
Finally, 

\\DG%, < £!^^ iVj,^2,ir'/^'^'^ , and < {V^^,,^^'/^'^'^ . (4.5.21) 

Proof. Let a e be such that \a\ — 2{N + 2) — 1. The Leibniz rule, Lemma A. 1.1, and 
trace theory imply that 



li/2 ~ W"^^ ''Il2lr "11^1/2(2) ' W"^^ ''II1/2 Ir "'llH2(s) 

/3<a 0<a 
\P\<N+2 iV+3<|/3|<2Ar+3 

< |pr?|U+4 \\Dl\fu\l + ||^'^||2(Ar+2)-5/2 MH-^-iii) ■ (4-5-22) 

Trace theory, Poincare's inequality, and the H^iVt) interpolation result for Vm of Lemma 
4.2.14 imply that 

< V'^^'^lf'^'^ + (8,^,)^'^'^^'^'^ {V^^2,2)^'^'^^^'^'^ < v'-^tT'-'^. (4.5.23) 
Since N > 5 and A e (0, 1), we may define 



8A^ + 2A - 8 



4Ar(i + A) - 9A - 13 



8A^ - 6 8A^ - 8 



8A^-22' 4Ar- 13 



C [l,2iV-9/2]. (4.5.24) 



Using this q, r ~ 1 and s = 2(iV + 2) — 5/2 in the standard Sobolev interpolation inequahty 
(4.2.46), we find that 



P '^ll2(iV+2)-5/2 ^ [\\D 42iN+2)-7/2) (11^ ^ 



9/(1+9) /,, _o m2 \ 1/(1+9) 

2(A'+2)-5/2+q ) 



< iV^+2,2f^'^'^ {£2Nf^'-''^ < {Vn+2,2Y"''^'^ . (4.5.25) 

Our choice of q implies that 

SO that (4.5.23) and (4.5.25) then imply that 

ll^'^ll2(iV+2)-5/2 II^IIU2(E) < (2^Ar+2,2)^^^/^^^-^^ . (4.5.27) 
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The if'^(E) interpolation result for Dr] of Lemma 4.2.1 implies that 
I|£'.)||'„+.<lli).;|l5+||i)^;||^_,, 

/7^(A+l)/(A+3) (A+2)/(A+3) n(A+1)/(A+3) < ^(A+l)/(A+3) (Af\Oa\ 

On the other hand, using the same q as above and Lemma A. 8. 3, we have 

||r)2Af+3 II _ n|n2iV+3 II /|| n2A^+3 II 

W-'^N+l "111 — UI-'^Af+l "111/ Vlj-'^Af+l "lllJ 

< (I5iV+2,2)^/^'+^^ {S2Nf^'^'^ < {VN+2,2f^'^'^ ■ (4.5.29) 

Then (4.5.28) and (4.5.29) imply that 

11^^11^+4 < (V^^2,2r'/^'''-'^ . (4.5.30) 

We then combine (4.5.22), (4.5.27), and (4.5.30) to deduce (4.5.19). 

We now turn to the proof of the bounds (4.5.20) and (4.5.21). The bounds (4.5.20) maybe 
deduced by applying an operator 9"^ with a e N^"^^ satisfying either |q;| = 1 or |q;| = 2 to G^, 
and then estimating the resulting products with one norm taken in and the others in L°°, 
employing the and interpolation estimates for 77, u and their derivatives recorded in 
Lemma 4.2.1, Proposition 4.2.9, and Theorem 4.2.14. The bounds (4.5.21) may be deduced 
similarly except that at least two terms in the resulting products must be estimated in to 
deduce the resulting bounds. This presents no problem since is a linear combination 
of products of two or more terms. 

□ 

With this lemma in place, we may record the estimates for the evolution of the energy 
at the + 2 level. 

Proposition 4.5.4. Suppose that m e {1, 2} and a e N^+^ is such that ao < N + 1 and 
TTi < \a\ < 2{N + 2). Then there exists a 9 > so that 

dt {\\d^u\\l + ||9"77|lo) + llE'^'^llo ^ ^2NT^N+2,m. (4.5.31) 

In particular, 

+ \\Dl^+'Bu\\l + \\DD'''+'Bu\\l < Sl^VM+2,m. (4.5.32) 

Proof. For m G {1,2} and a G N^+^ such that < N + I and m < |«| < 2(iV + 2), we 
argue as in Proposition 4.5.2 to deduce that (4.5.11) holds. Let denote the right hand 
side of (4.5.11) for our range of a. To bound X^, we break to three cases. 

If m + 1 < |a| < 2{N + 2) - 1 or \a\ = 2{N + 2) with 1 < ckq < + 1, then we know 
from trace theory and the definitions of T>N-\-2,m that 

Wu\\l + \\dy\\l + + Wv\\\/2 < ^N+2,m. (4.5.33) 
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This allows us to argue as in Proposition 4.5.2, employing Theorem 4.3.1 in place of Theorem 
4.3.2, to bound 

\X^\<£lNl^N+2,m (4.5.34) 

for some ^ > 0. 

Now consider \a\ = 2{N + 2) with ao = 0. In this case we still know that 

\\d^u\\l + Wd'^pWl + ||9"ii||5,v2(s) ^ ^iv+2,m, (4.5.35) 

so we may argue as in Proposition 4.5.2, integrating by parts and using these bounds as 
well as those from Theorem 4.3.1 to show that the first, second, and third integrals in the 
definition of Xa are bounded by ^2Af^w^+2,m- For the fourth integral, we control ||9"77||^y2 
through the interpolation estimate of Lemma 4.2.18: 

Wd-vWl/, < WD'^'^'vlll/, < {S^Nf^'''-'^ {V^^2,2f^-'^/^'^-'^ . (4.5.36) 

Then we may integrate by parts with a = /3 + (a — /3), = 1 and employ this estimate 
along with (4.5.19) of Lemma 4.5.3 to see that 



E 



- ir ''11-1/2 ir ^ 1I1/2 



< \\d-V\\y2 ||^'''^^G^||V2 ^ \/ i^^Nf^'""-'^ (I^A.+2,2)^^^-^^/^^^-^V(^^+2,2)^+^/(^^-^^ 

— {£2n)^^^^^ '^^ ^ {£2nY^^^^ T^N+2,m- (4.5.37) 

Hence, when \a\ — 2{N + 2) with cto = we also have that there is a ^ > so that 

\X^\ < £2n1^n+2,^. (4.5.38) 

Finally, we consider the case of |q;| = m for m = 1, 2. In this case we only know that 

+ < T^N+2,m: (4-5.39) 

so only the first and third integrals of X^ may be handled directly as above to be bounded 
t'y ^2Ar^Af+2,rra. the fourth term we first use the H^{I]) interpolation results of Lemma 
4.2.1 and Theorem 4.2.16 to bound 

WDvWl < (2^iv+2,i)^^+^)/^^+^) and WD^I + ||a,r;||^ < (V,,^,,,)^'^'^/^'^'^ . (4.5.40) 

Then by (4.5.20) of Lemma 4.5.3, we know that 



s 



<\\d'^v\\o\\d^G\ 



< 



'{V^^,,, f^'^/^'^'^ y^^,V {V^^,,,r'/^'^'^ for m = 1 
^(2^iv+2,2)^^^^^/^^+^^ (2^iv+2.2)^^^/^^+^^ form = 2 

<£SVr,+2,m. (4.5.41) 
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For the third term we first use Lemma A. 6. 3 to bound 

\\Dp\\l^ < iV,,^2,if^'^'^ and llD^r^ll^ + ||a,r;||^ < {V^+2,2f^'^'^ ■ (4.5.42) 
Then by (4.5.21) of Lemma 4.5.3, we know that 



< 



{V^^2,iY"'^'^\I£Im {VN+2,ir'^'''^'^ for m = 1 
^{Vj,^2,2f^'^'^^S^,^ {V^^2,2r'/^'^'^ form = 2 

<£SVM+2,m. (4.5.43) 

Hence when \a\ = m for m = 1, 2 it also holds that 

l^al <<?lAr^iV+2,m. (4.5.44) 

Now, by (4.5.34), (4.5.38), and (4.5.44) we know that (4.5.31) holds. The bound (4.5.32) 
follows by summing (4.5.31) over the specified range of a. 

□ 

4.5.2 Energy evolution for Ixu and Ixrj 

Before we can analyze the energy evolution for I^ii and IxT] we must first prove a lemma 
that provides control of I\p. 

Lemma 4.5.5. It holds that 

W^xpWI ^ ^2N, and (4.5.45) 
\\IxDp\\l < (£2iv)'/^'+'^ (I^2iv)'/^'+'^ . (4.5.46) 
Proof. Let a e be such that \a\ e {0, 1}. We may apply Lemma A. 8.1 to see that 

Wd^^xPWl ^ Wd'-^xPWW) + II^sS-XapIIJ . (4.5.47) 

In order to estimate each term on the right we will use the structure of the equation (3.1.23). 
Indeed, using the boundary condition, we find that 

l|9"XAP|li«(s) < Wd^IxvWl + \\d^Ixd,us\\lo^^^ + Wd^IxCX . (4.5.48) 
Trace theory and the divergence equation in (3.1.23) allow us to bound 

||5°X,53W3||io(s) < W^IxdsUsWl < p'^IxCX + \\ff^IxDu\\l 

<\\IxDu\\l+\\lxG%, (4.5.49) 
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regardless of whether \a\ = or 1. To estimate this XxDu term we apply Lemmas A. 3. 2 and 
A.8.4 to see that 

2 2 
fc=l k=l 

By chaining together the bounds (4.5.48)-(4.5.50) and employing the C estimates of Propo- 
sition 4.3.3, we deduce that 

||9'^Xap||?^o(s) < \\d^Ixv\\l + + S2Nmm{S2N:T>2N}. (4.5.51) 
Now we estimate d^d'^Ixp by using the first equation in (3.1.23) to bound 

\\d^^xdsp\\l < Wd^lMll + \\d^I,D\\\l + \\d^Ixdlus\\l + P^IxGX . (4.5.52) 
When |q;| = 1 we can use Lemma A. 3. 2 to see that 

\\d'^l,d,us\\l < \\IxDd,us\\l < {\\d,u,\\l)' {\\Dd,Us\\lY~' < WdtuWl ■ (4.5.53) 

When \a\ = we cannot use Lemma A. 3. 2 directly, so we first use Poincare's inequality and 
the divergence equation in (3.1.23), and then use Lemma A. 3. 2: 

ll^'A^tiisllo < WdsIxdtUsWl = \\Ixdtd3U3\\l < WlxdtC^Wl + \\IxDdtu\\l 

<\\:^xdtGX + \\dM\l. (4.5.54) 

Then (4.5.53) and (4.5.54) imply that, regardless of whether \a\ = or 1, we may bound 

Wd'^IxdtUsWl < \\lxdtGX + \\dtu\\l . (4.5.55) 

The term d°'XxD'^u may be estimated as in (4.5.50): 

\\d''IxD\\\l<\\u\\l (4.5.56) 

To estimate the term d'^Ixd^us, we again use the divergence equation to bound 

\\d^Ixdlus\\l < Wd'^IxdsCX + \\d^IxdsDu\\l < \\d^IxdsGX + \\u\\l , (4.5.57) 

where in the second inequality we have again argued as in (4.5.50). Then (4.5.52) and 
(4.5.55)-(4.5.57), together with Proposition 4.3.3, imply that 

II^^^a^spIIo < ll^lls + + ^2N m.m{£2N, V2n}. (4.5.58) 

The estimates (4.5.51) and (4.5.58) may be combined with (4.5.47) to show that 

Wd'^Ixpfo ^ Wd'^IxvWl + \\u\\l + \\dtu\\l + S2Nmm{S2N,V2N}. (4.5.59) 
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When |a| = we bound the first three terms on the right side of (4.5.59) by E2N and use 
the fact that < E2N < 1 to deduce (4.5.45). When \a\ — 1, we first use Lemma A. 6. 2 to 
bound 

(4.5.60) 

Then we use the fact that < 1 to bound 
£:2Ar min{£:2Ar, ^2Ar} < (niin{£2N,'D2N})^^^^^^^ (min{£:2Ar, ^2Ar})^''^^'^^^ 

< (^2iv)^/^'+^' {V2Nf^'''^^ . (4.5.61) 

Similarly, since ||ti||3 + < min{£2Ar, 2^2iv}, we have 

\\u\\l + \\dtu\\l < (£:2Ar)'/^'+'^ (P2iv)'/^''''^ . (4.5.62) 
Wc then combine (4.5.59) with (4.5.60)-(4.5.62) to deduce (4.5.46). □ 

Our next lemma provides a bound for the integral of the product X\pXxG^. The estimate 
is essential to analyzing the energy evolution of XxU and XxT]. 



Lemma 4.5.6. It holds that 



Proof. We begin by writing 



Jn 



< V^2nV2n. (4.5.63) 



for 



/ XxpXxG^ ^I + II (4.5.64) 

I := f XxpXx[(AK)d^Ui + (BK)dsU2], and 77 := / XxpXx{l - K)d^u^. (4.5.65) 

The term 7 is straightforward to estimate because of the bounds (4.3.21) of Lemma 4.3.4 
and (4.5.45) of Lemma 4.5.5: 

|7| < IIXapIIo \\Xx[(AK)d3Ui + (57^)93x^2] II < v^^2iv. (4.5.66) 
To estimate the term 77, we must first use the divergence equation in (3.1.23) to rewrite 

(1 - 7^)93^3 = (1 - K)[G^ - diui - d2U2] (4.5.67) 

so that 

77 = / XxpXx[{l - K)G^] - f XxpXx[{l - K){d,u, + ^2^2)] := 77i + 772. (4.5.68) 
Jn Jn 

For the term 77i we use the estimates (4.5.45) of Lemma 4.5.5 and (4.3.23) of Lemma 4.3.4 
to bound 



|77i| < ||X,p||o ||X,[(1 - K)G^]\l < VS^^S2nVIj, = S2NV2N. (4.5.69) 
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In order to control the term 7/2 we first integrate by parts: 



Ih = / Xxd^pX^[{l - K)u^] + X^d2pXx[{l - K)u2] - IxpIxiuidiK + U2d2K]. (4.5.70) 
Jn 



Then we use Lemmas 4.5.5 and 4.3.4 to estimate 

2 

< ||XAi^p||o||XA[(l-i^H||o+MoEll^AKi^]||^ 



1=1 



< 



= V^2^2iv. (4.5.71) 



Since E2N < 1, we can combine (4.5.69) and (4.5.71) to find that |//| < y/E^V2N, which 
yields (4.5.63) when combined with (4.5.66). 

□ 

With these two lemmas in hand, we can now estimate how the energies of I^u and IxT] 
evolve. 

Proposition 4.5.7. It holds that 

dt Q ^ |Xa«|' + ^ ^ \Ixr]f^ + ^ ^ |DXAii|' < V^P2iv. (4.5.72) 

In particular, 

]- I |Xam|' + ^ I + \ f I m^u\^ <^2iv(0)+ f ^V2N. (4.5.73) 

Proof. We apply X;^ to the equations (3.1.23) and then use Lemma 3.1.3 to see that 

dt Q ^ |Xam|' + i ^ IXat^I'^ + i ^ |DXam|' " X^'^'' ' ^"^^^ 

+ ^ -X;,ii • X;,G=^ + IxvIxG^ (4.5.74) 

We will estimate each term on the right side of the equation. First we use trace theory and 
(4.3.15) and (4.3.16) of Lemma 4.3.3 to bound the first and third terms: 



Txu-XxG^ < \\Xxu\\^\\lxG\ + \\Xxu\\^\\lxG\ 

^ ■\/T^2N'\/82nT^2N = \f^^1^2N- (4.5.75) 

For the third term we use Lemma 4.5.6 for 



XapXaG^ 
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(4.5.76) 



Finally, for the fourth term we use (4.3.17) of Lemma 4.3.3: 

/ IxvIxG' < WlxvWo PxG\ < ^/S^^/vl^ = VS^V^N. (4.5.77) 

The bound (4.5.72) follows by combining (4.5.74)-(4.5.77), and then (4.5.73) follows from 
(4.5.72) by integrating in time from to t. 

□ 

4.6 Energy evolution estimates 

We now assemble the estimates of the previous two sections into an estimate for the evolution 
of £2N and V2N- 

Theorem 4.6.1. There exists a 9 > so that 

E2N{t) + / V2N{r)dr < E2n{^) + (^^2iv(i))'/' + / {E2N{r)YT>2N{r)dr 
Jo Jo 

+ [ VT^2N{r)lC{r):F2N{r)dr. (4.6.1) 
Jo 

Proof. The result follows by summing the estimates of Propositions 4.4.3, 4.4.5, 4.5.2, and 
4.5.7 and recalling the definition of S2N and 'D2N given by (4.1.4) and (4.1.5), respectively. 

□ 

We can also assemble the estimates of the previous two sections into a similar estimate 
for the evolution of £N+2,m and X^7v+2,m- 

Theorem 4.6.2. Let be given by (3.1.19) with 9" = d^^^. There exists a 9 > so that 

dt (^SN+2,m - 2 ^ Jd^^bF'^ + '^N+2,m < ^2JV^^iV+2,m. (4.6.2) 

Proof. The result follows by summing the estimates of Propositions 4.4.4 and 4.5.4 and 
recalling the definition of £N+2,m and 'DAr+2,m given by (4.1.1) and (4.1.3), respectively. 

□ 

4.7 Comparison results 

We now prove a pair of estimates that compare the full dissipation and energy to the hori- 
zontal dissipation and energy. We will show that, up to some error terms, the instantaneous 
energy E2N is comparable to the horizontal energy B2N and that the dissipation rate T>2n 
is comparable to the horizontal dissipation rate ^2Af- We will also prove similar results for 
£N+2,m and 'Djq^2,m- To prove results for both 2N and iV + 2, we will first prove general 
estimates involving D„ and Eni and then we will specialize to the cases n = N + 2 and 
n — 2N . The dissipation estimates are more involved, so we begin with them. 
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4.7.1 Dissipation 

We first consider the dissipation rate. 
Theorem 4.7.1. Let m G {1,2} and 

-\) ||f72n-l/-(l||2 , ||f72n-l/-(2||2 

J^n,m-—\\^m |lo II ^0 '-^Hi 



+ \\D'r:-'G%^ + \\Dr-'G%^ + \\Dr-%GX^^ . (4.7.1) 



If m = 1, then 



n—l 



j=i i=i 

n+l 



j=2 



If m — 2, then 



n n—l 

II V^-llLa + E IK-IIL2.+1 + II V^HlLa + ll^*Vp||L_3 + E IKHIL2. 
j=i 3=2 

n+l 

+ ll^'^llL-7/2 + + E ll^'^llL-2,+5/2 ^ + J^n,^- (4.7.3) 

Proof. In this proof we must use a separate counting for spatial and temporal derivatives, 
so unlike elsewhere in the paper, we now only use « G to refer to spatial derivatives. In 
order to compactly write our estimates, throughout the proof we write 

Z := Vr,,m + yn,m- (4.7.4) 

The proof is divided into several steps. 

Step 1 - Application of Korn's inequality 

Since any horizontal or temporal derivative of u vanishes on the lower boundary E^, we 
may apply Lemma A. 8. 3 to derive the bound 

|P>|li< ||^>^|lo = ^n,- (4-7.5) 

This H^{Q) bound will be more useful in what follows than an i?°(Q) estimate of the 
symmetric gradient. 

Step 2 - Initial estimates of the pressure and improvement of u estimates 

Let < J < n — 1 and o; e be such that 

m<2j + \a\ <2n-l. (4.7.6) 

Note that if 2j + |q;| = 2n — 1, then the condition j < n — l implies that \a\ > 1. This means 
that we are free to use (4.7.5) to bound 

\\d'^di^\\\l<\\D'^m<Z. (4.7.7) 
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In order to extract further information, we apply the operator d^d'^ to the first two equations 
in (3.1.23) to find that 

d''di^\ - Ad^d{u + Vd'^dip = d'^dlG' (4.7.8) 

diyd''diu^d''diG\ (4.7.9) 
Because of the constraints on j, a given by (4.7.6) we may control 

\\d"dlG^\\l + \\d"diG^l < \\D^^-^G'\\l + \\D^^'-^G% < Z. (4.7.10) 

Wc will utihze the structure of (4.7.8)-(4.7.9) in conjunction with (4.7.7) and (4.7.10) in 
order to improve our estimates. 

We begin by utilizing (4.7.9) to control one of the terms in the third component of (4.7.8). 
We have 

d''d{{dsus) = d^dii-diui - d2U2 + G^) (4.7.11) 
so that (4.7.5) and (4.7.10) imply 

\\dld-dlu4l < ||D>||J + \\D'^-'G% < Z. (4.7.12) 

A further application of (4.7.5) to control {df + c?|)c?"c^M3 then provides the estimate 

\\Ad^dius\\l<Z. (4.7.13) 

Applying the bounds (4.7.7), (4.7.10), and (4.7.13) to the third component of (4.7.8), we 
arrive at a partial bound for the pressure: 

\\dsd-dip\\l<Z. (4.7.14) 

It remains to control the terms di&^dfp and d^d^dfui for i = 1,2. To accomplish this, we 
employ an elliptic estimate of curlu := u. Taking the curl of (4.7.8) ehminates the pressure 
gradient and yields 

d^di^^u = Ad^dico + curl{d''diG'). (4.7.15) 

We only need the first two components uji — d2Us — dzU2, 002 — d^ui — diUs, for which we 
use the E boundary condition (3.1.23) 

diU3 + dzUi = Dwea • = —G^ 

to derive the boundary conditions 

Ul = 292^3 + G^ -62 

U2 = — 29iU3 — G'^ ■ ci 

No similar boundary condition is available on S5, so we must resort to a localization using 
a cutoff function x = xi^s) given by x e C^(M) with xi^a) = 1 for ^3 ^ ^1 •= [~26/3,0] 
and xixs) = for 2:3 ^ (-36/4, 1/2). 



Ci for i = 1, 2 



on E 
on E. 



(4.7.16) 



(4.7.17) 
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The functions x'^ii ^ — 1)2, satisfy 
^d^&iix^i) = xid'^dl^'uj,) + 2{d,x){d3d'^diuji) + (dlxWdiuJi) - xcnrl{d-dlG') (4.7.18) 
in Q as well as the boundary conditions 



' (9° 9^' ixooi) = 2^25" a^M3 + d"dlG^ -62 on S 
d'^d{{x^2) = -29i(9"(9/m3 - d'^diG^ • d on S 
d'^diix'^i) = d^diix'^2) = onSb. 



(4.7.19) 



In order to employ an elliptic estimate of d°'dl{xi^i) we must first prove two auxiliary esti- 
mates. 

First we derive an estimate of the H~^{Q) = {Hq{Q))* norm of each term on the right 
side of equation (4.7.18). Let if G Hq^Q). When a 7^ we may write a = /3 + {a — (3) with 
= 1 and integrate by parts to bound 



/ 

Jn 



ipxd'^di'^'uj. 



since 2(j + 1) + |q; - ^| = 2j + |q;| + 1 e [m + 1, 2n]. We may use (4.7.5) for 



(4.7.20) 



(4.7.21) 



Chaining these inequalities together when a 7^ and taking the supremum over all </? such 
that ||<^||i < 1, we get 



(4.7.22) 



A similar argument without an integration by parts shows that (4.7.22) is also true when 
a = since in this case the condition j <n — l implies that m + 2 < 2(j + 1) < 2n. Similarly 
integrating by parts with ^3 in the dual-pairing, we may estimate the second term on the 
right side of (4.7.18): 



2{d,x){d,cPdlu,)\\^_, < {\\d,x\\U + ll^aXllloc) 



lo ~ 



m ill ~ 



(4.7.23) 



The third term may be estimated without integration by parts in the dual-pairing: 



dlxWdiu,)l^_, < plxWl^ WrUu.Wl < ||5>||^ < Z. 



(4.7.24) 



The fourth term is estimated by integrating by parts with the curl operator and using 
(4.7.10): 

||xcuri(a"a/G^)||^_, < iWxWl^ + Wd^xWU W::-'g% < z. (4.7.25) 

Combining these four estimates of the right hand side of (4.7.18) yields 

||A9"a^(xa;,)||^_i < 2^ for i = 1,2. (4.7.26) 
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Next, to complete the elliptic estimate of d°'d^{xcOi), we also need if^/^(E) estimates for 
the boundary terms on the right side of the first two equations in (4.7.19). We may estimate 
the diUs, i = 1,2, terms with the embedding H^{^1) i7^/^(E): 

\\d'^d{d,us\\l,,,^^^ + \\d^d{d,v4l,,,^^^ < < Z. (4.7.27) 

On the other hand, estimates of are already built into Z: 

\\d"diG-'\\l^ < \\D'r:-'G%^ < yn,m < Z. (4.7.28) 

Since x^i = on for i = 1, 2 we then deduce that 

< 2: for i = 1,2. (4.7.29) 

Now according to (4.7.26), (4.7.29), standard eUiptic estimates, and the fact that x = 1 
on fli = [—26/3, 0] we have 

\\9"9lu;.\\min,) ^ < 2 ior i ^ 1,2. (4.7.30) 

We may then rewrite 

dja^'diui = d^d^di{uj2 + dru^) and did^diu2 = d^d'^di{d2U^ - uji) (4.7.31) 
and deduce from (4.7.30) and (4.7.5) that for i = 1, 2 we have 

ll^3^"^'«^llH0(n.) ^ IP>3||J + E W^^Mfn^^^.) ^ (4-7-32) 

fc=i 

We then apply this estimate along with (4.7.5) and (4.7.10) to the first two components of 
equation (4.7.8) to find that 

Pid'^^tpfno^^,^ < 2 for i = 1, 2. (4.7.33) 

Now we sum the estimates (4.7.5), (4.7.12), (4.7.14), (4.7.32), and (4.7.33) over all j < n - 1 
and q; e with m <2j -\-\a\ < 2n — 1 to deduce that 

+ IPm-Vp||5,o(^,) < Z. (4.7.34) 

Step 3 - Bootstrapping, 77 estimates, and improved pressure estimates 
Now we make use of Lemma 4.7.2 to bootstrap from (4.7.34) to 



^2n-m-l(Q^) + \\D u||jj2n-m+l(Q^) + ^ 1 1 1 1 ^2„-2j + l (^j ) 

n-1 

+ II V^+>||H-^-i(no + E 11^* Vp||5,2„-..-.(^^) < Z. (4.7.35) 
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With this estimate in hand, we may derive some estimates for 77 on E by employing the 
boundary conditions of (3.1.23): 

ri = p - 2dsus - Gl (4.7.36) 

dtrj ^us + G\ (4.7.37) 
Then (4.7.35) allows us to differentiate (4.7.36) to find that 

'l\\2n-m-3/2 ~ ll"^ ^ 1 1 ij2n-m-3/2 (S) 11-^ t^3"3||jj2n-m-3/2(2) 

, II T-)l+m^3||2 ^ ||_i+^ ||2 II 2+m ||2 

^ ^ ll2n-m-3/2 ~ II ^ ^Ilif2n-m-i(f2^) ^ || ^ "'lli/2"-'"-i(f^i) 

+ 11^111-1/2^^- (4-7-38) 



Similarly, for j = 2, . . . , n + 1 we may apply ^ to (4.7.37) and estimate 



ll^^ll2n-2j+5/2 ~ 11^ «3||^2„-2i+5/2(s) + 11^ ll2n-2j+5/2 

2 



^ ll^"HI^-2.-.H.(a,) + m-'G%^_^^._^^^^^^ < Z. (4.7.39) 

It remains only to consider dtf); in this case we must consider m = 1 and m = 2 separately. 
For m = 1, we again use (4.7.37) to see that 

ll^t^llL-l/2 ^ 1^311 Wi/2(s) + ||<^1lL-l/2 ~ 1^311 Wi/2(s) + 2, (4.7.40) 

but now we use Lemma A. 8. 2, trace theory, and the second equation in (3.1.23) for the 
estimate 

2 2 2 2 2 

Ik3||ii-2n-l/2(s) ^ |k3||ifO(S) + ||-D'U3||^2n-3/2(s) ^ 1 1 ^3'«'3 1 1 ifO (Q) + 1 1 -^1*3 1 1 ii-2„-l (fj^) 

< IIC^II' + \\Du\\l + ||L>^||^.„_,(^^) < Z (4.7.41) 
by (4.7.10) and (4.7.35). Chaining (4.7.40)-(4.7.41) together implies that 

11^*^111-1/2 ^ 2 when m = 1. (4.7.42) 
For m = 2, we differentiate (4.7.37) for the bound 

\\Ddtv\\ln-3/2 ^ \\Du3\\%,n-s/2^j:) + II^G'^llL-3/2 ~ ll^^i3||?^2n-3/2(s) + Z, (4.7.43) 
but then the analog of (4.7.41) is 

||i?xi3||^2„-3/2(2) < II^G^IIo + ll^'^llo + ll^'«ll^2„-2(^,) < 2- (4.7.44) 

Hence 

11^5*^111-3/2 ^ 2 when m = 2. (4.7.45) 



140 



Summing estimates (4.7.38), (4.7.39), (4.7.42), and (4.7.45) over j = 0, . . . , n + 1 yields 

n+l 

+ \\9tV\\l-y, + E < 2 for m = 1, and (4.7.46) 

n+l 

P'vWl^y, + WDdMl-s/, + E ll^'^lll2,H-5/2 < ^ for m = 2. (4.7.47) 

i=2 

The r] estimates (4.7.46)-(4.7.47) now allow us to further improve the estimates for the 
pressure. Indeed, for j = 2, . . . , n — 1 we may use Lemma A. 8.1 and (4.7.36) to bound 



<musC^^^^+Z<Z. (4.7.48) 
This, (4.7.35), and (4.7.46)-(4.7.47) allow us to improve (4.7.35); when m = 1 we find that 

n 

||V^'u||^2n-2(Qj) + I|-0'"lli?2n(f2^) + ^ 1 1 1 1 i/2n-2j+l (Q^) + 1 1 1 1 ^2„-2 (Q^) 

n— 1 n+l 

+ E Mp\\U-..^n.^ + 11^^^111-5/2 + \\dtV\\l-y. + E ll^'^llL-2,+5/2 ^ (4-7.49) 

j=l j=2 

and when m = 2 we get the estimate 



n-1 

+ II V'p||^2„-3(0,) + ll^*Vp||5,2„_3(n,) + E ||'9^i5||L2n-2.(ni) 

n+l 

+ ll^'^llL-r/2 + 11^^*^111-3/2 + Ell^*^lln -2j+5/2 ~ ^- (4-7.50) 

Step 4 - Estimates in fl2 

We now extend our estimates to the lower part of the domain, i.e. '■= [—b, — &/3], by 
applying Lemma 4.7.3 to deduce that (4.7.96) holds when m — 1 and (4.7.97) holds when 
m = 2. We will now show that Xn^m, defined by (4.7.95), can be controlled by Z. The key to 
this is that, by construction, supp(Vx2) C ili, which implies that the and defined in 
the lemma satisfy supp(i7^) U supp(i7^) C fli. This allows us to use the estimates (4.7.49) 
in the case m — 1 and (4.7.50) in the case m = 2 to bound 

IPmVi'^'llo + ll^m+-/^1o ^ ^- (4-7-51) 
In order to estimate dtH^ • for i = 1, 2, we note that it does not involve the pressure: 

■ e, = -{d^X2)d^dm - {dlx2)dm. (4.7.52) 
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Then we may again use (4.7.49)-(4.7.50) to see that 

jlPtH'-e,\^^^_^<Z, (4.7.53) 

i=l 

SO that Xn,m ^ 2. Replacing in (4.7.96) and (4.7.97), we then find that 

n 

II V^M||^2n-2(n2) + ll'^« '"ll//2n-2j + l(Q2) 

J = l 

n-1 



for m — 1, while for m = 2 



I V '"'||j^2„-3(Q2) + X/ IK'"'lli?2"-2-' + l(n2) "^11^ ^Ili?2"-3(n2) 

n-1 

+ ||9,Vp||?,2.-3(^,) + J] ||a^pt2„-2,(n,) < -Z- (4-7.55) 



j=2 

Step 5 - Synthesis and conclusion 

To conclude, we note that Q = Qi U fl2, which allows us to add the localized estimates 
(4.7.49) and (4.7.54) to deduce (4.7.2), and to add (4.7.50) to (4.7.55) to deduce (4.7.3). 

□ 

We now present the key bootstrap estimate used in the proof of Theorem 4.7.1. 
Lemma 4.7.2. Let J^n,m o.iT'd be as defined in Theorem 4-7.1. Suppose that 

\\D'r:-''^'u\\H^r^n,) + W^'r^-'^'^'Mmr-.^n,) ^ ^n,m + yn,m (4.7.56) 

for an integer r G [1, . . . , n — (m + l)/2]. Then 

+ ||^r^^^^^^^^HlU2(no + Wr:''^'-''^^'Mmr^n.) ^ ^n,m + J^n,.- (4.7.57) 
Moreover, if (4.7.56) holds with r — 1, then for m — 1,2 we have that 



n-1 

|2 



+ II V^+>L2.-.-.(^,) + E M^PWn^n-.^-^ia,^ < Vn,m + yn,m. (4.7.58) 

3=1 
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Proof. Throughout the proof we will write Z :— Vn,m + 3^n,m- Let £ e {1,2} and take 

0<J<''^ — 1— T and q; G so that m < 2j + \a\ < 2n — 2r + 1 — i. We apply 
the differential operator d'f'^'^^^d^dl to the first equation in (3.f .23) and split into separate 
equations for its third and first two components; after some rearrangement, these read 

Q2r-i+eQagjp = -df-''+^d''&^^\^ + Mf-'^+^&^&tU^ + df-''+^d'^&lG\ (4.7.59) 

and 

^Q2r-2+iQaQ3^^, ^ d2r-2+eQaQJ+l^, ^ Qidl'-^+^d^dlp - dl'-^+^ dlG] (4.7.60) 

for i — 1,2. Notice that the constraints on r, j, \a\ imply that m < \a\ + {2r — 2 + £) + 2j < 
2n — 1, so we may estimate 

||Q2r-2+£^a^i^l||2 ^ 1 1 52r-2+£^a^-^2 1 1 2 ^ y^^^ ^ ^ {4.7.61) 

Since 2r — 2 + £ > 0, we know that 

If £ = 2 then \a\ + 2{j + 1) < 2n - 2r + 1 so that 

= < < ^- (4-7-63) 

On the other hand, Hi— 1, then either a — 0, in which case the bound on j implies that 
2(i + 1) < 2n — 2r, and hence 

or else \a\ > 1, and so a — P + {a — /3) for |^| = 1, which imphes that 

11^ Ot '"'|lif2r-2+^(n^) — \\0 Ot '"'|lif2T-l(ni) — ll*^ ^ '"'llj?2'-(ni) 



< < Z. (4.7.65) 

Then in either case, 

IK-'^'d-di^'uC^^^^ < Z. (4.7.66) 

We have written the equations (4.7.59)-(4.7.60) in this form so as to be able to employ 
the estimates (4.7.56), (4.7.61), (4.7.66) to derive (4.7.57). We must consider the case of 
i—1 and i — 2 separately, starting with i — 1. 

Let i — 1. According to the equation divt* = (the second of (3.1.23)) and the bounds 
(4.7.56) and (4.7.61) we may estimate 

||ar^a"a^«3£o(no - W^&^m' - diui - 52^2) 11^,0(^0 

< \\dr-'d-diG% + \\^-^i{^^u^ + d2U2)\\l,.^^^^ < Z, (4.7.67) 
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and hence 

(4.7.68) 

We may then use (4.7.61), (4.7.66), and (4.7.68) in (4.7.59) for the pressure estimate 

||5r5"5^p||lo(n,) ^ Z. (4.7.69) 
Turning now to the i = 1, 2 components, we note that by (4.7.56) 

for i = 1,2. Plugging this, (4.7.61), and (4.7.66) into (4.7.60) then shows that 

\K^'d^diu,\\l,^^^^ < 2 for i = 1,2. (4.7.71) 

Upon summing (4.7.67), (4.7.69), and (4.7.71) over 0<j<2n — r — 1 and a satisfying 
m <2j + \a\ <2n — 2r, we deduce, in hght of (4.7.56), that 



IUhh.) + Wr^-'-Mmr-.^n.) ^ 2- (4-7-72) 



In the case i — 2 we may argue as in the case i — 1, utihzing both (4.7.56) and (4.7.72) 
to derive the bound 

+ ||^r''-'Vp||^,.(^^^ < Z. (4.7.73) 

Then we may add (4.7.72) to (4.7.73) to deduce (4.7.57). 

Now we turn to the proof of (4.7.58), assuming that (4.7.56) holds with r = 1. By 
(4.7.57) we may iterate with r = 2, r = 3, etc, until 

n — 1 if m = 1 , , , I 1 if m = 1 

sothat2n-2(r + 2) + l= <^ (4.7.74) 
n — 2ifm = 2 I3ifm = 2. 

Summing the resulting bounds yields the estimates 

n n—l 

(4.7.75) 

in the case m — 1 and 



j=2 



n—l 

13V7.I|2 



+ \\DIMh^^-H^.) + ll^o^*^HI^-.(no + E MMh^.-..-H^,^ < 2 (4.7.76) 

J=2 
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in the case m — 2. 

As a first step, we improve the estimate (4.7.76). Let < j and a G be such that 
2j + \a\ = 2 and apply the operator c?|"~^c?"(?^ to the first equation of (3.1.23) and split into 
components as above to get 

Q2n-2Qagjp = -dl'^'^d^di+^s + Adl""-^ d{ U3 + 9^ "^a^a/G^ (4.7.77) 

and 

^Q2n-3Qagj-^. ^ a2n-3Qagj+l^. ^ d.Qln-SQaQjp _ Q2n-3QaQjQl (4.7.78) 

for i — 1,2. We may then argue as above, utilizing (4.7.76) and (4.7.56), to deduce the 
bounds 

pr-'d-dlusWl,^^^^ + pr-'d'^diuWl,^^^^ < Z, (4.7.79) 
which, in turn, implies that 

pr-'d-dipC^^^^ + pr-'d-diu^c^^^^ < z (4.7.80) 

for i = 1, 2. We may then use (4.7.79)-(4.7.80) with (4.7.76) to deduce that 

n n—1 

(4.7.81) 

in the case m = 2. 

Now we claim that if for m = 1 , 2 we have the inequality 

n 

l|-^m'"ll//2n-m+l(ni) + ^ W^tuf 



li/2"-2j+l(ni) 

n-1 

+ \\DZmWr.-.^a,) + E MMUn-^^-^n,) ^ ^' (4-7-82) 

then the inequality 

||V^+™H&-^-i(^0 + ||V^+>||^.__.(^^) < Z (4.7.83) 

also holds, which establishes the desired bound, (4.7.58), because of our inequalities (4.7.75) 
in the case m = 1 and (4.7.81) in the case m = 2. We begin the proof of the claim by noting 
that since 2 > m we may use (4.7.82) to bound 

Now we let \a\ — 1 and apply d^d°' to the second equation of (3.1.23) to find that 

\\dr'd-u,C^_^_,^^^^ < \\dTDG%,^_^_,^^^^ + \\dTD\C^_^_,^^^^ < Z. (4.7.85) 
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Then we apply 9^ 9° to the first equation of (3.1.23) to bound 



1 2 ^11 cim+1 oa . . 11 2 

|^2n-m-l(n^) 



+ pr'd'-Dlu.Wl,^.^.,^^^^ + ||93-^9'^GlU-"._,(^^) < Z (4.7.86) 



and 

+ ||5r^5"^p||5,..-.-.(ao + Pr'd-G%,^_^_,^^^^ < Z (4.7.87) 
for i — 1,2. Summing (4.7.85)-(4.7.87) over all \a\ — 1 then yields the inequality 

Pr'Du\\l^n-^-Ha,) + \\dTDp\\W^-Ha,) ^ 2. (4.7.88) 

Now we use (4.7.88) to improve to one more 83 and one fewer horizontal derivative. We 
apply d'^'^^ to the second equation of (3.1.23) to find that 

\\dr'M\H^.-^-.^a.) ^ \\9r'G%,..^_,^^^^ + \\dr'D4H^.-^-Ha.) < 2. (4.7.89) 
Then we apply to the first equation of (3.1.23) to bound 

+ PTDlusWU-m-.^^,) + PTG'WU.^..^^^^ < Z (4.7.90) 

and 

for i = 1, 2. Summing (4.7.89)-(4.7.91) then yields the inequahty 
Finally, to complete the proof of the claim, we note that 

72+m ||2 , llxjl+m Il2 



2 

^ ||^m+2-^n^„||2 



+ E Pr'-'^m^-^-.^n., + l|53-^^-^^^p||^2„-.-.(,,) . (4.7.93) 
1=1 

This and the bounds (4.7.82), (4.7.84), (4.7.88), and (4.7.92) prove the claim. 

□ 

The following result allows for control of the dissipation rate in the lower domain. 
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Lemma 4.7.3. Let X2 G C'^(M) be such that X2{x3) — 1 for X3 e Q2 '■— [—b,—b/3\ and 
X2{X3) = for xs i (-26, -6/6). Let 

= d3X2(pe3 - 2dsu) - (dlx2)u and = 93X2X^3. (4.7.94) 

Define 

2 

and let yn,m be as defined in Theorem 4.. 7.1. If m = 1, then 



|2 



n-l 

2„l|2 



+ II V^p||^2„_2(^^) + ||^tPL2n-2,(f^,) ^ ^n,m + :V„,m + Xn^m- (4.7.96) 



If m — 2, then 



|V '"||^2n-3(n2) ll^'"llif2n-23+l(n2) + 11^ 1 1 i/2n-3 (Q^) 



n-1 

+ ll^tVp||Jf2n-3(s^2) + XI ll^^^ll 

Proof. When we localize with X2 we find that X2U and X2P solve 

f -A(x2Xi) + V(X2P) = -dt{x2u) + X2G'i ^ ^1 
div(x2ti) = X2G'2 ^jj2 Q 

((X2p)/-B(x2X^))e3 = onE 

^X2ti = on Eb. 



(4.7.98) 



Let < J < n — 1 and a G be so that m + 1 < |q;| + 2j < 2n — L Then we may apply 
Lemma A. 9.1 to see that 

II^'^^M||L|.|-2.>1+ ll^"^(X2P)||L-H-2. ^ ll^"^'^'M|lL|.|-20--MHl 

+ ||9"a^(X2G^ + i/^)||LHH-2.-i + ll^"^■(x^^' + ^')llL-H-2. 
< ||a«ar^(x2«)||L_|a|-20-+i)+i + + (4-7-99) 

Wc first use estimate (4.7.99) and a finite induction to arrive at initial estimates for X2U and 
X2P; we will then use the structure of the equations (3.1.23) to improve these estimates. 

Our finite induction will be performed on £ e [l,2n — m — 1], starting with the first 
two initial values, I — 1 and 1 — 2. We use the definition of V^,^ and Lemma A. 8. 3 in 
conjunction with the bounds on j', \a\ to see that 

||5"5r'(X2«)||o < ll^^^r^ll^ < V^,^. (4.7.100) 
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Then (4.7.99) with \a\ + 2j = 2n - 1 = 2n - £ imphes that 

\\d''dl{x2u)\\l + \\d''dl{x2P)\\l < \\d'^di^\x2u)\\l + yn,m + X^,m < V^,m + + Xn^m- 

(4.7.101) 

Applying this bound for all a and j satisfying \a\ -\- 2j — 2n — \ and summing, we find 

\\DllZ\{X2u)g+\\Dllz\{x2P)t<^^ (4.7.102) 
When 1 — 2 and \a\ -\- 2j — 2n — I — 2n — 2, a similar apphcation of Lemma A. 8. 3 implies 

\\d''^^\x2u)t<Vn,m (4.7.103) 

so that 

(4.7.104) 

This may be summed over 2j + |q;| = 2n — 2 for the estimate 

\\Dt-l{X2u)g + \\DllZl{X2P)\\l < 'Dn,m + yn,m + Xn,m. (4.7.105) 

Then (4.7.102) and (4.7.105) imply that 

\\DllZ\{X2u)g+\\Dllzl{x2u)g+\^^^^^ 

(4.7.106) 

Now suppose that the inequality 

E ll^2n1(X2«)||'+i + \\Dll-J,{X2P)t ^ ^n,m + 3^n,m + Xn,m (4-7.107) 

holds for 2 < 4 < 2n - m - 1. We claim that (4.7.107) holds with 4 replaced by 4 + 1. 
Suppose \a\ + 2j — 2n— {£o + 1) and apply (4.7.99) to see that 

ll^"^M|lL2 + P"dl{X2p)\C, < \\d'^dl^\x2u)\\l + yn,m + Xn,m 

<T>n,m + yn,m + Xn,m, (4.7.108) 

where in the last inequahty we have invoked (4.7.107) with |q;| + 2(j + 1) = 2n— (£o + 1) +2 = 
2n — {io — 1). This proves the claim, so by finite induction the bound (4.7.107) holds for all 
£o = 2, . . . , 2n — m — 1. Choosing io — 2n — m — 1 yields the estimate 

2n—m—l 

E \\Dl:z'eiX2u)\\l_^, + \\DI:ZI{X2P)\\1 < 'Dn,m + yn,m + Xn,m, (4.7.109) 

which implies, by virtue of the fact that X2 = 1 on Q2, that 

2n—m—l 
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Now we will improve the estimate (4.7.110) by using the equations (3.1.23), considering 
the cases m = 1,2 separately. Let m = 1. Since m + 1 = 2, the bound (4.7.110) already 
covers all temporal derivatives, so we must only improve spatial derivatives. First note that 
(4.7.110) implies that 

'^||^2n-2(Q2) 11"^ ^Ili72n-2(f^2) ~ '^n,m + 3^n,m + ^n,m- (4.7.111) 

Then we may apply the operator d^D to the divergence equation in (3.1.23) to bound 

||a|L>Ii3||^2n-2(f,,) < \\d3DG%,„_,^^^^^d3D''u\\l,„_,^^^^<Vr,,rn + yn^^^ (4.7.112) 

Then applying the operator D to the first equation in (3.1.23) implies that 

+ ||L'L'2«||^2n-2(n2) + ||^3^«3||^2n-2(j^2) ~ ^n,m + 3^n,m + '^n,m (4.7.113) 

for i = 1,2. We can then iterate this process, applying 9| to the divergence equation, then 
^3 to the first equation in (3.1.23), and using all of the bounds derived from the previous 
step, to deduce that 

11^3^11^271-2(^2) ll^3'^||i/2n-2(Q2) ^ '^n,m + 3^n,m + '^n.m- (4.7.114) 

Combining (4.7.111)-(4.7.114) yields the estimate 

II V^li||^2n-2(f^2) + 1 1 '^^^11^27.-2(02) ~ "^"'"^ ^ ^"'"^ ^ (4.7.115) 

which together with (4.7.110) implies (4.7.96). 

In the case m = 2, we can argue as in the case m = 1 to control the spatial derivatives. 
That is, we first control dsD^u, D^p, then iteratively apply operators with an increasing 
number of ^3 powers to arrive at the bound 

||V^m||^2„_3(02) + 1 1 '^^P £27.-3(02) ~ + ^'^'"^ + (4.7.116) 

It remains to control dtu and 9tVp. For the latter we apply d^dt to the divergence equation 
to bound 

||^3^t«3||^2„-3(02) ~ 1 1 C'3f5tG'1lH2n-3(02) + II ^S^i^W 11^27.-3(02) ^ ^n.m + J^n.m + ^^n,™- (4.7.117) 

Then applying dt to the third component of the first equation in (3.1.23) shows that 

||535tP||H2„-3(02) ^ ||^iG'1lH2n-3(02) + 1 1 ^^^2 « 1 1 H2n-3 (O2) + 1 1 ^l^t«3 1 1 ^2.-3 (O2) 

<T>n,m + yn,m + '^n,m, (4.7.118) 

which in turn implies that 

||Vatp||5^2n-3(^^) < ||53<9tp||?^2,.-3(02) + 1 1 ^"^jP 1 1 ^2n-3 (O2) < ^n,m + 3^n,m + Xn,m- (4.7.119) 
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We may control dfU^ by applying dt to the divergence equation in (3.1.23) to find that 

+ yn,m + Xn,m, (4.7.120) 

but then since dtu^ = on E we can use Poincare's inequality (Lemma A. 8.4) to bound 

2 2 2 1 1 2 I 1_ 1 1 ^ 

< ||535t«3||J^2„-2(n,) + ||^o""'5t«3£i(j,^) < 'Dn,m + 3^n,m + Xn,m. (4.7.121) 

Control of the terms dtUi, i = 1, 2 is slightly more delicate; for it we appeal to the first of the 
localized equations (4.7.98) rather than (3.1.23). The reason for this is that using (4.7.98) 
will allow us to control d'^dt{x2Ui) in all of f2, which will give us control of dt{x2Ui) in all of 
via Poincare and hence control of dtUi in If instead we used (3.1.23), then control of 
d^dtUi in Q2 would not yield the desired control of dfUi in Q2 because we could not apply 
Poincare's inequality. We apply dt to the i = 1, 2 components of the first localized equation 
in (4.7.98) and use (4.7.109) to see that 

||53^t(X2Mi)||^2n-3(f^) ^ ll^t^^^ • ei||^2n-3(f^) + 1 1 X2 G ^ 1 1 ^2„_3 

+ \\dtD{x2P)\\Ws^a) + ||5t^2(X2«)||^.„-3(n) ^ ^n,m + 3^n,m + X^,m. (4.7.122) 

Now, since dt{x2Ui) and d^dt{x2Ui) both vanish in an open set near E, we may apply 
Poincare's inequality twice and use (4.7.122) to find that 

\\dtUi\\\2n-l^^^) < ||«9t(X2Mi)||i2„-l(n) < ||'9|<9t(X2Mi)||^2n-3(J^) 

^ ^n,m + 3^n,m + '^n,m + || C^t'^^ || j:/2n-2 (q^) . (4.7.123) 

To conclude the analysis for m = 2 we sum (4.7.116), (4.7.119), (4.7.121), and (4.7.123) to 
derive (4.7.97). 

□ 



4.7.2 Instantaneous energy 

Now we estimate the instantaneous energy. The proof is based on an argument very similar 
to the one used in the proof of Lemma 4.7.3. 

Theorem 4.7.4. Define 

yVn,m = P'^-'gX+PI'^-'G^I+IID'^-'G^^^ (4.7.124) 
Ifm — l, then 

n n—1 

II v'HlL-2 + E ll^*«llL-2, + II vpiiL-2 + E ll^*^^llL-2,-i 

j=l j=l 

n 

+ P^llL-l + E ll^*^llL-2, ^ ^n,m + yVn,m. (4.7.125) 
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Ifm — 2, then 



n-l 



|v-^HlL-3 + E II^MlU + II v^HlL-3 + E II^^HlU-i 



n 



+ ll^'^llL-2 + E ll^'^llL-2, ^ ^n,m + >V„,^. (4.7.126) 



1 2n-2j 



Proof. The proof is quite similar to that of Lemma 4.7.3, so we will not fill in all of the 
details. Throughout the proof we will employ the notation Z :— £n,m + y^n,m- 

Let < j < n — 1 and a e satisfy m < \a\ -\-2j < 2n — 2. To begin, we utilize the 
equations (3.1.23) with the elliptic estimate Lemma A. 9.1 to bound 



+ ll^-a^'^lL-H-^.-l + ll^"^'^llL-|.|-2,-3/2 + " (4-7-127) 



The constraints on j, a allow us to bound 
1^ I \\f)'^ffc'^\\^ 

\2n-\a\-2j-2^ W * \\2n-\a\-2j-l ' 11"^ ^ \\2n-\a\-2j-3/2 



P''diG'\L-lal-2,-2 + ll^'^^'GlLld-2,-1 + ll^"^^GlL-H-2,-3/2 ^ W"--' (4-7.128) 



and similarly 

i2 



t'l\\2n-\a\-2j-3/2 ~ (4.7.129) 

SO that (4.7.127)-(4.7.129) imply that 

ll^"^'HlL-H-2. + ll^"^^HlL-H-2.-i ^ ^ + ll^"^'^'HlL-N-2.-2 ■ (4-7-130) 

As in Lemma 4.7.3, we argue with a finite induction on £ e [2, 2n — m], beginning with 
i — 2,3. When i — 2 and \a\ + 2j — 2n — 2 — 2n — i, the definition of Sn,m imphes that 

\\d"dl^'u\\l<S^,m, (4.7.131) 
which may be inserted into (4.7.130) for 

\\d^dlu\\l+\\d^dlp\\l<Z. (4.7.132) 
Summing over all a and j satisfying \a\ +2j — 2n — 2 shows that 

|p2n:2«||^+|p2n:2P||?<^- (4-7.133) 

For £ = 3 we note that \a\ + 2j — 2n — 3 implies that j < n — 2, so that \a\ > 1. This allows 
us to write o; = (a — ^) + ^ for \/3\ — 1 and to use (4.7.133) to see that 

\\cPdl^'u\\l < \\d--^dl^\\\l < \\Dl:zlu\\l < 4,^. (4.7.134) 
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Then we can plug this into (4.7.130) for each \a\ + 2j — 2n — 3 and sum to arrive at the 
bound 

\\D^rM\l + W2:^r-lp\\l<z. (4.7.135) 

Now we may use finite induction as in (4.7.107)-(4.7.110) of Lemma 4.7.3 to ultimately 
deduce the estimate 

2n— m 

E WDl^-Mll + m:-JM\l, < Z. (4.7.136) 

£=2 

Now wc improve the estimate (4.7.136) by utilizing the structure of the equations (3.1.23), 
again arguing as in Lemma 4.7.3. The energy bound (4.7.136) in the case m = 2 is struc- 
turally similar to the bound (4.7.110) for the dissipation in the case m = 1, so we may argue 
as in (4.7.111)-(4.7.114), differentiating the equations (3.1.23) (with obvious modifications 
to the Sobolev indices and number of derivatives applied) and bootstrapping until we arrive 
at the bound 

P'AL-^^P"AL-.^^- (4-7.137) 

Then (4.7.136) and (4.7.137) imply the bound (4.7.125). 

In the case m = 1 we apply dz to the divergence equation in (3.1.23) to see that 

^ ll^3GlL-2 + 11^3^5^111-2 < (4-7.138) 
We then use the first equation in (3.1.23) to bound 



l|53P||L-2 + E ll^3«^||L-2 ^ l|GiL-2 + ll^3i5«||L-2 + 11^^111-2 < Z. (4.7.139) 



Then (4.7.136), (4.7.138), and (4.7.139) imply that 

l|V'«||L-2 + 11^^^111-2^^' (4-7.140) 
and hence that (4.7.126) holds. □ 

4.7.3 Specialization: estimates at the 2N and + 2 levels 

We now specialize the general results contained in Theorems 4.7.1 and 4.7.4 to the specific 
cases of n = 2A^ with no minimal derivative restriction, and to the case n — N -\- 2 with 
minimal derivative count m = 1,2. 

Theorem 4.7.5. There exists a 9 > so that 

V2N < V2N + SL'^lN + 1CJ'2N. (4.7.141) 

Proof. Wc apply Theorem 4.7.1 with n — 2N and m = 1 to see that (4.7.2) holds. Theorem 
4.3.2 provides the estimate 

y2N,i < S2n'^2n + (4.7.142) 
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for some ^ > 0. We may then use this in (4.7.2) to find that 

2^" 2N-1 

II + E \\^ML-2,^r + l|v^HlL-2 + E II^^HI AN-2j 



j=l j=l 

2N+1 

+ ll^'^ll4iV-5/2 + ll^*^ll4iV-l/2 + E ll^'^ll4iV-2,-+5/2 ^ ^^AT + S'.^V.r, + 1CJ^2N ■ (4.7.143) 

i=2 



We can improve the estimate for u in (4.7.143) by using the fact that 'D2N does not have 
a minimal derivative count. Indeed, by definition, we know that 

UM\\ + \H\^'^2N. (4.7.144) 
Now, since Vt satisfies the uniform cone property, we can apply Corollary 4.16 of [1] to bound 

< Ml + II V^^+^t.||^ < llx.li; + ||V=^t.||^^_, . (4.7.145) 



I 11^ 



Then (4.7.143)-(4.7.145) imply that 

II^A^^II? + Ikll'iV+l ^ ^2iV + S^2j,V2N + ICT2N. (4.7.146) 

We can use this improved estimate of u to improve the estimate of p by employing the 
first equation of (3.1.23) to bound 

\m\lN-i < WMWn-i + + \\gX^_^ . (4.7.147) 
The bounds (4.7.143) and (4.7.146) imply that 

\\dtu\\lj,_^ + \\^u\\Ij,_^ < V2N + £In'D2n + (4.7.148) 
while (4.3.7)-(4.3.8) of Theorem 4.3.2 imply that 

\\G%^_^ < £Lt^2n + ICT2N. (4.7.149) 
Hence (4.7.146)-(4.7.149) combine to show that 

II Vp||4jv_i < f)2N + S'2mV2N + ICT2N. (4.7.150) 

Finally, we improve the estimate for 77. We use the boundary condition on E of (3.1.23) 
to bound 



IP^Il4JV-3/2 ^ |Pp|lH4iV-3/2(s) + ||£'a3M3||^4iV-3/2(s) + ||^G'l4JV-3/2 

|2 

l4Ar-3/2 



< \\Dp\\l^_, + \\Dd^u^\\l^_, + Ili^C^^ll' < ^2N + SLT^2n + r:F2N. (4.7.151) 



In the last inequality we have used (4.7.146), (4.7.150), and Theorem 4.3.2. Now (4.7.141) 
follows from (4.7.143), (4.7.146), (4.7.150), and (4.7.151). □ 
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Now we perform a similar analysis for the energy at the 2A'" level. 

Theorem 4.7.6. There exists a 9 > so that 

S2N<S2N + S^^'. (4.7.152) 

Proof. We apply Theorem 4.7.4 with n — 2N and m = 1 to see that (4.7.125) holds. Theorem 
4.3.2 provides the estimate 

>V2iv,i < (4.7.153) 
for some ^ > 0. Replacing in (4.7.125) shows that 



2N 2N-1 

^'-llL-2+EII^-llL-.. + iivpiil.-2+ E \mL-2,-i 

j=l j=l 



2N 

|2 



+ \\Dv\\In-i + E ll^'^ll4iv-2, ^ ^2iv + • (4.7.154) 

The definition of £2n implies that 

II^A^^IIo + Ikllo + II^A?7|lo + WvWl < S2N. (4.7.155) 

We may then sum the previous two bounds and employ Corollary 4.16 of [1] as in the proof 
of Theorem 4.7.5 to find that 

2N 2N-1 

4N-2j-l 

j=0 j=l 

2N 



+ W^Ml + E ll^'^ll4iv-2, ^ + Sl^'. (4.7.156) 

j=0 



It remains only to estimate ||p||4^_i; since Lemma A. 8.1 implies that 

~ v-i ^ \\P\\1 + \\^p\\In-2 ^ IIpIIho(e) + II Vp||4;v-2 , (4-7.157) 



it suffices to estimate ||p||^o(2). Wc do this by using the boundary condition in (3.1.23), 
trace theory, and estimate (4.3.6) of Theorem 4.3.2: 



Inoi^) < Mt +\\GTo + ll^3^^3||^,o(s) < Ikll^ + Ikll^^ + S^^r (4.7.158) 
Then the estimate (4.7.152) easily follows from (4.7.156)-(4.7.158). 

□ 

Wc now consider the dissipation at the + 2 level. 
Theorem 4.7.7. For m — 1,2 there exists a 9 > so that 

T^N+2,m ^ '^N+2,m + ^2N'^N+2,m- (4.7.159) 
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Proof. We apply Theorem 4.7.1 with n = + 2 to see that (4.7.2) holds for m = 1 and 
(4.7.3) holds for m — 2. Theorem 4.3.1 provides the estimate 

yN+2,m < <?2Ar^iV+2,m (4.7.160) 

for some ^ > 0. The bound (4.7.159) follows from using this in (4.7.2)-(4.7.3). □ 

We now consider the energy at the N + 2 level. 
Theorem 4.7.8. For m — 1,2 there exists a 9 > so that 

^N+2,m ^ ^N+2,m + ^2N^N+2,m- (4.7.161) 

Proof. We apply Theorem 4.7.4 with n = iV + 2 to see that (4.7.125) holds when m = 1 and 
(4.7.126) holds when m — 2. Theorem 4.3.1 provides the estimate 

yVN+2,m < S^^SN+2,m (4.7.162) 

for some ^ > 0. The bound (4.7.161) follows from using this in (4.7.125)-(4.7.126). □ 



4.8 A priori estimates 

In this section we will combine the energy evolution estimates and the comparison estimates 
to derive a priori estimates for the total energy, Q2N, defined by 4.1.14. 

4.8.1 Estimates involving T2N and /C 

We begin with an estimate for J-'2n- 
Lemma 4.8.1. There exists a C > so that 



sup J~2n(j') ^ exp 

)<r<t V Jo 



(4.8.1) 



Proof. Throughout this proof we will write u = u + ^363, i.e. we write u for the part of u 
parallel to E. Then 77 solves the transport equation dtr] + u ■ Drj — U3 on 12. We may then 
use Lemma A. 7.1 with s = 1/2 to estimate 



^0|li/2+ / Il^i3(rj||^i/2(s) 



dr 



. (4.8.2) 



By the definition of /C, (4.1.13), we may bound \\Du{r)\\^-i/2(Y,-^ < a/ KL{r), but we may also 
use trace theory to bound ||'W3('")||iji/2(s) % T^2n{j'). This allows us to square both sides of 
(4.8.2) and utilize Cauchy-Schwarz to deduce that 



(4.8.3) 



sup h(r)||^2^exp(2C / ./K{r)dr] \\m\\l/2 + t [ T>2N(r)d 

0<r<t \ Jo / I Jo 
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To go to higher regularity we let a e with \a\ = AN. Then we apply the operator 9" 
to the equation dfT) + u • Drj — Us to see that d^'r) solves the transport equation 

dtid^rj) + u ■ D{d'^r]) = d^u^ - ^ C^^^d^u ■ Dd'^-^r] := (4.8.4) 

0</9<a 

with the initial condition d°'r]Q. We may then apply Lemma A. 7.1 with s — 1/2 to find that 



0<r<t 



sup ||a"ry(r)||,/2<exp C / \\Du{r)U^/,^^^dT 



ll^"^o|lv2+ / l|G"(r)||,/,cir 



(4.8.5) 

We will now estimate ||G"||j:^i/2. 

For /3 e satisfying 2N + 1 < < 4A/" we may apply Lemma A. 1.1 with si = r = 1/2 
and S2 = 2 to bound 

This and trace theory then imply that 

0</3<a 
2N+l<\l3\<m 

On the other hand, if /3 satisfies 1 < < 2A^ then we use Lemma A. 1.1 to bound 

\\d('uDd"-f'r)\l^^ < \\d^u\\H^^^) WDd^-^'rjll^^ (4.8.8) 

so that 

0</3<a: 
l<|/8|<2Ar 

a//CJ2JV. (4.8.9) 

The only remaining term in is 9" 1*3, which we estimate with trace theory: 



I|5"«3|IhV2(s) < ll^'^^^slli < (4.8.10) 
We may then combine (4.8.7), (4.8.9), and (4.8.10) for 

11^111/2 < (1 + ^/S^)^/V^ + ^JlCJ=2N. (4.8.11) 

Returning now to (4.8.5), we square both sides and employ (4.8.11) and our previous 
estimate of the term in the exponential to find that 



sup Wri{T)\\l,^ < exp (2c f ^fW)di 

0<r<t V -'0 



X 



ll^"^o||i/2 + t j\l + E2N{r))V2N{r)dT + (^j'^ y/lC{r)J^2N{r)d 



2' 

r 



(4.8.12) 



Then the estimate (4.8.1) follows by summing (4.8.12) over all \a\ = 4N, adding the resulting 
inequality to (4.8.3), and using the fact that ||^||4jv+i/2 ~ ll^lli/2 + 1 1 -^^^'''11 1/2" '-' 
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Now we use this result and the K, estimate of Lemma 4.2.17 to derive a stronger result. 
Proposition 4.8.2. There exists a universal constant Q < 5 < 1 so that ifQ2N{T) < S, then 

sup J2iv(r) < J2iv(0) + 1 / P2Ar (4.8.13) 

0<r-<t Jo 

for allO<t<T. 

Proof. Suppose G2n{T) < 5 < 1, for 5 to be chosen later. Fix <t <T. Then according to 
Lemma 4.2.17, we have that /C < ^}^+2,2''^*'^^^'^^ which means that 

< ^(8+2A)/(16+8A) __J__^^ = 4^{8+2A)/(16+8A)_ (4_8_;^4) 

Since S < 1, this implies that for any constant C > 0, 

exp jf ^/iaj)dr^ < 1. (4.8.15) 

Similarly, 

2 



/* Vl^ir)J^2N{r)dr) < ( sup J^2N{r)] ( [ ^/iC^dr) 

Jo J \0<r<t J \Jo / 

< ( sup J^Mr)) (4.8.16) 

\0<r-<t / 

Then (4.8.14)-(4.8.16) and Lemma 3.2.1 imply that 

sup J-2Ar(r) < C (tMO) + 1 ['v^n) + CS('+''y^'+^'^ ( sup J'2N{r)] , (4.8.17) 

0<r<t \ Jo / \0<r<t / 



for some C > 0. Then if 5 is small enough so that C5(8+2A)/(8+4A) < we may absorb the 
right-hand J-'2n term onto the left and deduce (4.8.13). □ 



This bound on J^2N allows us to estimate to estimate the integral of ICJ-2N and \/V^n^^^2N- 
Corollary 4.8.3. There exists a universal constant < 5 < 1 so that if Q2n{T) < 5, then 

f lC{r)T2N{r)dr < J-2Ar(0) + 5(«+2A)/(8+4A) j' 'p^^^r)dr (4.8.18) 

Jo Jo 



and 



f Vl^2N{r))C{r)T2N{r)dr < T2n{0) + <5(«+^^)/(i6+8A) I" T^^^^r)dr (4.8.19) 
Jo Jo 



forO<t<T. 
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Proof. Let G2n{T) < S with 5 as small as in Proposition 4.8.2 so that estimate (4.8.13) holds. 
Lemma 4.2.17 implies that 

This and (4.8.13) then imply that 

1 /■* /■* dr 

IC{r)T2N{r)dr<T2N{0) 



+ /"* , ( f 'D2N{s)d^ dr < ^2iv(0) 



+ 2^2iv(r)dr^ (^^°° (i+^)i+A/2 ) ^ •^2iv(0) + ^ P2iv(r)(ir, (4.8.21) 

which is estimate (4.8.18). The estimate (4.8.19) follows from (4.8.18), Cauchy-Schwarz, and 
the fact that S < 1: 

^JV2N{r)lC{r)T2N{r)dr < (^J^ V2N{r)dr^ ' {J^K.{r)T2N{r)d^ ' 

ft \ 1/2 ft 

I V2N{r)drj (5(8+2A)/(8+4^)j-2jv(0))'/' + 5(«+2^)/(i«+«^) J V2N{r)dr 

< T2n{0) + (5(8+2A)/(16+8A) ^ ^(8+2A)/(8+4A)) f V2N{r)dr 

Jo 

< JSiv(O) + [ V2N{r)dr. (4.8.22) 

Jo 



□ 



4.8.2 Boundedness at the 2N level 

We now show bounds at the 2N level in terms of the initial data. 

Theorem 4.8.4. There exists a universal constant Q < 5 < 1 so that if Q2n{T) < 5, then 
sup S2N{r) + I V2N+ sup < S2n{0) + -^2iv(0) (4.8.23) 

0<r-<t Jo 0<r<t + r) 

for allO<t<T. 

Proof. Combining the evolution equation estimate of Theorem 4.6.1 with the comparison 
estimates of Theorems 4.7.5 and 4.7.6, we find that 

S2N{t)+ fv2N{r)dr<S2NiO) + {S2Nit))'+'+ f {S2N{r))'V2N{r)dr 
Jo Jo 

f VT^2N{r)}C{r)J^2N{r)dr + f }C{r)J^2N{r)dr (4.8.24) 
'0 Jo 



+ 



158 



for some ^ > 0. Let us assume initially that 5 < 1 is as small as in Proposition 4.8.2 and 
Corollary 4.8.3 so that their conclusions hold. We may estimate the last two integrals in 
(4.8.24) with Corollary 4.8.3, using the fact that 6 < 1: 

f Vl^2N{r))C{r):F2N{r)dr + f IC{r):F,^{r)dr < :F,j,{Q) + 6^'+''^^''+''^ f V2N{r)dr. 
Jo Jo Jo 

(4.8.25) 

On the other hand, supo<r<t^27v('") < G2n{T) < 6, so 

{S2N{t)y+' + [\s2N{r) fVMr)dr < 5%A,(t) + 6' f V2N{r)dr. (4.8.26) 
Jo Jo 

We may then combine (4.8.24)-(4.8.26) and write ip = min{^, (8 + 2A)/(16 + 8A)} > to 
deduce the bound 

S2N{t)+ [ V2N{r)dr<C{S2N{0)+J'2Nm + CS'S2N{t) + C5^[ V2N{r)dr (4.8.27) 
Jo Jo 

for a constant C > 0. Then if 6 is sufficiently small so that C6^ < 1/2 and C6''^ < 1/2, we 
may absorb the last two terms on the right side of (4.8.27) into the left, which then yields 
the estimate ^ 

sup S2N{r) + / V2N{r)dr < ^2iv(0) + J'2n{0). (4.8.28) 

0<r<t Jo 

We then use this and Proposition 4.8.2 to estimate 

^2N{r) ^ ^2^(0) , r 
o<r<t (1 + r) o<r<t (1 + r) 0<r<t (1 + r) Jq 

<J'2n{0)+ [ V2N{r)dr<S2N{0) + J'2N{0). (4.8.29) 
Jo 

Then (4.8.23) follows by summing (4.8.28) and (4.8.29). 

□ 

4.8.3 Decay at the iV + 2 level 

Before showing the decay estimates, we first need an interpolation result. 
Proposition 4.8.5. There exists a universal < 5 < 1 so that if G2n{T) < S, then 

'^N+2,m{'t) '^1^N+2,m{t), £-M+2,m{t) ^ ^N+2,m{t) ■, (4.8.30) 

and 

SN+2,m{t) < (^2iv(t))^/('"+'+^)(^iV+2,m(t))^'"+'^/('"+'+'^ (4.8.31) 

form^l,2 andO <t < T. 
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Proof. The bound ^?2jv(7') < S and Theorems 4.7.159 and 4.7.161 imply that 

T^N+2,m ^ C'Dj^^2,m + C'^2Af^Af+2,TO < C'^Af+2,TO + C5^^^Af+2,m (4.8.32) 

and 

^N+2,m < C£-N+2,m + C^2Ar^iV+2,m ^ C£N+2,m + C5^SM+2,m (4.8.33) 

for constants C > and ^ > 0. Then if 5 is small enough so that < 1/2, we may absorb 
the second term on the right side of (4.8.32) and (4.8.33) into the left to deduce the bounds 
in (4.8.30). 

We now turn to the proof of (4.8.31). According to Remark 4.1.1, we have that 

W < WJ:^'ufo + IP^'^^'^llo ' (4-8-34) 
and by Lemma A. 8. 3, we also know that 

Wr^^'ufo ^ = ^N+2,m. (4.8.35) 

On the other hand, the definition of VN+2,m, given by (4.1.10) when m — 1 and (4.1.11) 
when 171 — 2, together with (4.8.30) implies that 

ll^^+l'r^llo < 1^N+2,m < 'DN+2,m. (4-8.36) 

We may then combine (4.8.34)-(4.8.36) to see that 

^N+2,m < T>N+2,m + . (4.8.37) 

In the case m = 1 we use the interpolation estimates of Lemma 4.2.1 to bound 

ll^^^^llo = WDvWl < {£2Ny/^'^'\V^-,2,if^'^/^'^'l (4.8.38) 

In the case m = 2 we use the interpolation estimates of D'^rj from Lemma 4.2.1 and the 
estimate of dtr] from Proposition 4.2.16 to bound 

\\D"'4l = W^ml + WdtvWl < {S2N)'/^'^'\Vr,+,,,f^'y^'^'\ (4.8.39) 
Together, (4.8.38) and (4.8.39) may be written as 

IP^^IIo ^ (^2iv)'/^'"'*"^+'n^^iv+2,i)^'"^^^^^'"'^^+'^- (4.8.40) 
Now, according to Lemma 4.1.2, we can bound 

VN+2,rn < I^iV+2,™ < iS,^Y^^"'^''''\V^^,,^Y^+^y("^+^+'l (4.8.41) 

Then we use the estimates (4.8.40) and (4.8.41) to bound the right side of (4.8.37); the 
bound (4.8.31) follows from the resulting inequality and (4.8.30). 

□ 

Now we show that the extra integral term appearing in Theorem 4.6.2 can essentially be 
absorbed into SN+2,m- 
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Lemma 4.8.6. Let be defined by (3.1.19) with 9" = d^'^^- There exists a universal 
0<5 <1 so that ifQ2N{T) < 5, then 

\sN+2,mit) < ^N+2,m{t) ' 2 / J{t)d^^'p{t)F\t) < ^ ^.^(t) (4.8.42) 

for allO<t<T. 

Proof. Suppose that 6 is as small as in Proposition 4.8.5. Then we combine estimate (4.4.4) 
of Theorem 4.4.2, Lemma 3.2.1, and estimate (4.8.30) of Proposition 4.8.5 to see that 



- ll'^f'^VIIo ll-^^llo ~ V ^N+2,m'\J ^2N^N+2,m 

— £2JV ^N+2,m ^ ^2N ^N+2,m ^ 5"^£N+2,m (4.8.43) 

for some ^ > 0. This estimate and Cauchy-Schwarz then imply that 

2 / Jd^+'pF' < 2 II J||^. +V||o ||^1o ^ C5'I^BM+2,m < \BN+2,m (4.8.44) 

if 5 is small enough. The bound (4.8.42) then follows easily from (4.8.44). 

□ 

Now we prove decay at the + 2 level. 
Theorem 4.8.7. There exists a universal constant < 5 < 1 so that if G2n{T) < S, then 

sup (1 + r)™+^£^+2,m(r) < S2n{0) + J'2n{0) (4.8.45) 

0<r<t 

for allO<t<T and for m e {1, 2}. 

Proof. Let 6 be as small as in Theorem 4.8.4, Proposition 4.8.5, and Lemma 4.8.6. Theorem 
4.6.2 and the estimate (4.8.30) of Proposition 4.8.5 imply that 

(4.8.46) 

if 5 is small enough (here ^ > 0). On the other hand. Theorem 4.8.4, (4.8.31) of Proposition 
4.8.5, and (4.8.42) of Lemma 4.8.6 imply that 

2 - - [ 4 - 

< g^Ar+2,m < BN+2,m — 2 / J d^^^pP"^ < -SN+2,m 

< C(£2iv)'/^"^+^+'n^iV+2,m)^"'+^^/^"^+^+'^ < CoZo'/^'"+^+'^(PAr+2,m)^"*+^^/^"'+^+'^ (4.8.47) 

for all < t < T, where we have written Zq := S2n{0) + •^2Jv(0), and Cq is a universal 
constant which we may assume satisfies Cq > 1. Let us write 

h{t) = £N+2,m{t) - 2 / J{t)d^'^^p{t)F\t) > 0, (4.8.48) 
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as well as 

s = and Ci = — j- . (4.8.49) 

In these three terms we should distinguish between the cases m — 1 and m — 2, but to 
avoid notational clutter we will abuse notation and only write h{t), s, and Ci. We may then 
combine (4.8.46) with (4.8.47) and use our new notation to derive the differential inequahty 

dth{t) + Ci{h{t)y+' < (4.8.50) 

for < t < T. 

Since h{t) > 0, we may integrate (4.8.50) to find that for any < r < T, 

Notice that Remark 4.1.1 imphes that £N+2,m < (3/2)£^2Ar- Then (4.8.47) implies that 
^(0) < (4/3)^Ar+2,m(0) < 2E2n{0) < 2Zo, which in turn implies that 

^CMmr -^{^)'^ ^ ^2- < 1 (4.8.52) 

since < s < 1 and Cq > 1. A simple computation shows that 

when < M < 1 and s > 0. This, (4.8.51), and (4.8.52) then imply that 

- ^ ^'») [i+ic.;(o);.iv. ^ (^) " w) = (^) ^- 

(4.8.54) 

Now we use (4.8.30) of Proposition 4.8.5 together with (4.8.47) to bound 

SN+2,m{r) < ^N+2,m{r) < Hr) for < r < T. (4.8.55) 

The estimate (4.8.45) then follows from (4.8.54), (4.8.55), and the fact that s = l/(m + A) 
and Zo^S2n{0)+J^2n{0). 

□ 



4.8.4 A priori estimates for Q2N 

We now collect the results of Theorems 4.8.4 and 4.8.7 into a single bound on Q2N, as defined 
by (4.1.14). The estimate recorded specifically names the constant in the inequality with 
Ci > so that it can be referenced later. 

Theorem 4.8.8. There exists a universal < 5 < 1 so that if G2n{T) < 6, then 

G2N{t) < Ci(£2iv(0) + J-2jv(0)) (4.8.56) 
for all < t < T , where Ci > is a universal constant. 

Proof. Let 6 be as small as in Theorems 4.8.4 and 4.8.7. Then the conclusions of the theorems 
hold, and we may sum them to deduce (4.8.56). 

□ 
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4.9 Specialized local well-posedness 



4.9.1 Propagation of X\ bounds 

To prove Theorem 1.2.2, we will combine our a priori estimates, Theorem 4.8.8, with a 
local well-poscdness result. Theorem 1.2.1 is not quite enough since it does not address 
the boundedness of ||XAM(t)||o, ||2^a'7(^)|Io) II^aP(^)|Io for t > 0. In order to prove these 
bounds, we will first study the cutoff operators X^, which we define now. Let m > 1 be an 
integer. For a function / defined on Q, we define the cutoff Riesz potential X^^f by 



2r/(x', = f f m, ler' e'^^^^'^dcdx^. (4.9.1) 

J-bJm>l/m} 

Similarly, for / defined on E, we set 

I^fix') = [ fiO |er'e^--'-«de- (4.9.2) 

^{|^|>l/m} 

The operator is clearly bounded on H^{fl) and i?°(E), which allows us to apply it to our 
solutions and then study the evolution of I'^u and X^r^. 

Before doing so, we will record some estimates for terms involving X™ that are analogous 
to the Ix estimates in Sections 4.3.3 and 4.5.2 and Appendix A. 3. We begin with the analog 
of Lemmas A. 3.1 and A. 3. 2, which were the starting point for our X^ estimates. 

Lemma 4.9.1. IfX\h G H^{Q), then ||X™/i||q < ||Xa/i||q. A similar estimate holds if I\h G 
i7''(E). As a consequence, the results of Lemmas A. 3.1 and A. 3. 2 hold with X\ replaced by 
X^ and with the constants in the inequalities independent of m. 

Proof. Suppose that Xxh G H^{Q) for some h. Then, writing ' for the horizontal Fourier 
transform, we easily see that 

ll^^llo = r / Me, ^3) ' ler'' d^dxs < \\Xxh\\l . (4.9.3) 

J-bJm>l/m} 

The corresponding estimate in case Xxh G iJ°(E) follows similarly. Then the estimates of 
Lemmas A. 3.1 and A. 3. 2 may be combined with these inequalities to replace Xx with X^. □ 

We do not want our estimates for X^ to be given in terms of since this energy contains 
Xx terms. Instead, we desire estimates in terms of a modified energy, which we write as 

(E2N^£2N-\\Txu\\l-\\Xxv\\l (4.9.4) 

Lemma 4.9.1 allows us prove the following modification of Proposition 4.3.3. The proof is a 
simple adaptation of the one for Proposition 4.3.3, and is thus omitted. 

Proposition 4.9.2. We have that 

\\XTGX + \\X^G% + WXTdtCX + \\XTGm + WX^gX < ej^. (4.9.5) 
Here the constant in the inequality does not depend on m. 
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We may similarly modify the proof of Lemma 4.3.4. 
Lemma 4.9.3. We have that 

2 

\\in{AK)dsu, + {BK)d,U2]\\l + E \\^x>9,K]\\l < (4.9.6) 

i=l 

and 

||2r[(l - K)u]\\l + - K)G'] \\l < el^. (4.9.7) 

Here the constants in the inequalities do not depend on m. 

Then Lemma 4.9.3 leads to a modification of Lemma 4.5.5. 
Lemma 4.9.4. It holds that 

KpWI < ll^r^llo + ^2iv and \\ITDp\\l < ^^n- (4.9.8) 
Here the constants in the inequalities do not depend on m. 

In turn, Lemma 4.9.4 gives a variant of Lemma 4.5.6. 
Lemma 4.9.5. It holds that 



f X^pX^G' 
Jn 



<e2N\\X^V\\o+<^2N. (4.9.9) 



Here the constant in the inequality does not depend on m. 

These results now allow us to study the boundedness of Xxu, etc. We first apply the 
operator X^ to the equations (3.1.23), which is possible since is bounded on H^{Q) and 
if°(S). Then the energy evolution for X™-u and X™?7 allows us to derive bounds for these 
quantities, which yield bounds for Xxu and XxT] after passing to the limit m ^ oo. 

Proposition 4.9.6. Suppose {u,p,ri) are solutions on the time interval [0,T] and that 
IIXaWoIIo + l|2^A^o|lo < and supo<t<T <£2jv(^) < 1- Then 

sup {\\Xxu{t)\\l + \\X^{t)\\l + \\Xxvml)+ r\\Xxu{t)\\ldt 

0<t<T Jo 

<e^(||XAWo||o + l|2:Ar?o||o)+e'^ sup £27v(t). (4.9.10) 

0<t<T 

Proof. Since X^ is a bounded operator on if°(Q) and i?°(E), we are free to apply it to the 
equations (3.1.23). After doing so we then use Lemma 3.1.3 to see that 

^* L^^'^'^^L '^'''') ^Un ^ 1^""' +^P^^' 

+ J -X^u ■ X^G^ + X^r]X^G^. (4.9.11) 
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We will estimate each term on the right side of this equation. First, we use Cauchy-Schwarz 
and Lemma 4.9.2 to estimate the first and fourth terms: 





+ 


L 


Jn 







<^Ku\\l + -\\rMl + ^ 



<ii^«iioll^G^llo+ii^r^iioll^^^1o 



^4||2 



2N 



(4.9.12) 



for C > independent of m. For the second term we use Lemma 4.9.5 and Cauchy's 
inequality for 



/: 

Jn 



< C IIITr^llo ^2N + CiB2N < \ \\TMl + C{^2N + (4.9.13) 



where again C > is independent of m. Finally, for the third term we use trace theory. 
Lemma 4.9.2, and Lemma A. 8. 3 to bound 



L 



< C ||DX>||o < ^ ||BX>||S + C€l^, (4.9.14) 



with C > independent of m. Now we use (4.9.12)-(4.9.14) to estimate the right side of 
(4.9.11); after rearranging the resulting bound, we find that 

dt {Ku\\l + KvWl) + \ mxuWl < \\T^u\\l + KrjWl + Cie^N + ej^) (4.9.15) 

for a constant C > that docs not depend on m. 

The inequality (4.9.15) may be viewed as the differential inequality 



(4.9.16) 



where we have written £x,m — ll^r'^llo"'" ll-^r^^llo ^A,m = ll^^jT'^llo- ^PP^yi^S Gronwall's 
lemma to (4.9.16) and using the fact that (B2N{t) < 1 then shows that 

Sx,m(t) + 11 'Dx,m{s)ds < Sx,m(^)e' + C f e'-'(B2N(s)ds 
^ Jo Jo 

< ^A,m(0)e* + C(e* - 1) sup (B2n{s) (4.9.17) 

0<s<t 

where again C > is independent of m. It is a simple matter to verify, using the definitions 
of and Ix, the Fourier transform in {xi,X2), and the monotone convergence theorem, 
that as m — >■ oo. 



£x,mis) = l|:C«(^)llo + l|:^r^(^)llo ^ + \\Ixv{s)\\l 



(4.9.18) 



165 



for both s = and s — t, and 

Vx,m{s)ds^ f \\BI^u{s)\\lds. (4.9.19) 

Now, according to these two convergence results, we may pass to the hmit m — >■ oo in 
(4.9.17); the resulting estimate and Lemma A. 8. 3 then imply that 

sup {\\ixumi+\\i,r){mi)+ fuMmldt 

0<t<T Jo 

< (IIXaWoIIo + W^xVoWl) + (e^ - 1) sup iE2N{t). (4.9.20) 

o<t<r 

On the other hand, from Lemma 4.9.4, we know that 

Kpml<Kvmi+e2N{t). (4.9.21) 

We may then argue as above, employing the monotone convergence theorem, to pass to the 
limit m — >■ oo in this estimate. We then find that 

sup \\Ixp{t)\\l< sup \\Ix7]{t)\\l+ sup €2N{t). (4.9.22) 

0<t<T 0<t<T 0<t<T 

The estimate (4.9.10) then follows by combining (4.9.20) and (4.9.22). 

□ 



4.9.2 Local well-posedness 

Wc now record the specialized version of the local well-posedness theorem. We inchide 
estimates for Ixu, and I\p. We also separate estimates for S2N and 'D2N from estimates 
for J^2N and ^2N, the latter of which is defined by (4.9.4). 

Theorem 4.9.7. Suppose that initial data are given satisfying the compatibility conditions 
of Theorem 1.2.1 and h(0)||^^ + \W)\\In^i/2 + Uxu{fd)\\l + W^xV^ml < ^- Let e > 0. 
There exists a Sq = So{6) > and a 

To = C{e) min | 1, — -1 I > 0, (4.9.23) 

( lh(0)|l4iV+l/2j 

where C{e) > is a constant depending on e, so that if < T < To and ^(O)!!^^^ + 
||?7(0)||^jy < 60, then there exists a unique solution {u.p.rf) to (1.1.27) on the interval [0,r] 
that achieves the initial data. The solution obeys the estimates 

fT 



sup £^27v(t) + sup ||XAp(t)||o + / V2N{t)dt 
0<t<T 0<t<T Jo 

+ f (i|ar+^«(t)ii(„^,). + ii^rpwiio) <c2{e+ \\xMmi + Uxmwi) , (4.9.24) 

«/ 

sup (B2N{t) < £, and sup J^2N{t) < C2J^2n{0) + e (4.9.25) 

0<t<T 0<t<T 

for C2 > a universal constant. Here ^2N is as defined by (4.9.4). 
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Proof. The result follows directly from Proposition 4.9.6 and Theorem 1.2.1. □ 

Remark 4.9.8. The finiteness of the terms in (4.9.24) -(4.9.25) justifies all of the computa- 
tions leading to Theorem 4-8.8. In particular, it shows that df^^^u and d^^p are well-defined. 

4.10 Global well-posedness and decay: proof of Theo- 
rem 1.2.2 

In order to combine the local existence result, Theorem 4.9.7, with the a priori estimates of 
Theorem 4.8.8, we must be able to estimate Q2N in terms of the estimates given in (4.9.24)- 
(4.9.25). We record this estimate now. 

Proposition 4.10.1. Let a* defined by (4.9.4). There exists a universal constant 

C3 > with the following properties. IfO<T, then we have the estimate 

T2 



ri2 

G2n{T) < sup S2N{t) + / V2N{t)dt 
0<t<T Jo 



+ sup J^2N{t) + C3{l + Ty+^ sup (B2N{t). (4.10.1) 
0<t<T 0<t<T 

If < Ti < T2, then we have the estimate 

Q2n{T2)<CzQ2n{Ti)+ sup £2N{t) + r V2N{t)dt 

Ti<t<T2 Jti 

+ 7r^ sup J^2N{t) + Cs{T2-T^)'{l + T2f+' sup €2N{t). (4.10.2) 

U + -t 1 j Ti <t <T2 Ti <t<T2 

Proof. We will only prove the estimate (4.10.2); the bound (4.10.1) follows from a similar, 
but easier argument. The definition of G2n{T2) allows us to estimate 



Q2n{T2) < <32n{Ti) + sup S2N{t) + / ^ V2N{t)dt 

Ti<t<T2 Jti 



2 

+ sup ^H^ + V sup {{l + tr-^'SN+2,m{t))- (4-10.3) 

Ti<t<T2 [^ + t> Ti<t<T2 

Since A?" > 3 it is easy to verify that 

Ar+2 

Yl ll^'"'^ll2(iV+2)-2, + ll^^ll2(iV+2)-2, + ll^'^^^ ^ ^2iV (4.10.4) 

j=0 

and 

N+l 

E ll^^'^^ll2(iV+2)-2,-l + ll^*^'ll2(iV+2)-2,-l ^ ^2iV. (4.10.5) 
j=0 
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For j = 0, . . . , 2N, we may then integrate dt [(1 + t)^'^+^'^/'^diu{t)\ in time from Ti to 71 < 
i < T2 to deduce the bound 



2N+4-2j 



< VS2n{Ti) + {T2 - ri)(l + T2)'+^/\ / sup e2N{t). (4.10.6) 

Y Ti<t<T2 

Squaring both sides of this then yields, for j = 0, . . . , A?" + 2, 

sup ((l + t)™+^||c^«(t)||' ) <^2iv(Ti) + (T2-T0^(l + T2)2+^ sup €2N{t). 

Ti<t<T2 ^ ^V^^^) ^JJ Ti<t<T2 

(4.10.7) 

Similar estimates hold for j = 0, . . . , iV + 2 with &lu replaced hy djr] and for j = 0, . . . , A'" + 1 

2 ' 2 

with ||t^'w(^) ||2(Ar+2)-2j r^pls-ced by ||^^p(^) ||2(jv+2)-2j-i' -^^^^ these we may then estimate 



2 

V sup {{l + tr+^SN+2,m{t)) ^S2N{Ti) + {T2-Tif{l + T2f+^ SUp e2iv(t). (4.10.8) 

;^Ti<t<r2 Ti<t<r2 
Then (4.10.2) follows from (4.10.3), (4.10.8), and the trivial bound 

sup #X7Y<7T-^ sup :F2N{t). (4.10.9) 

Ti<t<T2 U + f j U + ij Ti<t<T2 

□ 

We now turn to our main result. 

Theorem 4.10.2. Suppose the initial data (mo,?7o) satisfy the compatibility conditions of 
Theorem 1.2.1. There exists a k > so that if S2n{^) + -^2iv(0) < k, then there exists a 
unique solution {u,p,ri) on the interval [0, oo) that achieves the initial data. The solution 
obeys the estimate 

e?2iv(oo) < Ci (£:2iv(0) + T2n{0)) < Ci«, (4.10.10) 
where Ci > is given by Theorem 4-8.8. 

Proof. Let < 5 < 1 and Ci > be the constants from Theorem 4.8.8, C2 > be the 
constant from Theorem 4.9.7, and C3 > be the constant from Proposition 4.10.1. According 
to (4.10.1) of Proposition 4.10.1, if a solution exists on the interval [0,T] with T < 1 and 
obeys the estimates (4.9.24)-(4.9.25), then 

G2n{T) <C2H + e[C2 + l + C3(2)2+^] . (4.10.11) 

If e is chosen so that the latter term in (4.10.11) equals 5/2, then we may choose k sufficiently 
small so that C2K < S/2 and k. < do{e) (with 6o{e) given by Theorem 4.9.7); then Theorem 
4.9.7 provides a unique solution on [0, T] obeying the estimates (4.9.24)-(4.9.25), and hence 
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Q2n{T) < S. According to Remark 4.9.8, all of the computations leading to Theorem 4.8.8 
are justified by the estimates (4.9.24)-(4.9.25). 
Let us now define 

T^{k,) — sup{T > I for every choice of initial data satisfying the compatibihty 
conditions and £^2Ar(0) + J^2Ar(0) < k, there exists a unique solution on [0, T] 

that achieves the data and satisfies Q2n{T) < 5}. (4.10.12) 

By the above analysis, T^{k) is well-defined and satisfies T^{n) > if k is small enough, i.e. 
there is a Ki > so that : (0, k,i\ (0, oo]. It is easily verified that is non-increasing 
on (0, K]\. Let us now set 

5 r 1 1 

e — 

and then define kq G (0, ki] by 



3C,(C3 + 2C2) '^'^T ^^-'^-'^^ 

where do{e) is given by Theorem 4.9.7 with e given by (4.10.13). We claim that T^,(ko) = oo. 
Once the claim is established, the proof of the theorem is complete since then T^{k,) — oo 
for all < K < Ko- 

Suppose, by way of contradiction, that T^,{k.o) < oo. We will show that solutions can 
actually be extended past T*(/to) and that these solutions satisfy ^2Af(^2) < ^ for T2 > T^,(/to), 
contradicting the definition of T^{ko). We begin by extending the solutions. By the definition 
of T^{ko), we know that for every < Ti < T^{k,q) and for any choice of data satisfying the 
compatibility conditions and the bound ^^2Ar(0) -|- J^2iv(0) < Kq, there exists a unique solution 
on [0, Ti] that achieves the initial data and satisfies Q2n{Ti) < 5. Then by Theorem 4.8.8, 
we know that actually 

Q2n{Ti) < Ci(£:2iv(0) + J-2iv(0)) < Ci«o. (4.10.15) 
In particular, this and (4.10.14) imply that 

^2iv(Ti) + ^^^^^ < CiKo < 5o{e) for all < Ti < T,{ko), (4.10.16) 
U + Jij 

where e is given by (4.10.13). We view {u{Ti),p{Ti),ri{Ti)) as initial data for a new problem; 

since {u,p,f]) are already solutions, they satisfy the compatibility conditions needed to use 
them as data. Then since £2n{Ti) < So{e), we can use Theorem 4.9.7 with e given by 
(4.10.13) to extend solutions to [Ti,T2] for any T2 satisfying 

< T2 - Ti < To = C{e) min{l, J-2Jv(Ti)-^}. (4.10.17) 

In light of (4.10.16), we may bound 
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Notice that T depends on e (given by (4.10.13)) and T^{kq), but is independent of 71. Let 

and then let us choose Ti = T^{no) — 7/2 and T2 = T^{no) +7/2. The choice of 7 imphes 
that 

< Ti < T*(ko) < < 2T*(ko) and < 7 = ^2 - 7^1 < r < To. (4.10.20) 

Then Theorem 4.9.7 allows us to extend solutions to the interval [0,T2], and it provides 
estimates on the extended interval [T'i,r2]: 



sup £2N{t)+ sup \\X^p{t)\\l+ I V2N{t)dt 
<t<T2 Ti<t<T2 JTi 

(4.10.21) 



Ti<t<T2 Ti<t<T2 JTi 

rT2 



sup 62iv(i) < £, and sup J'2jv(i) < C2^2jv(ri) + £. (4.10.22) 

Ti<t<T2 Ti<t<T2 

Having extended the existence interval, we will now show that Q2n{T2) < 5. We com- 
bine the estimates (4.10.21)-(4.10.22) with (4.10.15)-(4.10.16) and the bound (4.10.2) of 
Proposition 4.10.1 to see that 

Q2n{T2) < C,C,Ko + C2{e + C1/.0) + + ^^3(^2 - T,f{l + T^f^^ 

i-i- + -tij 

< «oCi(C3 + 2C2) + £(1 + C2) + £C37'(1 + 2T,(«o))'+^ 

<^ + ^ + ^-^, (4.10.23) 

where the second inequality follows from (4.10.20) and the third follows from the choice of 
£, Ko, and 7 given in (4.10.13), (4.10.14), and (4.10.19), respectively. Hence Q2n{T2) < S, 
contradicting the definition of T^,(/to). We deduce then that T^{ko) — 00, which completes 
the proof of the claim and the theorem. 

□ 

With this result in hand, it is a simple matter to prove Theorem 1.2.2. 

Proof of Theorem 1.2.2. We set = 5 in Theorem 4.10.2 to deduce all of the conclusions 
of Theorem 1.2.2 except the estimates (1.2.10)-(1.2.11). Proposition 4.2.9 implies that 

< C{r){Esrl^'^^\E,,2f'^'^^^ (4.10.24) 

for any r G (0, 1), where C{r) > is a constant depending on r. Let < p < A and then 
choose r G (0, 1) so that 

< r < 2 f ) - 2 ^ (2 + p) < (2 + A) ( • (4.10.25) 



2 + r 
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Then C(r) = C(p) and the bound Qsi^) < CiK imphes that 

/ 1 \ 2/(2+r-) 

sup(l+i)2+^ < C(p)Ci«:sup(l+i)^+'' TTTTWa ^ C'(p)Ci«:, (4.10.26) 

which is (1.2.10). The estimate (1.2.11) follows similarly by using the interpolation estimates 

m 1 1 2 

of Lemma 4.2.1 for the rj terms and the interpolation estimates of Theorem 4.2.14 for ||'u||2- 
In this case, though, no use of r e (0, 1) is necessary because it does not appear in the 
interpolations. 

□ 
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Chapter 5 



Global well-posedness and decay in 
the periodic case 

5.1 Introduction 



In this chapter we prove Theorem 1.2.8. Throughout the chapter we assume that > 3 is 
fixed. Note that this is an improvement on the constraint > 5 used in Chapter 4; this is 
possible since we do not need the same interpolation arguments used there. 

In the rest of Section 5.1 we define the energies and dissipations that are relevant to 
the periodic problem, and we describe how we localize to handle the curved boundary b G 
C°°(S). In Section 5.2 we present estimates of the nonlinear forcing terms (as defined in 
(3.1.24)-(3.1.31)) and some other nonlinearities. In Section 5.3 we use the geometric form 
of the equations to estimate the evolution of temporal derivatives. Section 5.4 concerns 
similar energy evolution estimates for the localized energies. For these, we employ the linear 
perturbed framework with the forcing terms. In the upper localization we apply horizontal 
spatial derivatives as well as temporal derivatives, but in the lower localization we only apply 
temporal derivatives. Section 5.5 concerns the comparison estimates, where we show how to 
estimate the full energies and dissipations in terms of their horizontal counterparts. Section 
5.6 combines all of the analysis of Sections 5.2-5.5 into our a priori estimates for solutions 
to (1.1.27) in the periodic setting. Section 5.7 concerns a specialized version of the local 
well-posedness theorem that guarantees that f] has zero average for all time. Finally, in 
Section 5.8 we record our global well-posedness and decay result, proving Theorem 1.2.8. 

Below, in (5.1.14), we will define the total energy Q2N that we use in the global well- 
posedness analysis. For the purposes of deriving our a priori estimates, we will assume 
throughout Sections 4.2-4.8 that solutions are given on the interval [0, T] and that Q2n{T) < 
5 for < (5 < 1 as small as in Lemma 3.2.1 so that its conclusions hold. This also means 
that S2N(t) < 1 for t G [0, T]. We will also assume throughout that the solutions satisfy the 
zero average condition 



We should remark that Theorem 1.2.1 does not produce solutions that necessarily satisfy 
the zero average condition. To guarantee that this holds, we must record a specialized version 




(5.1.1) 
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of the local well-posedness result, Theorem 5.7.1. We could record this result before the a 
priori estimates, but to keep the structure of this chapter similar to the structure of Chapter 
4, we postpone until after the a priori estimates. Note that the bounds of Theorem 5.7.1 
control more than just Q2n{T), and the extra control it provides guarantees that all of the 
calculations used in the a priori estimates are justified. 

Finally, we note that most of the results of this chapter are variants of ones in Chapter 
4. We have chosen to focus on highlighting the differences in the periodic case. As such, for 
many results we have only sketched how to modify the proof of the corresponding result in 
Chapter 4. Whenever proofs require significantly different arguments, we have written full 
details. 



5.1.1 Localization 



Let < 6_ := infj;/ b{x') and sup^,/ b{x') = b+ < oo. Let Xi ^ C', 
property that 



for i = 1,2,3 with the 



Xi = 


1 


on [ 


X2 = 


1 


on [ 


X3 = 


1 


on [ 



and Xi = on (— oo, — 76_/8) 
and X2 = on (— 36_/8, oo) 
and X3 = on (— oo, — 56_/8). 



(5.1.2) 



We then define the subsets Qj C Q by 



Q-^ = {-36_/4 <x3<o}nn, 

= {-b^ <X3< -6-/2} n Q, 
= {-6_/2 <X3<0}nQ. 



(5.1.3) 



We will view the functions Xi{^) = Xii'^-s) cutoff functions in the vertical direction. They 
are constructed so that Xi = 1 on Qi and so that fl — U O2 — U O2, ^3 C fli, and 
supp(Vx2) C ^s. 

When we multiply the equations in (3.1.23) by Xi, = 1) 2, we find that (xiW, XiP^ v) solve 



'dtixiu) + VixiP) - HXiu) = XiG^ + H^'' in ^ 
div(xiM) = XrC + 
{{XiP)I - D(x^w))e3 = (r^ea + G^) 

dtV - {X1U3) = 
XiU = 



in Q, 
on E 
on E 
on Eft, 



(5.1.4) 



where 5i^i is the Kronecker delta and 

H^'' = 53Xi(pe3 - 293M) - dlxiU and H^'' = d^XiUs- 
The H functions have this form since Xi is only a function of x^. 



(5.1.5) 



173 



5.1.2 Definitions and notation 

We will consider energies and dissipates at both the N + 2 and 2N levels. To define both 
at once we consider a generic integer n > 3. Recall that we use the derivative conventions 
described in Section 1.4. We define the energy as 

n n— 1 

j=0 j=0 

The corresponding dissipation is 

n n—1 
j=0 j=0 

n+1 

+ Ml-y, + \\dtV\\l-y2 + E • (5-1-7) 

For our "horizontal" energies and dissipations, we must use different types of derivatives 
depending on the localization. In the whole domain we only consider temporal derivatives, 
writing 

= E ll^'^llo + i^^^lL + E ll^'^llo = E ll»^'«llo ■ (5-1-8) 

i=o i=o j=o 

In the upper localization we allow both horizontal spatial derivatives and temporal deriva- 
tives, but we do not allow the highest order temporal derivatives: 

4^ = ll^o"-'(Xi^)|lo+ ll^^'""'(Xi^)|lo + ll^o"-'Hlo+ 11^^^^ (5-1-9) 

V+ = \\D^'^-'3{xiu)\\l+\\DD'-^'Bixiu)\\l. (5.1.10) 

In the lower localization we only take temporal derivatives, but not all the way to the highest 
order: 

n—l n—1 

^n=Y.MiX2u)\\l e.ndV- = J2\\miX2u)\\l. (5.1.11) 

i=o j=o 

Our specialized energy terms are 

•^2JV = ||^|l4iV+l/2 (5.1.12) 

and 

2 

/C := \\Vu\\l^ + II V^^ll^^ + J2 \\Du^\\l,^^^ . (5.1.13) 

i=l 

The total energy we will use in our global well-posedness result is 
g2N{t) = sup S2N{r)+ fv2N{r)dr+ sup (1 + r)^^-8£jv+2(r) + sup (5.1.14) 

0<r<t Jo 0<r<t 0<r<t (J- + f) 
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5.2 Nonlinear estimates 



5.2.1 Estimates of G' at the + 2 level 

We now estimate the terms at the N + 2 leveL The result is similar to ones we have 
already proved, so we only sketch the proof. 

Theorem 5.2.1. Then there exists a 9 > so that 



y2(Ar+2)-2^1 



+ 



y2(Ar+2)-2^2 



+ 



2(Af+2)-2^3 
^ 



1/2 



+ 



2(Ar+2)-2^4 







1/2 



(5.2.1) 



and 







V 



2(Ar+2)-1^2 











1/2 



+ 



2(JV+2)-l 




1/2 



+ \\D'(''^'y%G%^ < £,V^+2. (5.2.2) 



Proof. Since there are no minimal derivatives in Sn^2 and we need not resort to 

interpolation arguments like in Theorem 4.3.1. Instead, we may estimate directly, as in the 
proof of (4.3.6) in Theorem 4.3.2, using Sobolev embeddings, trace theory, and Lemmas 
A. 1.1, A. 5.1, and A. 5. 2. Note that for (5.2.2), we do not need specialized estimates like 
those of Lemma 4.2.19 since in products of the form D'^^'^'^rjQu we may estimate D'^^^'^ri 
with and u with 'Dn^2- 

□ 

5.2.2 Estimates of G' at the 2N level 

Now we estimate at the 2N level. The result is similar to ones we have already proved, 
so we only sketch the proof. 

Theorem 5.2.2. Then there exists a 6 > so that 



74Af-2^1||2 , ||f^4Af-2/--<2||2 , || 7S4Af-2/-<3 1 1 ^ , 11 f)4Ar-2,<-<4 1 1 2 ^ cl+0 
^ Ho "^11^0 ^ 111 +11-^0 ^lll/2+ 11-^0 ^||i/2~^2iV' 



(5.2.3) 



^0 



4Af-2^1 
+ II 



+ iivr-'G^iii 
^^-^ii'+ii 



47V-2 



'0 

74Af-3; 



4N -2^-14 



G" 



1/2 ' II^U ^ 111/2 
y4iv-.^^^2||2 ^ ||^4iV-3^^^3||2^^ ^ \\D^^-^dtG 



4||2 
1 1/2 

< £lj^V2N, 



(5.2.4) 



and 



|V^^-^Gi||^ + 



74W-l/-(2 



CI :+ LD 



4iV-ly^3||2 , II 7-)4Ar-l/-(4||2 

^ II1/2+ IP ^ II1/2 



< £lj^V2N + ^J^2N- (5.2.5) 
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Proof. The proof of (5.2.3) and (5.2.4) proceeds as in Theorem 5.2.1, using Sobolev em- 
beddings, trace theory, and Lemmas A. 1.1, A. 5.1, and A. 5. 2 to estimate 9^(7*. To derive 
the estimates (5.2.5) we argue in the same way, except for the exceptional terms involving 
Y4iv+i^ and D'^^rj, which can be estimated as in Theorem 4.3.2, using Lemma A. 5.1 in place 
of Lemma A.4.1. 

□ 

5.2.3 Other nonlinearities 

Now we provide an estimate of for d^A when j = 2A'" + 1 and when j — N + 3. 
Lemma 5.2.3. We have that 

Pr'-'AWl ^ 1^2N, and pr'AWl < (5.2.6) 

Proof. The proof is the same as that of Lemma 4.3.5 except that we use Lemma A. 5.1 in 
place of Lemma A.4.1. □ 

5.3 Global energy evolution in the geometric form 

5.3.1 Estimates of the perturbations when = 0^° is appUed to 

(1.1.27) 

We now present estimates for the perturbations (3.1.13)-(3.1.22) when 9" = d"" for «o ^ 2A^. 

Theorem 5.3.1. Let = with ao < 2N and let F\ F^, F^, F^ he defined by (3.1.13)- 
(3.1.22). Then 

\\fX + ||^*('^^')|lo + ll^lo + ll^lo ^ ^2nV2n. (5.3.1) 
Proof. The proof is the same as that of Theorem 4.4.1, except that we use Lemmas A. 5.1 
and A. 5. 2 to estimate f] terms, we apply Lemma 5.2.3 in place of Lemma 4.3.5, and we allow 
any < cco < 2N. 

□ 

We now present estimates for these perturbations when 9" = with ao < N + 2. 

Theorem 5.3.2. Let = with ao < N + 2 and let F^, F^ , F^ he defined by 
(3.1.13)-(3.1.22). Then 

\\fX + \\dt{JF% + + < S2NVr,+2. (5.3.2) 

Also, if N > 3, then there exists a 9 > so that 

ll^lo ^ ^'ivW (5.3.3) 

Proof. The proof is the same as that of Theorem 4.4.2, except that we use Lemmas A. 5.1 

and A. 5. 2 to estimate fj terms, we apply Lemma 5.2.3 in place of Lemma 4.3.5, we allow any 
< ao < N + 2, and we bound ||(?3ti3||^oo ^ by using Sobolev embeddings rather than 
interpolation. 

□ 
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5.3.2 Global energy evolution with only temporal derivatives 

Now we present the applications of Theorems 5.3.1 and 5.3.2. 
Proposition 5.3.3. There exists a 9 > Q so that 

^mit) + r^2iv ^ ^2iv(0) + {SMt)f' + A^2iv)'l^2iv. (5.3.4) 
Jo Jo 

Proof. The proof of Proposition 4.4.3 works here, using Theorem 5.3.1 in place of Theorem 

4.4.1, for each with < ckq < 2A'". The desired estimate follows by summing over 
< cto < 2A^. □ 

Now we present the corresponding estimate at the N + 2 level. 

Proposition 5.3.4. Let be given by (3.1.19) with 9" = df+^. Then 

dt {^£%^^ - 2 ^ jaf + Vl^^ < (5.3.5) 

Proof. The proof of Proposition 4.4.4 works here, using Theorem 5.3.2 in place of Theorem 

4.4.2, for each with < ckq < N + 2. The desired estimate follows by summing over 
0<ao<N + 2. □ 



5.4 Localized energy evolution using the perturbed lin- 
ear form 

5.4.1 Upper localization 

We now estimate how the upper-localization energies evolve. In order to analyze the upper 
localization, we will use the equation (5.1.4) with i — 1. 

Proposition 5.4.1. Let a e N^+^ so that ckq < — 1 and \a\ < AN. Then for any 
e e (0, 1) it holds that 

mxiu)\\l + \\d-v\\l+ f \\m-{xiu)\\l 

Jo 

^^2niO)+ f S^NT^2N + V'D^JC^ + eV2N + e-'''-^V%. (5.4.1) 
Jo 

In particular, 

^2Nit)+ I ^2'"iv < 4"'iv(0) + / £2NT^2N + Vn^JC^ + sV2N + e-^''-^f)l^. (5.4.2) 
Jo Jo 
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Proof. We apply Lemma 3.1.3 to f = Xi<9°m, q = Xi^^p, C = 9"rj with a — 1, — 
Xid'^G^ + d"H^'^, $2 ^ ^^d^G"^ + d"H'^^^, $3 ^ qcxq^^ ^nd = a^G^ to find 

+ / Xi^Xxi^^G^ + + /" . Qc^Q^i ^ d'^rid'^G^. (5.4.3) 

Here if^'^ and if^'^ are given by (5.1.5). We will estimate the terms on the right side of 
(5.4.3), beginning with the terms involving H^'^ and H^'^. 
Since Xi is only a function of x^, we have that 

= dsxiid^pes - 2d''d3u) - d'^xid'^u and d'^H^'^ = d^xid^u^- (5.4.4) 

This and the constraints on a allow us to estimate 

/ xid^u ■ d^H^'' + xioyo'^H''' < (||9>|io + iia^Miy + \\dy\\, wd'^uw, 

Jn 

< l|9"^llo(l|5>llo+ ll^^^lli) ^ ll^o'^-'^^Sr^llo a/^^ V^I|9r«ll4iv-2ao (5-4-5) 
We estimate the AN — 2ao norm with standard Sobolev interpolation: 

ll^r«ll4iV-2ao ^ \\9r< l|5r«lli^-2ao+l < {V'^Nf^V.^f-'^/', (5.4.6) 

where 9 — {AN — 2ao + e (0, 1). Then Young's inequahty allows us to further bound 

< £ (^1 - V,j, + -/'-''^I'vIn < eV2N + s-'^-'V%, (5.4.7) 

where in the last inequality we have used the fact that (2 — 6)/6 = 8N — 4ao + 1 to find the 
largest power of 1/e when < ccq < 2N. Chaining together (5.4.5) and (5.4.7) then yields 
the bound 

/ Xid^u ■ d'^H^^^ + xid^pd^H^'^ < sV2n + s-^^-^V^n- (5.4.8) 
Jn 

We now turn to estimates of the terms involving G*, 1 <i < 4. We claim that 

/ xl {ff'u ■ d^G^ + a^a^G^) < {82NfV2N + \/V2nY:j=in (5.4.9) 

and 

y -d'^u ■ d'^G' + a^r^a^G^ < {E2n)'V2n + \/V2nK:J^2n (5.4.10) 

for some ^ > 0. The estimate (5.4.10) may be derived exactly as in Proposition 4.5.2, using 
Theorem 5.2.2 to estimate the and G'^ terms. The estimate (5.4.9) may also be derived 
as in Proposition 4.5.2, using Theorem 5.2.2 to estimate the G^ and G^ terms, except that 
the x\ terms must be trivially bounded in L°°. Note that since xi depends only on x's. 
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integration by parts with di and 82 does not introduce any new terms through the product 
rule. 

Now, in hght of (5.4.3) and (5.4.8)-(5.4.10), we have 

dt( [ \d''{xiu)f+ I ^7;!^)+ / \m^{xiu)\^ 
\Jci Jt, J Jn 

< {S2n)''D2n + VP2iv/CJ-2Ar + eV^N + £-'^-'^2% (5-4.11) 

for all I a I < 4A^ with < 2N — 1. The estimate (5.4.1) then follows from (5.4.11) by 
integrating in time from to t, and then (5.4.2) follows from (5.4.1) by summing over a. 

□ 

Now we prove a similar estimate at the + 2 level. 

Proposition 5.4.2. Let a e so that < N + 1 and \a\ < 2{N + 2). Then for any 
£ e (0, 1) it holds that 

^*(ll^"(Xi«)llo + ll^"^llo) + ll»5"(Xi«)llo 

< £'2nT^n+2 + + £-'^-^P^+2- (5.4.12) 

In particular, 

5t^JV+2 + ^JV+2 ~ ^2Ar^iV+2 + £^^Ar+2 + £ (5.4.13) 

Proof. The argument used in Proposition 5.4.1 may be employed in this case as well, except 
that we use Theorem 5.2.1 to estimate the terms, and when we interpolate we have 

ll^r«ll2iV+4-2.„ < ll^r^llS l|5r«ll2A^+5-2.„ (5.4.14) 

for ^ = (2iV + 5 - 2q.o)-^ e (0, 1) so that (2 - ^)/^ = 4Ar + 9 - 2ao < m + 9, which gives 
the power of 1/e in the estimates. 

□ 

5.4.2 Lower localization 

We now consider the evolution of the lower- localization energies at the 2N level. 

Proposition 5.4.3. Let j be an integer satisfying < j < 2N — 1. Then for any e e (0, 1) 

it holds that 

\\9l{X2u)\\l+ f\\MiXiu)\\l<S-^{0)+ f Sl^V2M + eV2N + e-'''-'Vl^. (5.4.15) 
Jo Jo 

In particular, 

^2N{t)+ I ^2"iv^«^2lv(0)+ / {S2N)'V2N + eV2N + e-^''-^V'ij,. (5.4.16) 
Jo Jo 
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Proof. We apply Lemma 3.1.3 to v = X2dlu, q — X2^P, C — ^t'H with a = 0, = 
X2a^Gi + d{H^'^. = X29iG^ + = 0, and = to find 

Jo / ^ Jn Ja 

+ / X2dip{x2diG' + diH'''). (5.4.17) 

Here if^'^ and if^'^ are given by (5.1.5). The right hand side may then be estimated as 
in Proposition 5.4.1, using only the temporal derivative estimates of Theorem 5.2.2. In 
particular, we have the estimates 

/ X2diu ■ dlH''' + X2dipdlH''' < eV^N + e-'^'-'V',^ (5.4.18) 
Jn 

and 

/ xlidlu ■ die + «G^) < {S^NfV^N, (5.4.19) 
Jn 

which yield (5.4.15) when combined with (5.4.17) and integrated in time from to t. Then 

(5.4.16) follows from (5.4.15) by summing over < j < 2N — 1. □ 

Now we prove the corresponding result at the N + 2 level. 

Proposition 5.4.4. Let j be an integer satisfying < j < N + 1. Then for any e e (0, 1) 
it holds that 

9t {\\dI{X2u)\\l) + \\m{xiu)\\l<S',^Vj,^, + eVj,^, + e-'''-'V%^,. (5.4.20) 
In particular, 

dtSj,^, + V],^, < {£2N)'Vr,+2 + eVr,+2 + e-''''-^V%^,. (5.4.21) 

Proof. The proof proceeds as in Proposition 5.4.3, following Proposition 5.4.2 rather than 
Proposition 5.4.1, and using the djG^ estimates of Theorem 5.2.1 rather than of Theorem 
5.2.2. 

□ 

5.5 Comparison results 

Wc now show that, up to some error terms, the instantaneous energy S2N is comparable to the 
sum ^2Ar + ^2iv ^^"^ th^t dissipation rate V2N is comparable to the sum ^2Af + ^2iv + ^2^^■ 
We also prove similar results with 2A'" replaced by N + 2. 
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5.5.1 Instantaneous energy 

We begin with the result for the instantaneous energy. 
Theorem 5.5.1. There exists a 9 > so that 

^2N < + 4V + {E2Nf^' (5.5.1) 

and 

En+2 ^ + + {E2nY £n+2- (5.5.2) 

Proof. In order to prove the result at both the 2N and + 2 levels at the same time, we 
will generically write n to refer to either quantity. In the proof we will write 

n-l 

I 2 II — ^' _,o I I 2 II — ^' _,q I I 2 



>^n = E \nG\^-2,-2 + PlG\^-2,-. + \nG'\L-2,-„2 ' (^-S-S) 
3=0 

Note that the definitions of £^ and £^ guarantee that 



Ell^'^llL-2,^4^ + ^n- (5.5.4) 

The key to proving the result is the following elliptic estimate. Let j = 0,...,n — 1. 
Then we may apply cP^ to the equations of (3.1.23) and use Lemma A. 9.1 to see that 

ll^-llU- + \mL-2,-. ^ W42n-2,,.., + + \\9lG^l.2,-^ 

+ Piv\\l-2j-S/2 + 11^^^11-2,-3/2 ^ ll^'^'Hl2n-20+l) + + + >Vn. (5.5.5) 

In the last inequality of (5.5.5) we have used (5.5.4) and the definition of Wn- 
We claim that 

En < S+ + + Wn. (5.5.6) 

To prove this claim, we will use estimate (5.5.5) and a finite induction. For j — n — 1 
employ the definition of £^ in (5.5.5) to get 

ll^r'^ll' + Pr'pt ^ \\9>\\l + + 4° + Wn < + 4° + Wn. (5.5.7) 

Now suppose that the inequality 

Pr'ufn + Pr'pfn-i ^ + -^n + >Vn (5-5.8) 

holds for 1 < £ < n. We apply (5.5.5) with j = n — ^ — 1 and use the induction hypothesis 
(5.5.8) to find 

||on-€-l ||2 ||2 < ll/^n-^., Il^ i i , 

Ir* ^Il2(^+1) ^ Ir* P\\2{t+1)-1 ~ Ir* ^Ib^^^n +^n+ '''^n 

<4+ + <?° + >V„. (5.5.9) 
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Hence (5.5.8) holds with £ replaced by £+1, and by finite induction, 



n-l 

E + \\9ip\L-2J-, ^ + 4° + Wn. (5.5.10) 

3=0 

We then sum (5.5.4), (5.5.10), and the trivial inequality ||i9"m||q < 8^ to deduce that (5.5.6) 
holds. 

To conclude, we must estimate Wn for n = 2N and n = N + 2. When = + 2, we use 
(5.2.1) of Theorem 5.2.1 to bound WAr+2 ^ (^2Ar)^^^Af+2, and when n = 2N we use (5.2.3) 
of Theorem 5.2.2 to bound 'W2N ^ (^^2Af)^'''^- These two estimates and (5.5.6) then imply 
(5.5.1) and (5.5.2). 

□ 



5.5.2 Dissipation 

Now we consider the dissipation rate. 

Theorem 5.5.2. For n = N + 2 or n = 2N , write 

yn = \\v'^-'GX + \\v'^-'G% 

+ \\dI'^-'gX^^ + \\dI'^-'gX^^ + WDl^^-^dtCX^^ . (5.5.11) 

Then 

Vr.<Vl + V- + V^ + yn. (5.5.12) 
In particular, there is a 9 > so that 

T^2N < f)^2N + ^2N + ^Jv + {^2NfT>2N + /CJ2JV (5.5.13) 

and 

< ^^+2 + ^N+2 + '^N+2 + (^2iv)'l?Ar+2 (5.5.14) 

Proof. In this proof we use a separate counting for spatial and temporal derivatives, so unlike 
elsewhere, we now use a G to refer only to spatial derivatives. In order to compactly 
write our estimates, throughout the proof we will write 

Z:=&^ + V+ + y^. (5.5.15) 

The proof is divided into several steps, following those of Theorem 4.7.1. 
Step 1 - Application of Korn's inequality 
First note that according to Lemma A. 8. 3 we have 

\\Dr-'4lHn.) + WDD'-'HIhu.) ^ \\Dr-\xiu)\\l + \\DD'--\xiu)\\1 < (5.5.16) 
and 

n 

Y.¥tut<Vl (5.5.17) 

i=o 
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Here, we recall that Jli C is defined in (5.1.3). Summing these yields the bound 

Step 2 - Initial estimates of the pressure and improvement of u estimates 
Recall that xs is given by (5.1.2), Q3 C Qi is given by (5.1.3), and X3 = 1 on Q3. We 
claim that we have the estimate 

\\Do'-'4Un..) + ll^o""'Vp||^„(^^^) < Z. (5.5.19) 

To prove this, we may argue as in Step 2 of Theorem 4.7.1, first using the structure of the 
equations (3.1.23) to derive various estimates of terms involving ^3, and then localizing and 
using elliptic estimates for u = curl u to recover other terms with 83. The only difference in 
the present case is that we localize with X3 in place of the generic x used in Theorem 4.7.1. 

Step 3 - Bootstrapping, rj estimates, and improved pressure estimates 

Now we make use of Lemma 5.5.3 to bootstrap from (5.5.19) to 

n— 1 n— 1 

j=o i=o 

With this estimate in hand, we may derive some estimates for 77 on E by employing the 
boundary conditions of (3.1.23): 

T) ^ p - 2d3U3 - Gl (5.5.21) 

dtr] ^U3 + G\ (5.5.22) 
We differentiate (5.5.21) and employ (5.5.20) to find that 

ll^^ll2n-3/2 ^ ||^p||^2„-3/2(s) + ||/^93M3||^2„-3/2(s) + \\DG%^_^^^ 

< ||i:)p||l,.„-i(n3) + |pa3H3||^.„-i(n3) + ||GiL-i/2 ^ ^' (5-5-23) 
so that by the usual Poincare inequality on S (we have that rj has zero average) we know 

lkllL-1/2 ^ hWl + 11^^111-3/2 ^ IP^IlL-3/2 ^ -2- (5-5.24) 
Similarly, for j = 2, . . . , n + 1 we may apply c^~^ to (5.5.22) and estimate 

lrt^ll2n-2j+5/2 ~ lr« '"3||j^2n-2j+5/2(s) + W^t '-^ ll2n-2j+5/2 

~ 11^ ^^llif2"-20-i)+i(n3) + 11^* ^'^1l2n-20--i)+i/2 ~ ^- (5-5.25) 
It remains only to control dtr], which we do again using (5.5.22): 

ll^t^ll2n-l/2 ^ ||li3|l5^2n-i/2(s) + ||G'^||2n_i/2 ^ \WA^r.^p^) +Z<Z. (5.5.26) 
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Summing estimates (5.5.24)-(5.5.26) then yields 

n+l 

llA?r,l, 

l2n-2j+5/2 



j=2 



The ?7 estimates (5.5.27) now allow us to further improve the estimates for the pressure. 
Indeed, for j = 0, . . . , n — 1 we may use Lemma A. 8.1 and (5.5.21) to bound 



\mUa.) ^ \mi + ii53^«3iiio(,) + ii^^G^iio + piMlo 



2 



This, (5.5.18), and (5.5.27) allow us to improve (5.5.20) to 



n-1 

I I 1 

P\ 



n+l 

+ 11^111-1/2 + l|9t^ll2n-l/2 + E ll^'^ll2n-2,-H5/2 ^ (5-5-29) 

Step 4 - Estimates in Q2 

We now extend our estimates to the lower domain, ^2, by initially applying Lemma 5.5.4 

for 

n n—1 
E MiX2u)\\l_,._^, + E ll^(X2P)||L-2, ^ + + ^n + 3^n, (5.5.30) 

i=o i=o 
where is defined by 

n-1 

'^n = E l|9^^'1l2n-2.-l + \\dl H''11-2, (^-S-Sl) 

for H^'^ and ff^'^ given by (5.1.5). We must now estimate X^. For this we note that by 
construction supp(Vx2) C which implies that supp(if^'^)Usupp(i?^'^) C Q3. This allows 
us to use the estimate (5.5.29) to bound 

n—1 
j=0 

Then estimates (5.5.30) and (5.5.32) may be combined to get 

n n—1 
j=0 j=0 

n n—1 

^ E l|9* (X2«)||L_2,+1 + E l|9* (X2P)||L_2, ^ + ^- (5.5.33) 
j=0 j=0 
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Step 5 -Estimates on all of fl and conclusion 

We recall that 17 = U ^2- This allows us to add the localized estimates (5.5.29) and 
(5.5.33) to deduce (5.5.12). In order to deduce (5.5.13) and (5.5.14) from (5.5.12), we must 
only estimate for n = 2N and n = N + 2. In the case n = 2N, Theorem 5.2.2 provides 
the estimate ^ {^2NyT^2N + ^^2N-, and (5.5.13) follows. In the case n — N-\-2we use 
Theorem 5.2.1 for 3^jv+2 < (^^2Jv)^2^Ar+2, and (5.5.14) follows. 



□ 



The next result is a key bootstrap estimate used in the proof of Theorem 5.5.2. 
Lemma 5.5.3. Let yn be as defined in Theorem 5.5.2. Suppose that 



\D 



2n-2r+l 




U\ 



+ m 



2n-2r+l 




(5.5.34) 



for an integer r e {1 . . . , n — 1}. Then 



+ 



2n-2(r+l)+l 



U 



+ 



Moreover, if (5.5.34) holds with r = 1, then 

n— 1 n— 1 



^2n-2(.+l)+l^^ 



<Vl + V+ + y^. (5.5.35) 



i=o 



u\ 



if2n-23+l(f23) 



+ E 11^ < + + yn- 



(5.5.36) 



3=0 



Proof. The estimate (5.5.35) may be derived as in Lemma 4.7.2 by setting m = in its 
proof, using ^3 in place of its Qi, and P° + f)^ in place of its "Dn.m- 

Now we turn to the proof of (5.5.36), assuming that (5.5.34) holds with r — 1. By 
(5.5.35) we may iterate with r = 2, . . . , n — 1 to deduce that 



|-^o^*llj?2"(n3) + E 11^ 



u\ 



if2n-23+l(f23) 



n-l 



+ ||^oVp||^.„_.(^3) + E ll^i Vp||^,„_,,_,(^^) < ^° + P+ + yr,. (5.5.37) 

Let 1 < i < 2n — 1. We apply the operator to the first equation of (3.1.23) and split into 
components to get 

d^+^p = -dtdim + Ad^us + diGl and (5.5.38) 

d^+\i = -{dl + d^)diui + dtd^Ui + did^p - d^G] for i = 1, 2. (5.5.39) 

Then (5.5.37), together with (5.5.38)-(5.5.39) and the equation — — diUi — d2U2, 
allows us to derive the estimates 

li.,„,, <»; + Bj + J'». (5.5.40) 



11^ 



'+2 



u 



i2 



KM 



This and (5.5.37) yield (5.5.36). 



□ 
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The following result is based on an argument similar to the one used in Theorem 5.5.1. 

Lemma 5.5.4. Letyn be as defined in Theorem 5.5.2. Let H^''^ and H'^''^ be given by (5.1.5), 
and write 

n—l 



Then 



n n—l 
E ll^(X2«)||L2,-H-l + E 11^* (X2P)||L2, ^ + + + D^n- (5.5.42) 

i=o i=o 



Proof. First note that by Lemma A. 8. 3 we may bound 



Y.¥t{X2u)t<V-+Vl (5.5.43) 

3=0 



(5.5.44) 



When we localize with X2 we find that X2U and X2P solve 

{dt{x2u) - A(X2W) + V(X2P) = X2G'^ + in Q 

div(x2M) = X2G' + ii"''' in Q 

((X2P)/-©(X2w))e3 = onE 

X2M = on Eft. 

Then for any j = 0, . . . , n — 1 we may apply Lemma A. 9.1 to see that 

IK(X2-)||L-2.>l+ll^(X2P)||L-2, 

^ W\x2u)t^_,^^^,^^, + \\d^AX2G^ 

^ ll^'^'(X2«)||L-2(,+l)+l + yn + ^n. (5.5.45) 

We will use estimate (5.5.45) and a finite induction to prove (5.5.42). For j = n — 1 we 
use (5.5.43) to get 

ll^r'(X2^^) II3 + \\dr\x2P)t ^ \\dt{X2u)\\l + yn<'D- + t)l + y^ + X^. (5.5.46) 
Now suppose that the inequality 

||5r'(X2«)|lL+i + ¥r\x2V)t, < V- + Vl + y^ + X^ (5.5.47) 

holds for 1 < £ < n. We claim that (5.5.47) holds with £ replaced by ^ + 1. We apply (5.5.45) 
with j — n — £ — Ito get 

ll^r-'(x2«)|lUim + Pr'-\x2P%,^,, < \\dr\x2u)\\l^, + yn + x^ 

<V-+Vl + y^ + X^, (5.5.48) 

where in the last inequality we have employed the induction hypothesis (5.5.47). This proves 
the claim, so by finite induction the bound (5.5.47) holds for all £ = 1, . . . , n. Summing this 
bound over i — 1, . . . ,n and adding (5.5.43) then yields (5.5.42). □ 
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5.6 A priori estimates 

In this section we will combine our energy evolution estimates with the comparison estimates 
to derive a priori estimates for the full energy, Q2N: defined by (5.1.14). 

5.6.1 Estimates involving T2N and K. 

Our first result is an estimate of J-'2n- 
Lemma 5.6.1. It holds that 



sup J^2N{r) < exp ( C / y/K:{r)d 

)<r<t V Jo 

■2N{0)+tJ^ {l + S2N{r))V2N{r)dr+ (^j^ ^/lC{r)F2N{r)d 



(5.6.1) 



Proof. The proof of Lemma 4.8.1 also works in the periodic case since the estimates for 
solutions to the transport equations given in Lemma A. 7.1 also hold when E = (I/iT) x (L2T). 

□ 

Now we use this result to derive a stronger result. 
Proposition 5.6.2. There exists a universal constant < 5 < 1 so that ifGiNiT) < 5, then 

P •F2iv(r) < J"2jv(0) + t [ 

0<r 

for allO<t<T. 

Proof. The Sobolev and trace embeddings allow us to estimate JC < En+2- Then 



sup J^2Nir) < J"2jv(0) + t [ V2N (5.6.2) 

0<r<t Jo 



With this estimate in hand, we may argue as in the proof of Proposition 4.8.2 to see that 
sup T2N{r) < C f J^2iv(0) + t f V2n] +C6( sup J^2iv(r)) , (5.6.4) 

0<r<t V Jo J \0<r<t / 



for some C > 0. Then if 5 is small enough so that C5 < 1/2, we may absorb the right-hand 
T2N term onto the left and deduce (5.6.2). 

□ 



This bound on J^2N allows us to estimate the integral of 1CJ^2N and \JT)2n^^2N- 
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Corollary 5.6.3. There exists a universal constant < S < 1 so that if G2n{T) < S, then 

f K:{r)F2N{r)dr<5F2N{^) + 5 f V2N{r)dr (5.6.5) 
Jo Jo 



and 



forO<t<T. 



[ VT^2N{r)JC{r)J^2N{r)dr < J^2n{0) + VS [ V2N{r)dr (5.6.6) 
Jo Jo 



Proof. Let Q2n{T) < S with d as small as in Proposition 5.6.2 so that estimate (5.6.2) holds. 
As in Proposition 5.6.2, we have that /C(r) < SN+2{r) < 5(1 + 7-)"^-^+*^. Using this, we may 
argue as in Corollary 4.8.3 to deduce the desired bounds. 

□ 

5.6.2 Boundedness at the 2N level 

Theorem 5.6.4. There exists a universal constant 5 > so that if G2n{T) < S, then 

ft 

?2iv(r)+ / 

0<r<t 

for allO<t<T. 



sup S2Nir) + fv^N + sup < E2n{Q) + J2iv(0) (5.6.7) 

0<r<t Jo 0<r<t 1,-1- + 



Proof. Fix <t <T. For any e e (0, 1) we may sum the bounds of Propositions 5.4.1 and 
5.4.3 to find 



^2N(t)+^2N(t)+ [ Vt^ + V-^N 

Jo 

< (^^2iv(0) + ^ {E2n)'V2n + ^JV2n1^T2n + eV^^ + e-^'^-^Vl^ . (5.6.8) 

for a constant Ci > independent of e. On the other hand. Proposition 5.3.3 provides the 

estimate ^ ^ 

4V(^) + ^ ^2% < C2 (e2n{^) + {E2N{t)f^ + (^2iv)'l^2iv) (5.6.9) 

for a constant C2 > 0. We multiply (5.6.9) by 1 + for a constant > (with precise 
value to be chosen later) and add the resulting inequality to (5.6.8) for 

S+r,{t)+S^r^{t) + {l + a)^At)+ f VtN + '£>2N + i'^ + C*)t>^2N 

Jo 

< C2(l + a){S2N{t)f/' + (Cl + C2(l + C,)) (^£2NiO) + ^ (^2iv)'2^2iv) 

+ Ci / ^/V2nICJ^2n + eV2N + e-''''-^V%. (5.6.10) 
Jo 
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Prom Theorem 5.5.1 we know that 

S2N{t) < Cs + £°ivW + i^2N{t)Y^') , (5.6.11) 



and from Theorem 5.5.2 we know that 

ft i-t 



[ < Ca / {V% + V-j, + V+M + {S2NfV2N + /CJ^2iv) (5.6.12) 
Jo Jo 

for a constant C3 > 0. We may then combine (5.6.10)-(5.6.12) to see that 



+ {£2N{t)y+' + (1 + Ci + C2(l + C,)) ( ^2iv(0) + / {£2Nyn 



^2N 







+ [ Ciy/V2N)CJ^2N + )CT2N + Ci [ eV2N + e-^^-^V%. (5.6.13) 
Jo Jo 



Now we choose 



and then we choose = Cie~^^~^. With this choice of e and C*, (5.6.13) reduces to 

^ (^^2iv(i) + ^*^2iv) < C2(l + C,)(£2iv(i))'/' + {S2N{t)y+' 

+ (1 + Ci + C2(l + a)) (^£2n{0) + ^ (^2iv)'l^2iV^ + ^ Ci v/^rfJ2^ + /CJ-2^. 

(5.6.15) 

Let us assume that 6 e (0, 1) is as small as in Corollary 5.6.3; this allows us to estimate 
the integrals involving 1CJ-2N and \/T>2n^J'2N in (5.6.15) to bound 

S2N{t) + j'^V2N < C4 (^S2n(0)+T2n(0) + (^^2iv(i))'+^ + (^2iv)'2^2iV + VS V2N^ 

(5.6.16) 

for C4 > and = min{l/2, 9} > 0. Now we further assume that S is small enough so that 

C^VS < ^, C^S'' < ^, and < ^. (5.6.17) 
Then since supo<r<t£^Ar+2(r) < ^2Af(7') < 5, (5.6.16) implies that 

^ (s2N{t) + 2 2^2iv) < C4 (^2iv(0) + J-2iv(0)) . (5.6.18) 
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If 5 is further restricted to be as small as in Proposition 5.6.2, then we also have that 

o<r<t (1 + r) o<r<t (1 + r) o<r<t (1 + r) Jo 

ft 

'0 

Then (5.6.7) follows by summing (5.6.18) and (5.6.19). 



<-F2iv(0)+ f V2N(r)dr<£2N(0)+T2N(0). (5.6.19) 

^0 



□ 



5.6.3 Decay at the TV + 2 level 

Before showing the decay estimates, we first need an interpolation result. 
Proposition 5.6.5. There exists a universal < 5 < 1 so that if G2n{T) < 5, then 

and 

£n^2 < {V^A^'''-'''^'^-'\S2Nf'^'''-'\ (5.6.21) 
Proof. The bound Q2n{T) < 5 and Theorems 5.5.1 and 5.5.2 imply that 

Vn+2 < C{V%^2{t) + V%^2it) + ^JV+2(^)) + C81^Vm+2 

< C{V%^2{t) + VU2{t) + V-^A^)) + C5'Vm+2 (5.6.22) 

and 

En+2 < C{8l^2{t) + ^N+2{^)) + C8'2^8n+2 < C^(^^+2(^) + ^N^^)) + C5^8n+2 (5.6.23) 

for constants C > and ^ > 0. Then if 5 is small enough so that C5^ < 1/2, we may absorb 
the second term on the right side of (5.6.22) and (5.6.23) into the left to deduce the bounds 
in (5.6.20). 

Wc now turn to the proof of (5.6.21), which is based on the standard Sobolev interpolation 
inequality: 

ll/IL<ll/ll!a^^^^ll/li:^r^ (5.6.24) 

for s,g > and < r < s. Applying this for < j < + 2 with s = 2(iV + 2) -2j, r = 1/2, 
and q — 2N — 4 shows that 





l2(iV+2)-2j 


< 1 


\div\ 


r 

l2(Ar+2)- 


-2j-l/2 1 




\\diu\ 


l2(Ar+2)-2j 


< 1 


\diu\ 


,e 

l2(A?"+2)- 


-2j-l/2 1 


\diu\\ 



-2j ~ 



< {^/V^2)\^/8^Y-' . (5.6.25) 

_^ < {V^D^^fiV^f-^ (5.6.26) 
where 

4A^ - 8 1 

^ = ___ and 1-^ = -— — . (5.6.27) 

47V -7 4A^-7 ^ ' 
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Similarly, we may use < j < + 1 with s = 2(A^ + 2) - 2j - 1, r = 1/2, and q^2N -A 

II^^Hl2(iV+2)-2.-l ^ II^Hl2(iV+2)-2.-3/2 Mptl,,-^ ^ ( V^)^ ( v/^) ^"^ (5.6.28) 

We may then sum the squares of these interpolation inequalities to deduce (5.6.21). 

□ 

Now we show that the extra integral term appearing in Proposition 5.3.4 can essentially 
be absorbed into £%^2 + 

Lemma 5.6.6. Let be defined by 3.1.19 with 9° = d^'^'^ ■ There exists a universal 
< 5 < 1 so that ifQ2N{T) < 5, then 

^(^^+2(^)+^";^+2(^)) <^l+2(^)+^i^^+2(^)-2^^(^)arV(^)i^'(^) < ^(^^+2(^)+^i^^+2(^)) 

(5.6.29) 

for aUO<t<T. 

Proof. Suppose that S is as small as in Proposition 5.6.5. Then we combine estimate (5.3.3) 
of Theorem 5.3.2, Lemma 3.2.1, and estimate (5.6.20) of Proposition 5.6.5 to see that 

= £2nSn+2 ^ ^2n{^N+2 + ^N+2) ~ ^^^"^{^^+2 + ^jv+2) (5.6.30) 

for some ^ > 0. This estimate and Cauchy-Schwarz then imply that 

2 ^ jaf-^Vi^j < 2 II J||^. pr^pl \\F\ < C5'/\E%^, + 8%^,) < \{S%^2 + B^,^,) 

(5.6.31) 

if 5 is small enough. The bound (5.6.29) follows easily from (5.6.31). 

□ 

Now we prove decay at the N + 2 level. 
Theorem 5.6.7. There exists a universal constant < S < 1 so that if Q2n{T) < 6, then 

sup (1 + r)^^-«£jv+2(r) < S2n{0) + J'2n{0) (5.6.32) 

0<r<t 

for allO<t<T. 

Proof. Fix < t < T. According to Propositions 5.4.2, 5.4.4, there exist constants Ci > 
so that for any s e (0, 1), 

dt{S+^2 + Bn+2) + '^N+2 + '^N+2 < Ci(4iv^iv+2 + sV^^^ + £-"^-^^^+2)- (5-6.33) 
On the other hand. Proposition 5.3.4 provides a constant C2 > so that 

dt (^S^M+2 - 2Jd^+'pF^^ + V%^2 < C2y^VM+2. (5.6.34) 
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We multiply inequality (5.6.34) by 1 + for C* > a constant to be chosen later and add 
the resulting inequality to (5.6.33) to find 





N+2 



dt {b^^^ + £^^^ + (1 + c.)Bl^, - ^ 2 jaf + + ^]^+2 + ^^+2) + c.-D 

< (Ci + C2a){S2NfVN+2 + C,{eVM+2 + £-'^-'P^+2), (5.6.35) 

where ip = min{l/2,6'}. 

Let S e (0, 1) be as small as in both Proposition 5.6.5 and Lemma 5.6.6. Then 

< C3(P°+2 + + ^:+2) (5-6.36) 

for C3 > 1 (we know that C3 > 0, but we may further assume this). Then (5.6.36) and 
(5.6.35) imply that 

dt + B^+2 + (1 + C*)B'n+2 - ^ 2Jdf+'pF''^ + ^P„+2 + 

< {Ci + C2a){S2NfVM+2 + C,{eVr,+2 + £-"^-'©^+2)- (5-6.37) 

Now we choose 

and C* = Ci£~^^~^. Further, we assume S is sufficiently small so that 

(Ci + C2a)6^ < (5.6.39) 
With this choice of e, and the bound £2N < G2n{T) < 6, the inequality (5.6.37) implies 

dt (^i^+2 + G+2 + (1 + C.)B%+2 - 2Jd^+'pF'^ + ^^iv+2 < 0. (5.6.40) 

Let d be as small as in Theorem 5.6.4, Proposition 5.6.5, and Lemma 5.6.6. Then Theorem 
5.6.4, (5.6.21) of Proposition 5.6.5, and (5.6.29) of Lemma 5.6.6 imply that 

< ^{8+^2 + Bn+2) + (1 + C.)S^+2 < B^+2 + Bn-,2 + (1 + C.)B%+2 ' ^ 2Jd^+'pF' 

< liB^+2 + B^+2) + (1 + C.)Bn+2 < C4SN+2 < CC,{S2Nf'^'''-'\V^^2f'''-''^'^'''-'^ 

< aZo^/^'^-'n^Ar+s)^''^-'^/^'^-'^ (5.6.41) 

for all < f < T, where we have written Zq :— S2n{0) + J^2n{0): and C4, C5 are universal 
constants which we may assume satisfy C5 > C4 > 1. Let us write 

h{t) = S^^,{t) + S^^,{t) + (1 + C.)S%^,{t) - [ 2J{t)d^^'p{t)F\t) > 0, (5.6.42) 

Jn 
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as well as 

s = and Ce = rr • (5.6.43) 

We may then combine (5.6.40) with (5.6.41) and use our new notation to derive the differ- 
ential inequality 

dth{t) + CQ{h{t)Y+' < (5.6.44) 

for < t < T. 

Since (5.6.41) says that h{t) > 0, we may integrate (5.6.44) to find that for any < r < T, 

^ |l + .cXl))-r|V. - 

Then (5.6.41) implies that h{0) < C4^Ar+2(0) < C4^2Ar(0) < C4Z0, which in turn imphes 
that 

h{0)Y s s [d 



^Cmr ^ ^ j < ^ ^ j < 1 (5.6.46) 

since 0<s<l, C5>C4>1, and C3 > 1. A simple computation shows that 

sup = — ^ (5.6.47) 
when < M < 1 and s > 0. This, (5.6.45), and (5.6.46) then imply that 



(1 MO) ^^^f^;;>^;.^,,. 



Now we use (5.6.20) of Proposition 5.6.5 together with (5.6.41) to bound 

£:jv+2(r) < EI^^{t) + 1%^^{t) < h{r) for < r < T. (5.6.49) 

The estimate (5.6.32) then follows from (5.6.48), (5.6.49), and the fact that s = 1/{AN - 8) 
and Zo^£2n{0)+J^2n{0). 

□ 

5.6.4 A priori estimates for Q2N 

We now collect the results of Theorems 5.6.4 and 5.6.7 into a single bound on Q2N- The 
estimate recorded specifically names the constant in the inequality with Ci > so that it 
can be referenced later. 

Theorem 5.6.8. There exists a universal < 6 < 1 so that if Q2n{T) < 5, then 

Q2N{t) < Ci(£2jv(0) + J-2jv(0)) (5.6.50) 
for all < t < T , where Ci > is a universal constant. 

Proof. Let 6 be as small as in Theorems 5.6.4 and 5.6.7. Then the conclusions of the theorems 
hold, and we may sum them to deduce (5.6.50). 

□ 
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5.7 Specialized local well-posedness 

We now record a specialized version of the local well-posedness theorem. 

Theorem 5.7.1. Suppose the initial data satisfy the compatibility conditions of Theorem 
1.2.1 and \\u{jS)\ii^j^ + ||^(0)||4jy_,_]^^2 < s > 0. There exists a 6q = Sole) > and a 



1 

Wvm 



To = C{s)mm{ 1, } > 0, (5.7.1) 



4N+1/2 

where C{e) > is a constant depending on e, so that if < T < To and \\u{0)\\lj^ + 
Il^(0)ll4jv — '^0) then there exists a unique solution {u,p,ri) to (1.1.27) on the interval [0,T] 
that achieves the initial data. The solution obeys the estimates 

sup s^t) + /' v,r,m + r (pr^Mtnl^.r + \\drp{t)\Cj dt < e (5.7.2) 

<t<T .In .In ^ vu / / 



o<t<r 

and 



sup T2N{t) < C2JSiv(0) + e (5.7.3) 

0<t<T 



for C2 > a universal constant. If rjo satisfies the zero average condition 



Tjo = 0, then / ri{t) = (5.7.4) 



for allt e [0,T]. 



Proof. The existence, uniqueness, and estimates follow directly from Theorem 1.2.1. Then 
(5.7.4) follows from Lemma 3.2.3. 

□ 

Remcirk 5.7.2. The finiteness of the terms on the left of (5.7.2) -(5.7.3) justify all of the 
computations leading to Theorem 5.6.8. 

5.8 Global well-posedness and decay: proof of Theo- 
rem 1.2.8 

In order to combine the local existence result, Theorem 5.7.1, with the a priori estimates of 
Theorem 5.6.8, we must be able to estimate Q2N in terms of the estimates given in (5.7.2)- 
(5.7.3). We record this estimate now. 

Proposition 5.8.1. Suppose that N > 3. Then there exists a universal constant C3 > 
with the following properties. IfO<T, then we have the estimate 

T2 



Q2n{T) < sup E2N{t) + / V2N{t)dt 
0<t<T Jo 



+ sup J-2jv(t) + C3(l + T)*''-' sup S2N{t). (5.8.1) 

0<t<T 0<t<T 
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IfO<Ti< T2, then we have the estimate 

Q2n{T2) < C^Q2n{T^) + sup E2N{t) + / V2N{t)dt 

Ti<t<T2 JTi 

+ 7T^^ sup J^2N(t) + C3(T2-T,)\l + T2)^''-^ sup £2N{t). (5.8.2) 

[i- + J-l) Ti<t<T2 Ti<t<T2 

Proof. The proof follows from a straightforward modification of the proof of Proposition 
4.10.1. □ 

We now turn to our main result in the periodic case. 

Proof of Theorem 1.2.8. The proof follows from obvious modifications of the proof of Theo- 
rem 4.10.2, using Theorems 5.6.8 and 5.7.1 and Proposition 5.8.1 in place of Theorems 4.8.8 
and 4.9.7 and Proposition 4.10.1. 

□ 
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Appendix A 
Analytic tools 



A.l Products in Sobolev spaces 

We will need some estimates of the product of functions in Sobolev spaces. 
Lemma A. 1.1. The following hold for sufficiently smooth subsets o/M". 

1. Let0<r<si< S2 be such that Si > n/2. Let f e g e Then fg e H'' and 

\\f9\\Hr<\\f\\Hn\\9\\H^.- (A.1.1) 

2. LetO<r <si< S2 be such that S2 > r + n/2. Let f e g e Then fg e H'' 
and 

WfgWHr < WfWnn \\9\\h^. ■ (A.1.2) 

3. LetO <r < si < S2 be such that S2 > r + n/2. Let f e //""^(S), g e H'^{T.). Then 
fg e //-^i(E) and 

11/^11-., <ll/ll-Jl5lL,- (A.1.3) 

Proof. The proofs of (A.1.1) and (A.1.2) are standard; the bounds are first proved in with 
the Fourier transform, and then the bounds in sufficiently nice subsets of R" are deduced 
by use of an extension operator. To prove (A.1.3) we argue by duality. For ip e H^^ we use 
(A.1.2)bound 

J^^fg < W'pgWr WfLr ^ ML \\g\L ' (A-1-4) 

so that taking the supremum over (p with \\(fi\\g^ < 1 we get (A.1.3). 

□ 

We will also need the following variant. 
Lemma A.1.2. Suppose that f e C^(E) and g e H^/^{E). Then 

ll/^lli/2<ll/llcilblli/2- (A.1.5) 
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Proof. Consider the operator F : — )■ given by F{g) — fg ior k — 0,1. It is a bounded 
operator for /c = 0, 1 since 

ll/^?llo<ll/llc^ll^?llo and ||/^?||,< 11/11^. Iblli- (A.1.6) 

Then the theory of interpolation of operators imphes that F is bounded from H^^"^ to itself, 
with operator norm less than a constant times ~ ll/llci ' which is the desired 

result. □ 



A. 2 Continuity and temporal derivatives 

We will need the following interpolation result, which affords us control of the U^H^ norm 
of a function /, given that we control / in L^^fc+m q^j L'^H^~'^. 

Lemma A.2.1. Let V denote either E or fi. Suppose that ( e L^{[0,T]; H'^{r)) and dtC e 
L'^{[0,T];H'^{T)) for Si > S2 > 0. Let s = (si + S2)/2. Then ( e C°([0, T]; //^(r)) (after 
possibly being redefined on a set of measure ), and 



< 



^+7f)m\l^Hn + m\\l.H^,). 



(A.2.1) 



Proof. According to the usual theory of extensions and restrictions in Sobolcv spaces, it 
suffices to prove the result with T = or T = (LiT) x (L2T) x for n = 2, 3, m = 0, 1. 
We will prove the result assuming that F = R"; the proof in the other case may be derived 
similarly, replacing integrals in Fourier space with sums, etc. Assume for the moment that 
C is smooth. Writing ' for the Fourier transform, we compute 



= 2 



d^ 



wcm'+mmi. (A.2.2) 



Hence for r,t e [0,T], we have that ||C(t)||' < IK(r)||' + 11(11^2^^ + l|5tClli2^.2- We can then 
integrate both sides of this inequahty with respect to r e [0, T] to deduce the bound 

1 



sup ||CWIl:<;^||CII22^.+ 

0<t<T -t 

(A.2.3) 

If C is not smooth, we may employ a standard moUification argument (cf. Section 5.9 of [12]) 
in conjunction with (A.2.3) to deduce that C e C°{[0,T]; H'{W)) and that (A.2.1) holds. 

□ 
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A. 3 Estimates of the Riesz potential X\ 

Consider the non-periodic case so that = x (—6, 0). For a function /, defined on f2, we 
define the Riesz potential Xxf by 

Ixf{x\x^)= f [ fiC,x^)\C\-^e''^'^'<dCdxs. (A.3.1) 

J-b 

Similarly, for / defined on E, we set 

:^xf{x')^ f /(e)ier'e2--'-«de. (A.3.2) 

We have a product estimate that is a fractional analog of the Leibniz rule. 
Lemma A.3.1. Let A e (0, 1). If f e H^{fl) and g,Dg e H\n), then 

\\Uf9)\\o<\\fU9\\l\\ml-'- (A.3.3) 
/// e H%T,) and g e H\T,), then 

\\Uf9)\\H0ij:) < II/IIho(e) Ibllio(s) \\Dg\\],o\,,^ . (A.3.4) 

Proof. The Hardy-Littlewood-Sobolev inequality (Theorem 4.3 of [15]) implies that Xx : 
^2/(i+A)^-[^2-j _^ L^(M^) is a bounded linear operator for A G (0, 1). We may then employ 
Fubini and apply this result on each shce {^3 = z} for z e (—6, 0) to estimate 



f\Ix{fg)f=f f \Ufg)fdx'dxs<f (f Ifgf'^'^'^dx) dx, 
Jci J-bJM? J-b \Jm? J 

< { \ffdx'] I / \gf^^dx'] dx3< sup \\gi-, X3)\\l2/xn2) / |/|% (A.3.5) 

J-b \Jr2 y \Jt^2 J -6<a;3<0 Jo. 



where in the second inequality we have applied Holder's inequality. By the Gagliardo- 
Nirenberg interpolation inequality on we may bound 

ll^(-,a;3)ilL2/A(K2) < ||^(-,a;3)||^2(R2) \^Dg{-,X3)\^~2^^2^, (A.3.6) 
but by trace theory we also have 

lli'(-,a;3)||L2(R2) ^ lli/lli and ||£'^(-,a;3)||i2(ffi2) < \Dg\^, (A.3.7) 

so that 

sup \\9{:X3)t^2i>.^^2^<\\gt\\Dgt~^ . (A.3.8) 

Chaining together (A.3.5) and (A.3.8) then yields the estimate (A.3.3). A similar argu- 
ment, not employing Fubini or trace theory, provides the estimate (A.3.4). □ 

Our next result shows how X\ interacts with horizontal derivatives in ^2. 
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Lemma A.3.2. Let A e (0, 1). If f e H'^{Q,) for k > 1 an integer, then 



IMV||o<||^'-V||oll^V|ir- (A-3-9) 
Proof. On a fixed horizontal slice {^3 = z} for z e (—6, 0), Parseval's theorem implies that 

2 



/ 



A 



\l,D'^f{x',xs)\'dx'< / f{^,xs 

\^f^'-'^\f{Lxs 

\Df'-'f{x\xs)\'dx' 



l-A 



< 



\D''f{x',xs)\ dx') . (A.3.10) 



l-A 



Here in the second inequality we have used Holder and Parseval. Integrating both sides of 
this inequality with respect to 2:3 G (—6, 0) and again applying Holder's inequality yields the 
estimate (A. 3. 9). 

□ 



A. 4 Poisson integral: non-periodic case 

For a function /, defined on E = M^, the Poisson integral in x (—00, 0) is defined by 



rf{x',xs) 



2it\^\x3 2TTix' ■ 



^di. 



(A.4.1) 



Although Vf is defined in all of x (— oo,0), we will only need bounds on its norm in 
the restricted domain Q = x (—6,0). This yields a couple improvements of the usual 
estimates of Vf on the set x (—00, 0). 

Lemma A.4.1. Let Vf be the Poisson integral of a function f that is either in H'^{I]) or 
ij*~^/^(E) for q eN (here is the usual homogeneous Sobolev space of order s). Then 



'VfWl < [ lei 



2q 



fiO 



2 / I _ Q-^^b\i\ 



dt 



and in particular 



IWfWi 



< 



< 



2 

i/'?(S) • 



(A.4.2) 



(A.4.3) 



Proof. Employing Fubini, the horizontal Fourier transform, and Parseval, we may bound 

W^'VfWl < f r /(O ' e'^\i\^^dxsd^ < I lei'" /(O ' ( f e'-\^\^-dx^ d^ 
Jm? J-b Jm? \J-b / 



2 /I _ p-47r6|el\ 

^ )dC. (A.4.4) 
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This is (A.4.2). To deduce (A.4.3) from (A.4.2), we simply note that 



1 _ p-47r6|^| ( 1 

< min <^ 47r6, -- } , (A.4.5) 



which means we are free to bound the right hand side of (A. 4.4) by either ||/||^g-i/2(s) o^" 

ll/lli(E)- □ 

A. 5 Poisson integral: periodic case 

Suppose that S = (LiT) x (L2T). We define the Poisson integral in = S x (—00, 0) by 

ne(L-iz)x(L-iz) 

where for n e (L]^^Z) x (L2 ^Z) we have written 

r —2nin-x' 

f{n) = / f{x')—-—dx'. (A.5.2) 

It is well known that V : -ff'*(S) — )■ is a bounded hnear operator for s > 0. We 

now show that how derivatives of Vf can be estimated in the smaller domain Q. 

Lemma A. 5.1. Let Vf be the Poisson integral of a function f that is either in if'^(S) or 
Hq-V2{Y,) for qen. Then 

II VP/llS < ||/||l,.-v.(E) ^nd WV^VfWl < ||/||^,(^) . (A.5.3) 

Proof. Since Vf is defined on S x (— oo,0), it suffices to prove the estimates on : = 
E X (—6+, 0) since Q, <zQ.. By Fubini and Parseval, 







2 






/(") 




J-b+ 






< 


E 


n 











2 /l _ g-47r6+|n| 



(A.5.4) 



However, 

1 _ g-47r6+|n| r 

< min <^ 47r6+, — } , (A.5.5) 



n n 



which means we are free to bound the right hand side of (A.5.4) by either ||/||^g-i/2(s) 
llii'9(s)- ^ 
We will also need L°° estimates. 
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Lemma A. 5. 2. Let Vf be the Poisson integral of a function f that is in ij^+*(E) for q > 1 
an integer and s > 1. Then 

llV^P/lli. <||/|li,.. (A.5.6) 
The same estimate holds for q — if f satisfies J-^f — ^■ 
Proof. We estimate 



\v^rf\\^- < 



n] 



\n\ 



1/2 



~ \\J \\m+' 



^ne(Lj;'iz)x(L2 ^Z)\{0} 



~ \\J \\m+'> 



if s > 1. The same estimate works with g = if /(O) = 0. 



(A.5.7) 



□ 



A. 6 Interpolation estimates in the infinite case 

Assume that S = and O = E x (—6, 0). We begin with an interpolation result for Poisson 
integrals, as defined by A. 4.1. 

Lemma A. 6.1. Let Vf he the Poisson integral of f , defined on E. Let A > 0, s e N, and 

r > 0. Then the following estimates hold. 



1. Let 



Then 



and 1 — 9 'J ~^ 



q + s + X 



q + s + X 



2. Letr + s > 1, 



Then 



3. Lets>l. Then 



\'^'rf\\i<{\\ij\\iyi\\D^^^f\\; 



^ = ^:±^^, andl-e^ ^ + ^ + ' 



q + s + r + X 



q + s + r + X 



|v^7'/||i.<(||x,/B'(||D^+7||')'"'- 



(A.6.1) 
(A.6.2) 

(A.6.3) 
(A.6.4) 
(A.6.5) 



Proof. Employing Pubini, the horizontal Fourier transform, and Parseval, we may bound 



l^'rfwl 



\2q 



/(' 



leP'^^^^ f{i) ) ( ler^' /(O ) (A.6.6) 



di. 



-2A 



1-6 
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for 9 and 1 — 9 defined by (A.6.1). An application of Holder's inequality and a second 
application of Parseval's theorem then provides the estimate (A. 6. 2). 

For the estimate (A. 6. 4), we use the definition of Vf and the trivial estimate 
exp(27r 1^1 xs) < 1 in f2 to bound 



M2 



(A.6.7) 



For it! > we split into high and low frequencies to see that 



ler Ho 



\ 1/2 



di 



1/2 / \ ^/^ 

The condition r + s > 1 guarantees that integral over is finite. Minimizing the right side 
with respect to i? e (0, oo) then yields (A. 6.4). 

The estimate (A. 6. 5) follows from the easy bound 



which holds when s > 1. 

The next result is a similar interpolation result for functions defined only on E. 
Lemma A. 6. 2. Let f be defined on E. Let A > 0. Then the following estimates hold. 

1. Let q,s & (0, oo) and 

q + X 



□ 



9^ 



q + s + X 



and 1 — 9 



q + s + X' 



Then 



2. Let q,s eN, r >0, r + s > 1, 



9 



r + s — 1 



-, and 1 — 9 



q + X + 1 



Then 



q + s + r + X q + s + r + X 

\\Dyf,^ < i\\ixf\\iy {\\D^^J\\1) 



1-6 



(A.6.10) 



(A.6.11) 



(A.6.12) 



(A.6.13) 
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Proof. For the H° estimate we use 



2 

rO 



and argue as in Lemma A.6.1. For the L°° estimate we bound 



and again argue as in Lemma A.6.1. 



(A.6.14) 



(A.6.15) 



□ 



Now we record a similar result for functions defined on fl that are not Poisson integrals. 
The result follows from estimates on fixed horizontal shces. 

Lemma A. 6. 3. Let f be a function on ft. Let X > 0, q, s E N, and r > 0. Then the 
following estimates hold. 



1. Let 



Then 



and 1 — 9 — 



q + X 
q + s + X' 



\\D'f\\l<{\m\\l) iWD"^ 



2. Letr + s> 1, 



Then 



6= andl-e ^ + ^ + ' 



g + s + r + A 



g + s + r + A 



r+l 



and 



pviiioo(^)<(iix,/ii;)'(l|D«+7||'+,)'" 



(A.6.16) 
(A.6.17) 

(A.6.18) 

(A.6.19) 
(A.6.20) 



Proof. We employ the horizontal Fourier transform and Parseval in conjunction with Fubini 
to bound 

r 2 



WD'fr < 



2 

~ 



-b 



d^dxs. 



(A.6.21) 



For a fixed X3 wc may argue as in Lemma A.6.1 to show that 

\m, x,)f d^ < {\\XJ{., X,) Wlf (||i5^+7(-, ^3) llo) (A.6.22) 

for 9 and 1 — 9 given by (A.6.16). Combining these two inequalities with Holder's inequality 
then shows that 



dxa 



, (A.6.23) 
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which is (A.6.17). 

Now for the estimate we first work on a horizontal shce {x^ = z} for some z G [—b, 0]. 
Indeed, using the horizontal Fourier transform on the slice, we have 

|PV(-,^3)ILoo < f /(e,^3) d^. (A.6.24) 

We may then argue as in Lemma A. 6.1 to show that 

lel' m^s) di<(\\IJ(,;x,)\\Ji\\D-^-f(;x,)lf-' (A.6.25) 



/ 



for 9 and 1 — 9 given by (A. 6. 18). By the usual trace theory 

llW(-,^3)||o< llWlli and ||i?^+7(-,^3)|L< ||^^+7|L+i- (A.6.26) 

Combining (A.6.24)-(A.6.26) and taking the supremum over X3 e [—6, 0] then gives (A. 6. 19). 
A similar argument yields (A. 6. 20). □ 

A. 7 Transport estimate 

Let E be either periodic or non-periodic. Consider the equation 

'dtV + u-Drj^g inEx(0,T) 

with T e (0, 00]. We have the following estimate of the transport of regularity for solutions 
to (A. 7.1), which is a particular case of a more general result proved in [10]. Note that 
the result in [10] is stated for E = M^, but the same result holds in the periodic setting 
E = (LiT) X (L2T), as described in [11]. 

Lemma A. 7.1 (Proposition 2.1 of [10]). Let r] be a solution to (A. 7.1). Then there is a 
universal constant C > so that for any < s < 2 

sup Ur)\\H. < exp (c f \\Du{r)\\^,,, dr\ Ut^oWhs + f \\9{r)\\„s dr\ . (A.7.2) 

0<r<t \ Jo / \ Jo / 

Proof. Use p = p2 = 2, N — 2, and cr = s in Proposition 2.1 of [10] along with the embedding 

A. 8 Poincare-type inequalities 

Let E and be either periodic or non-periodic. 
Lemma A. 8.1. It holds that 

il/llL2(n) ^ II/IIl2(S) + 11^3/11^2(^2) (A.8.1) 

for all f e H\n). Also, if f E W^'^^iQ), then 

'lioc(n) < ||/|lioc(s) + ||93/||ioc(^) . (A.8.2) 
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Proof. By density we may assume that / is smooth. Writing x — {x', x^) for e E and 
xs e {—b{x'),0), we have 

\f{x', xs)\' = \f{x', 0)1^-2 r /(x', z)dsf{x', z)dz 

<\f{x',0)f + 2 r \f{x',z)\\dsf{x',z)\dz. (A.8.3) 

J-b(x') 



-b{x') 

We may integrate this with respect to X3 e {—b{x'), 0) to get 
\f{x',x,)fdxs<\fix',0)f + 2 f 

-b{x') J-b{x') 

Now we integrate over a;' G S to find 



r \f{x',x,)fdxs<\fix',0)f + 2 f \f{x\z)\\d^f{x\z)\dz. (A.8.4) 

J-b(x') J-b(x') 



l/(^)l'^^^<ll/llW) + 2 / \f{x)\\dsf{x)\dx 



< + ^ + J l|93/||i.(f,) (A.8.5) 

for any e > 0. Choosing e > sufficiently small then yields (A. 8.1). The estimate (A. 8. 2) 
follows similarly, taking suprema rather than integrating. □ 

A simple modification of the proof of Lemma A. 8.1 yields the following estimates. 

Lemma A. 8. 2. It holds that ||/||j:^o(2) ^ II'93/IIho(o) /^^ / ^ H^{^) so that f — on E;,. It 
also holds that ||/||ioo(s) < WdsfWL^^n) fof f e W^'°°{n) so that / = on E^. 

We will need a version of Korn's inequality, which is proved, for instance, in Lemma 2.7 

[4]. 

Lemma A.8.3. It holds that \\u\\i < \\^u\\q for all u e so that u — on E^. 

We also record the standard Poincare inequality, which applies for functions taking either 
vector or scalar values. 

Lemma A.8.4. It holds that < \\f\\^ < ||V/||o for all f e H\n) so that / = on E^. 
Also, Wfhoo^n) ^ ll/llvKi.oc(n) < W^fL^in) for all f e W''^{Q) so that / = on E,. 

A. 9 An elliptic estimate 

The proof of the following estimate may be found in [4] in the non-periodic case. The same 
proof holds in the periodic case with obvious modification. 
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Lemma A.9.1. Suppose {u,p) solve 



'-Au + Vp = (p e H'-^in) 

{pi - D(M))e3 = ae H'-^I\T.) ^ ' ' ' 

Then for r>2, 

IH^Hr + Iblln-l ^ UfHr-2 + ll^ll^.-l + ||a||H-3/2 " (A.9.2) 
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